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Fundamental Integration Formulae 


41.1 INTRODUCTION 


Integration is the inverse process of differentiation. In differentiation, we are given a 
function and we are required to find its derivative or differential co-efficient. In integration, 
the derivative of some function is given and we are required to find that function. 


41.2 ANTIDERIVATIVE OR PRIMITIVE 


‘A function F(x) is said to be the antiderivative of the function fix) on the interval (a, 5) if 
a 
G Fe=fo, ¥xe [a,b]. 


And we write 
d 
& Reo = he 
= J fends = Pw. 
SOME SOLVED EXAMPLES 


Example 1. Find the antiderivative of the function fix) = 2°. 


‘ 
Solution. From the definition of antiderivative it follows that the function F(x) = a is 
an antiderivative because 


Example 2. Steins) = cons 
Solution. fcos.xdx = sin x. 
Also, if ¢ is any constant, 


d 
Then ae (sin x +c) = cos x. 


‘Therefore ; In general [ cos ds =sin x +c. 
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It shows that different values of ¢ will give different integrals and hence a given func- 
tion may have an indefinite number of integrals. 


Remark. The presence of indefinite constant c justifies the name Indefinite Integral. 
‘Thus, we may conclude that 


d 
ag FHl= fe) 


= J fad erate 
where ¢ > constant and known as constant of integration. 


‘Note (i) The symbol | is elongated S, and represents the summation and stands for integral of 
the given function, 


(i) fix), the function which is to be integrated, is called the integrand. 
(iii) J ds is called integral w.r.t. x. 
(iv) is called constant of integration and it means any real number. 
(v) x in J fix) de stands for variable of integration, 
(vi) The integral of a function may or may not exist. In other words, it may not be possible to find 
1 function whose derivative is equal to the given function. 
(vii) The integral of a function if it exists is not unique and any two integrals of a function differ 
‘by constant. 
(viii) The geometrical meaning assigned to the integral is area of some region. 
(éz) Integral is used to find physical quantities like centre of mass, momentum etc. 


Result 1. Prove that | x* dz=~— +e, when n #- 1. 


ied 
net aot 
Sol. We have 4/2”) _ (n+ Dx" e fede ioe 
dz\n+1) (+) nel 


‘Thus, we may write 
an 


@ fxtaeeES ten tve 


‘The above Result is also known as Power Formula. 


Note. The Power Formula, could be memorise as increase the power of x by one and divide by the 
increased power. 


Result 2. Prove that f Ze = og | x1 +c, where x #0. 
Sol. Clearly either x>0 or x<0. 
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“ » Therefore, there may be two cases : 
Case I. Whenx>0,then |xl=x 
d d 1 
dx Hoe | x I}= — (log x)= ~. 
Therefore, in this case, we get 
J Zax a tog i xt +e. 
Case IL. When x < 0, then | x | = —x 


d d 1 1 
ge WORN x N= 5 log -al= — CD=45 


Therefore, in this case, we get 


J Se = 10g Ixl+e 
Thus, from both the cases, we have 


J Se = og ix 1 +e. 


1.3 SOME STANDARD ELEMENTARY INTEGRALS 


Based on differentiation and definition of integration, we have the following standard 
results. The student is strongly advised to commit these results to memory, because no further 
progress is otherwise possible. 


_a 
(i) 0-0 = J o.ax =c 


@) 7,21 => J iedr =x4e 


(iii) (kx) = = [ kar =ke +e 


n+l 
iv) 2[ 2)! ome et ene l 
dx|\n+1} (n+ 


n+l 


" dx== ne- 
=> J= nei too" 1 


d 1 1 
(v) ayMlog | x 1] == => J de slog i xi +e 


(vi) fie)=e = fetdeaetse, 
.. d@{ a* | a*(loga) : 
win £{ 2) tae =a*;a>0;a#l1 


a* 


= fatdr= +c;a>0,a¢l 
og a 
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a eS ; 
(viii) (sin x) = cos x => J 08 x dx =sinx+c 
is = Gaede san je J sin x dx =-cosx +c 
dx 
d 2 
(x) op, (tan x) = sec? x => J sec xdx =tanx+c 
x 
. d 2 
(xi) 7 (- cot x) = cosec? x = J cosec xdx =~cotx+ce 
.. @ 
(xii) 7, (sec x) = sec x tan x => J secxtan xd = see x +e 


(xiii) Oe aid a mare tak es => J cosee x cot x de =-cosecxr+c 


dx 
(xiv) © (sin-! x)= ar = J pera a siete 
(xv) $ (tan! x)= ve = J pore tants 
(xi) §(aee" 2) = — — > J rppryae weertete 


1-x? 
From this result, it should not be concluded that sin! x = - cos~! x. Rather, sin-! x and cosa x 
differ by a constant. 


d 1 
—(- 1 = 
Note. We know that 7‘ cos™! x) et 


. d -1 -1 
(xvii) —(cos"! x) = = dx =cos!x+c 
dx 1-x? J yi-x? 
a be a Se er 
(xviii) 7 (cot x) = 3 = j Tax? & = cot” xte 


d -1 -1 
(xix) = (cosec™! x) = => dx = cosec™! x + c. 
dx xyz? -1 J xjx* -1 


1.4 INTEGRATION OF ALGEBRAIC, LOGARITHMIC, EXPONENTIAL AND 
RATIONAL FUNCTIONS 


Example. Evaluate the following integrals : 
I 
° I es x Pry 
(i) j <p dx (ii) f 5* dx (iii) | Pe 


(iv) fx de (v) fare (vi) fes* dx 
x 
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(vii) J e™ dx 
(x) [ Yb? dp. 


Solution. (i) 


(ii) 


(tit) 


(iv) 


(v) 


(viii) fates ® dx 


j =a de = [-* .dx 


for .ae= +e 
saa a= x dx 
fe) 
“Cea 
-12 


= i +es-2rM +e. 


(vi) J e862 dy = [elt dy 


[. m logn = log n™) 
[- eth = fix)] 
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(vii) e™ .dx =e" +c. 


(viii) fate * dx =f a” dx (ie  a&* =x] 
= fede FG tee Dee 
F a* . flay a ee ee | 
(ix) ao (<) dx : fa tT a +e| 
(5) 
= +c. 
“() 
b 
243 
p® nel 
6 JRacprrecfrenge [jemi 
stl n+1 


63 
3 
= FE +0= cp +e. 
3 


1.5 IMPORTANT EXTENSIONS OF ELEMENTARY FORMS 


(a) All the results mentioned in the standard elementary integrals holds good when x is 
replaced by (x + a) in any formula. 
where a — any constant. 

For example : 


(x+a)"™ 


Po +c; (n#-1) 


(i) feta)" .dx = 


d|(x+a)"*"! -—l_ .(n+Die+ayY =(x+a). 
dx} (n+1) (n+) 


1 
ii x. eg 
(ii) Jeo= =log | x+al+ce;x#-a. 
(iii) [sec (x +a).dr = tan (x +a) +c 


(iv) fer**-ax sxer4s4c¢, 


(6) If x be replaced by (ax + 5) on both sides of any standard result mentioned in the list, 
the standard form remains true, provided the result on R.HLS. is divided by ‘a’ i.e., the coeffi- 
cient of x. 
where a and b being constants. 

For example : 


(ax +b)"*? 


(i) Jiax+b) r= 


+c; (n#-1) 
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a [lax +o" 
dx| (n+D.a 


j 1 gp _leglax+bl 
ax+b @ 


—1 ins lax + bY a = (ae + BP. 
(ntD.a 


Gi) 
ii) focetax+ byde= BEE*P) , - 


rsh 


iv) Jest .dx= +e. 


41.6 THEOREMS ON INTEGRATION 


‘Theorem 1. If flx) be an integrable function on x, then all fo) as] = fix). 
Proof, Let us consider that 


Jreo.ds =garee AD) 
By definition 
Ligon = fz) eu) 
= A [frea]- Sige +e] [By using equation (1)) 
= dens 20) [+ By using equation (2)) 
= fix) +0= fx) 
A ifrmas] «pe. 


Note Tin serait shows that ictagraion end diferentatien ars iver proces and they 
neutralize the effect of each other. 


‘Theorem 2. [hjtx) dx =k] fix) dx 
where k -» constant. 


ie, the integral of the product of a constant and a function is equal to the product of constant 
and the integral of the function. 


Proof, Let us consider that 

Jfards =a 
‘Then, by the definition of an integral, we have 

d 

é isi (2) 
=> ay Hest = he. Flee] 

=k. fix) [+ By using equation (1)] 

= fr-feads =k.) [+ By definition of an integral] 


a frfende=k. frinrde [: fra = ata] 
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‘Remark. If fix) = 1, then 
faedenk. fide=k[2? dr okeee, 
‘This implies that, the integration of a constant & with respect to x is kr. 
‘Theorem 3. Prove that the indefinite integral of algebraic sum of two or more functions 
is equal to the algebraic sum of their integrals. 


ie, fits + ecoh.de = [e).de + fete).de. 
Proof. Let us consider that 
Jfis).de =f of) 
and Jato.de ge ofB) 
J yen=n (8) 
and % ese = aco td) 


= Syms Zyers Zeon 
=f) +8) 
Jue + eGo-de = f(a) + 2, 
=ffirde+faade 
Remark. (i) The generalization of the above result is 
fi@+ hers. poled 


= Jirars frtmece... +f (x) de. 
Gi) It can be easily derived that the indefinite integral of the difference of two functions is equal 
difference of their integrals. 


By using equations (3) and (4)] 
By definition of an integral] 


By using equations (1) and (2)) 


to the 
(ii) The results of theorems 2 and 3 can be generalized to the form 


fliers hele) ont blade 


- Afftzres tha filerds thy [fied 


ie, The integration of the linear combination of a finite number of functions is equal to the linear 
‘combination of their integrals. 


4.7 IMPORTANT EXTENSION FORMULAE OF STANDARD INTEGRAL FORMS 


” 


2 
@ fx -dr=2 5 +0: me-v 


= Joox+b" ae 


cloglar+b! 


Ww f-deetogiztve = lan* = 
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z 


(iii) Jat .de= >" +c;(a>0,a41)- 
og a 
ene a™ 
dx= : , 
=> fo m.loga °°? (a>0;a#41) 
mx+b 
(iv) fe* de er +0 => fem? .de=* +c 


{v) feos x. dx =sinx+c => fos (ax +6) dx = Snr +0) “ss 


(vi) [sin x dx =-cosx +e => Join (ax +b)de =- O89) | 


(vii) [ sec? x dx = tan x +c = occ? (ax +b)de=SEC*O) , 


(viii) Jeosec? x dx =-cotx+¢¢e = Jcosec* (a+b) dx =~ (Oe*9) ae 


(ix) [seex tan x dx z=secx+c 


= fece (ax +b) tan (ax +b)dx = Sr | 


(x) Jcosec x cot x dx =—cosecx +c 


cosec (ax + 5) 
swe 


SOME SOLVED EXAMPLES 


Example 1. Evaluate the following integrals : 


=> feosec (ax +5) cot (ax +b) dx =— 


) fa- vz de (ii) [ Ve dx 
(iii) [ (2? - 8x44) ds (iv) f a* .e* de 

(v) f 2% .3* dr (vi) f (<* - 2x44)? de 
(vii) f x de (viii) { 9°*? de 

(ix) f 37" de 


Solution. (i) [a-Dvra& = [ Wx-xVz)de = f x de-f x de 


n+l 
: J a=- +e| 
n+1 
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V2¢1 W2+1 2 2 
1 ~— ten 5 x Exec. 


5tl Stl : 
Wel xt) 
se _f pw _ x “ Co 
(ii) [ ¥eae= x’ dx = i +e f= dx ate 
—+1 
3 
3 
= ye +c 
n+l 
ss 2 = 2 = ee a cn 
(iit) (x $x +4)de = [x de-3[xdx+4f de Jx dx ate 
x ox" 
"3g 7 te 
(ae)* x 
[ * edx= a =o—_ .. x = a 
(iv) Ja e J (aey* de lection ** : fe a +4 
a* e* 
* Tog (ae) *~ 
x 
2x ox mn a es x os «dea a 
(v) [2% .3%de = [ 4*.3%de=[ 12* de | Je S+¢| 
_ 12 
= log ia * 
(vi) f(x? - 2244)? de Ls (a+b +0) =a? +b? +c? + 2ab + 2be + 2a 


= | (x* +4x? +16 - 4x9 - 16x +8x?) dr 
= f (x4 — 4x3 + 12x? - 16x +16) dz 


=f x‘ de-4f x* de +12] x* de -16f x dx + 16f dx 


a+1 
: J x*ax=* +e| 
n+1 


= 5 Sot + ded — Bx + 16x +. 
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Met 
tte 


wi) J eM ade= 
aa 


4 
agtite. 
(iit) f ort de =f 9.9% de 


= J 81.9" de=aif 9* dx 


-0i( 25) +«. 
(ix) t ates da = fate dk 


2 
sfede +e 
J 2+1 


Example 2. Evaluate the following integrals : 


@ fae Gi [ F sect xdz 


(ii) [V5 +25? + 9)de wo f(* 


0) IG ds. 


Solution. (i) f3"*# de = fa" 3" de =9f 9° de 


-( 3) + 


Ww Jfoee? xdr=3 fcc? rde =F tanx+e. 


(ii) J JEG +22? +8) dx 
2 [x78 +207 -x+9)de 


= ft? +2087 289 432") de 


[test 


m log n = log n') 


[: Jorden; oe] 


= fx" de +2fettde— fx de +3 fx" ae 


12 


3 
w) (4-4) de = f(z? 2") a [: @-b9 =a8—b8—Sab(a-b)} 
= fer? 8-32 2 ede 
= fet ex ae ds fe Meee] 
= fe? 2 32 +30) ae 


= fx de— fa? de-3fx des 3fe" dx 


= 2a 4 2200 4 68 6, 


Jaen fener ae 


gil pte 
Isl -2+1*°" 2 


= fede-frt.dee 


Lex+x? 
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Solution. (i) f= f =) (= + 5) dx 
x 


= fl{# +3}+3{2 +5) = fle +2+2+3 ax 
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WP ories)® sea is 


Be sila 


“Sci ti 


a +hgizl+ 


ate 


iar Ps eae 
4 2 -2 


wee oalelecicde 
4 2 Qx* 


(ii) fete ae. (Seo Slac- ford a)e 


rafide+bfrde+e x? dx 


-2+1 


cx 
z=ax+blogl|xl+— pT ea +C 


~1 


=ar+blogixl+—~ +C 


sax +blog ix !-—+C. 


(iii) Gs +52" \de= fax” de+ [5x4 de = 3{ x de+5(x* dx 


2 4+1 
= + 5 +023. —. x24 +c 
34, 441 1 
2 
=6/x +40 
tio) f[6e" +20 -124 14 Sa 
= 8fx* de+2{x° de-1[z.de+ [—de+5{ ode 
x 
_ hs" Se pee ee iBie lel ke 
3+1  -5+1 +1 _1 J, 
2 
4 4 2 
= Se ae 7% +5logizxi+ec 


+ << 
4 -4 2 1 
2 
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= ST sae + 5log ix +e 

l+x+x" (1+x)+x? (1+x) - 
(v) | ———— de= | ———- de = ea 
sae x*(1+x) js aio | 


= [jas] sae de = fx? des f pica 
-2+1 -1 


=a Syy tle lexltc= > +logl itz +e 


=— = +log | l+xl+e. 
Example 4. Evaluate the following integrals : 


(i) | Jax 46 de (ii) [(4x” - 427°) dx 
x? ~ x? aa l x 
(iii) (iv) {= 
ieee oe bre, m= 


(v) (ace 
1 
(ax+8)3"— 
Solution. (i) [Vax+b de = [tax +b)” dx = ——— +e 


(3+1).0 


v2 
» ee sexe (ax + 6)*? +c. 
(3°) 
i) (4x? - 4x) de =4)x°.dr-4 J x dx 
4x3*1 4x75*! 4x4 4x4 


S401. «840° 4 we 
1 

=x*+— 7+e 
x 


: s xe -x?4+x-1 

(x- D(x" +d =x*(x-1)4+1x-1) 
(iii) -x* <3 1 ie ro x*(x x 
arcs sen dx =f (x-1 =(x —1)(x? +1) 


2 fat+dr = fst devi d= L sete, 


2 2 
(iv) de = fitz -1 
Fer. 1+ x? 


l+x* 1 
- [25 - tala fa.ae-f rei 


-tanix+ce : Fee. dx = tant 
+x 


dx [Add and subtract 1 to the numerator] 
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© @-9* Veds = fe? -6x+9). ede 
= fet 649). 2" de = f (2-625? +92") de 
= f x8 de ~6f 2% ade +9f 2" dx. 


1 
fer oder det 


Example 5. Evaluate the following integrals : 


WJ Ge +8cosx— 45 +2)dx wf ( 
Gin f foe wy f 
wf z=4 dx of oF 


win | a arae wit { 2 


Solution. (i) fie" +308 x- 4x" +2)de 


af ef dr+3f cosxde—af x dx+2) de 


‘ 
weredsins-“Z saree 


neteSsinz—xt 4 2r4e, 
Gof (et -20t + 2) de = f et ae-af et det { Ade 


vv fetae re 


a 

SPP tog txt te i @ 
Jade =logizl+e. 
J Zae=logizt+6. 


= Jett 2 tog i +e 


Since the degree of numerator is greater than the degree of denominator, therefore by 
actual division, we have 
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- x x x+l)at 

J eed (le fee-J he tates 

Joa] H#=tae 
ltx 

{Add and subtract 1 to the numerator of second intergral] 


= fxde-f dee] yee 


+ J dee te 
2 nei 

a x+logllexi+e. 1 

2 J Zar=loglzl+e 
x 

tf ete Ge ee 

«J 1 gf Ute-1 

“J x+i Itz 


tae eet Sari to eon eer 


“Sa freely tee® 


slog | 1+x1-x4log! 1+x1 +e 
=2log | 14x 1x40. 


Ol ra 


Since the degree of numerator is greater than the degree of denominator, therefore by 
actual division, we have : 


n4 3 x4tx?—4( 2-1 
Sap dee e- 0-2 Jae 


wf xd far-af Soa 


sos Blog hx+11 +e. 


wi f ee ac=f a de [Note this step] 


| 

‘ x41 1 
| [ess 
| 
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Smeldare 
=f yas Jervtae 


Gey"! 


= log Ix+1 1+ Sy 


+e 


slog ix+11-—t +e 
Tee 


Bs gen [ 241-1 
(2x +1) (2x40 


=f set 1) 
(z+) aa 


dr-f Qx+0*de 


[Add and subtract 1 to the numerator.) 


i sy 


_logh2e+1l_ (e+ 0?** 


2 a2+p *° 

1 1 
= Frog! . 
Zlogl2e+ i+ oh +e 


(vito f SM ae [ev @+bP= a? +b? +20b) 
ave 
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Example 6. Evaluate the following integrals : 
@ f(E+S+20 +0" +a2).de sa>0 
a‘z 


Gi [6% de iy fetiee settee etl) de 


it 1 2 2 +e" +6." +43 
wo flee ia} (©) foe +0" +e" .a +8ina).de. 
Solution. cp f (E+ 2+2" +0" +as).de 

az 


oA fx.deva face [xt des fot de+a fede 


wl ogt 2 
22S sotogtete +a. +e 


+1" loga 


Gi) Jo a= 


(iit let + et + et). de 
= foe ett 4 ePEe) de [+ mlogn =log n™) 
= foot +2* +0").de Le eM = fix) 


= Jot.des fx*.de+ fot.de = & sai teerte. 


ta-qig} 
sfuee [ea] ee 


2 
satan ts-2eints— > +e. 


(io) f+ 


1 “ 1 
[: [egrets tan *eeei) Pen 
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(0) [@* +0" +e a" +8in a). de 


= fet det fotde+ flea" .dx+ fsina.de 


wy (eay* 
a+1 loga logea 
Example 7. Evaluate the following integrals : 


‘ 2 
fe in f RE ae ade 


+(sina).x+e. 


2 
tin ft L +7 ty 


oy ft. 
man too J Jisz 


(t-1+) 
Gen” 
{3 1 | [: S| 


dx [Add and subtract 1 to the numerator) 


Fait Fail |: a? 8? =(e+bXa-0) 


(2 - 1K? 
[PFE af gh a 


= fe?-v.de+ dx = fx? ae-fidesf yar 
1+x +x? 


# 1 ie ft 1 
=f nettmtzse : Jneerm xte 


2 
cin fee +0 ae 


ye Sieg bat ye 
= [CEO sta" Hae [s @ +b) <a? + 2ab +84 


fe 22) 
~f(GeE-a}a 
sey .def(2) det f2.de 
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.dx [Add and subtract x* to the numerator} 


jos +1+zXs? 1-2) ye 


2 
ooh Jot exsn.de 


[y (@?- 6%) =(@- bXa+d)) 


= ft .det fx.de+ frde 2.2 +xte 


Beara 
‘ ‘and subtract 1 to th tor 
(iv) Sy cers (add e numerator] 


lez 1 - a a si 
AE 7s] edex fle) de- fara de 
3, hes 
_Geat aso?! aso? deol 
“a =I 3/2 v2 
(Fe)2 aja 
= 2a sem ease, 
Example 8 Evaluate the following integrals : 
2) 1 a 2x 
a w ds 
of fist 1+ Janv2 3 S ret 
(iit) [ xf6e=3 dx (iv) f (a? +e%"8) ae. 
; 1 
Solution. (i) Let I= f joie 


Spee 


[eae Sette Ls (a +6)(a-b)=a?—6") 
=f PAE ef taf erie 


=f @x+2" de~f ar+ 0 ae 


[On rationalization) 
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tn da 
(2x +2)? (2x+D? 
ier CO igen ao Pa 
2.(3+1) 243* ) 


1 1 
= g(r +2 s(ar+ IM +e 


= ae + 2-2 Ive 
2x 
(i) dx 
2x ate -Va- 4, ‘ae 
=J Tetss era ereifers [On rationalization] 


Iv (@+6)(@-b)=a?-b*) 


wf BRIE ae ef Savzde—[ Jonze 


=f @+x)" de-f @-0 dx 


tan Aaa 
(a+x?"_ @-»? FS ge = e+ By? 
= Gay “eae” [: Jes ate 
2 2 
2 2 
= pa tsi? + sla-x+c 
2 
= 5 lara s(a-2) +e 
(iii) Let I= f xSx-Bde 
=f sx /oe-2 de [Multiply and divided by 5) 
=} f Gx-2+ 26-2 de [Add and subtract 2} 


=i (Gx—2)f5x-2 de +2f Vox-3 dx 


=i 2-2)" de+2f (x~2)" de 
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a.(nt+)) 


[- J tore by" dr= 


ae 
(ax+by +-| 


2 4 
= jog (5x - 2 + 75 (e- 287 +0. 
vy J 8 9) de 


a fot des] ttds 


@ flog, x.de wJ 


cS 
vetatjz+b ad 
2 
(iy fF ae 


n 1 
© eae 


eb late _ gtlca.= i 3 
© | Gage * © Waa 
Solution. (i) flog,x.de=[1.de =x+6. (slog, = 1) 


Gi J uM ade 
feva+ z+ 


1__, (dzva-Jzxb) -_ 
J Grecgat tere forty | On eatnalctnl 
-jssee? Et? ae (: @?=-0%) = (a+ bXa-)) 
=| Ees_esb = a, 


ws Yt de) va 
Jy Jaton! de 5 fies? ae 


1 G+o™ 1 +H) 
= oS se te 


“a-6° 3/2 a-b 3/2 
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Zeta) . 
=p get zromre 


Bieta? 2 (e+)? 
3 a-b 3° a-b- 


2 
(atiy | PO” a. 


= 
Note. If the integrand is a rational function whose numerator and denominator are polynomials 
and degree of numerator is greater than or equal to that of the denominator, then, first divide the 


numerator by the denominator and then use the result : 


Numerator . Remainder 
[esoaiats "e+ ee 
+0? 2 x2) ay aed Uaes12 
Qx+v den -jetee eet as $42 a 
—s see 
Ted 
«flora 3 ds Perey 
nae 
3 


a4 fende+i2 fidr+2s fae 


$2 4g toe¢ 25 log i x-2 1 pen ete 12e +25 log 1x-21 +e. 


= iferstars x Se a {On rationalization] 


= jessie? =v Ly @?=6%) = (a + dXa-0)] 


(6x +3)-(6x- ze 


= [SA ae SL] te] 
= }[fiex+9"? ae foss-2) as] 


ic (6x - 2)” 
3\4——- I+ 


2-2] +0 


2 
= 7g Woe + 9 —Gx- D1 +0. 
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Piss _gtbect 
© | Seer — 


[em log, n = log, n™) 


te eb = £039] 


1 
CT rs eno tie 


Dr [On rationalization) 

Ye1- fe-2 fev i+ fz-2 

fein? 5 it [v G@?-b%)=(a+ bXa-5)} 
(+D-@—2) 


- [EA a. 3 [fos vi? e+ fix-2"* de] 


a 

ex reat +042 Be 27] +6 
1 

2 


= 2 ie e246. 
Example 10. Evaluate the following integrals : 
xo+1 
x'+ 
Solution. First, see note given in the part (ii) of above example, 


n x41 x*+1 
o {eRe- Pvt 


‘ 
ade wi de. 


=f {ets eae z 
41 


= fits? +D.de 
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= fet de— fx? des fide ees te 


oxi 41 
-xt-x 
Pes 


2 


x41 
xe 


0 


Sia le 
fx ae- fx? des fxd ni 
Eee 

=F +E a stloglxeilse. ss 
Te 
-x-1 
++ 

i 


Example 11. If f() = i 


1 x 
Ta gt MAND = F, find fix). 


Solution. We have fad= ff" wndee [Boos dx 


= fdas fede 


= Ax) = log |x 1 +tantx+e 
when x =1, 1) = 
x 
= 4 = log 1+tan1+e 
= prOty tes c=0 


fix)=log | x 1 + tan x, 


25 


xt) at (x9 2% 4x-1 


ea) 
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Example 12. If f(x) =a sin x + b cos x and ro =4,70)=3.5(2) 


Solution. Wehave —fix)= f f"(x).dx 
= Jasin +b 008 x).dx 


=a fsinxde +b fcosx.dx 


= fix)=-acosx+bsinx+e oA) 
when x = 0, (0) =4 

= 4=asin0+bcos0 

2 42046 = bead ww) 
whenx = 0, (0) =3 

By using equation (1) 

= 3=-acos0+bsinO+e 

=~ 3=-ate 

=> e-a=3 8) 

x A(x 
whens = 2,/(4}=5 
By using equation (1) 
2 bein ® 

= 5=—acos F+bsint +e 

> 5 =-a(0) + b(l)+e 

> Sabte 

= 5adte [By using equation (2)} 

=> eal wl) 

‘Substituting the viaue of c in equation (3), we have 

= l-a=3 = a=-2 


Now, substituting the values of @, b and c in equation (1), we have 
fiz) =2cosx+4sinx +1. 


1.8 INTEGRATION OF TRIGONOMETRIC AND INVERSE TRIGONOMETRIC FUNC- 


TIONS 

Example 13. Evaluate the following integrals : 

(i) ftan? x.de Gi | f= sin Be od 

(iii) [(sin x + cos x) de (iv) | cosec x cosee x + cot x) ds 


1-sinx 
[HE ae. 
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Solution. (i) ftan* xde=fisee* x- Dd sect A~tan® A= 1] 


= foec? x.dx-[1.de =tanx-x+0. 
Gi) [fT sin Be de = f (os? x-+ sin? x) ~2sin xc09.x)"* de 
[+ cos? A + sin? A = 1, sin 2A = 2 sin A.cos Al 
= JU(cosx sin 299)"? de = [cos x- sin x).dx 
= Joos xdx~ fsinxdz = sin x-(-cos x) +e 
=sinx +cosx+c. 
Jisin x+.0s.x).de=fsinxdr + foos.xdz 


~cosx +sinx+c. 


(iv) feosee x(cosee x +cot x).ds = [eosec? x de + feosee xeot x.de 
cot x — cosec x +c. 


-ae=j - 384) ae 


= Jivec? x—see x tan x).dx 


= Joce? x.de- [sec xtan x.dx 


=tanx-seex +e. 
Example 14. Evaluate the following integrals : 
@ JG see! x-7 cosec? x+3e")de Ui) [ tan(Se~5) sec (32-5) de 
Gti) J sin? Fae iv) J sin? e+ Dde 
©) | cos! 2x ds. 
Solution. (i) { (6 sec? x-7 cosec? x +e") dx 
=6f sec? xdr~7{ cosec? xdx +3] e* dx 
=6tanx—7(- cot x) +3e +e =6tanx+7cotx+3e +e. 
Gi) J tan (82 ~6) see (B25) de 


mee 22) [- J sce tan xds =s0c +c] 


[Multiply and divided by 2] 


+: 1-cos2A =2sin? A 
= 


1-cos A=2sin? 4 


28 
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in’ (2x + Ddx 


as, 1a, 
= [Famae+n-Zainat2e+ » de 


 sin3A=3sin A-4sin A 
= 4sin’ A=3sin A-sin 3A 


=f) sin (2x+ Ide - if sin (6x +3) de 


q 2 4 6 


yas?) j[=euiee+a] 
=ql a al ed 


3 1 
=~ ys (2x + 1) + 95 cos (Ex +3) +e. 


(of cost axde=f (eos? 20)? de 


-J (Hate) ae 


2 + 1+c0s2A=2cos* A 
= 14008 4A =2cos* 2A 
=f J 142 cos 4x +008? 4x) dr = (2A) cos? 28 


ale ale 


J (1+20mae trees8s) 


=1j (1+2c0042+ 3+ Zeon x} dx 
4 22 


ov $(tee) see) 
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Example 15, Evaluate the following integrals : 


sin” x - 1 
of fea |e 
‘ 1 hie 
Wi | ooo (iv) fin x J+ 08 Bx .de 
(oy f 245208 ae, 
win? x 
ea 
Solution. () f "= sin? x de = f OE [es sin® A+ cos? A = 1] 
Treosx 
(eos 1m 082 geo fc. ewe 2. de 
T+ 008 x 
= Jtide-foos edz ax-sinx +e. 
4 Ms 1esin x 
an Serle a] sa 


— b= (a+ bXa-b)} 


[> sin? A + cos? A= 1] 


= foec? xdx~ [sec x tan xde = tan x~seex +e. 


‘deme’ J aaa’ ade [Multiply and divided by 4} 
sin x €08 x 


a4 [tarde =a Jeosect ae ade 
[sin 2A = 2 sin A cos Al 
= 2D cn 2eot arte. 
(iv) Join. {i+ cos Be «dx 
= Join x. /2 008" x dx [cos 2A = 2 cos? A- 1) 
= 42 fain x.cos xdx 
= 22 Jasin zeoszde [Multiply and divided by 21 


=a fonzeae (sin 2A =2sin A cos A] 


=2 foosec! x de+3 feat x cosee x dx 
=—2eotx—3 cosee x +e. 
Example 16. Integrate the following functions : 
(i) tan x + cot xP (diy S08 2z = 008 2a. 
cos x= cos a 
sec? x 


; (iv) 2 tan x-3 cot x)* 
cosec? x 


cos? x 

sin? xeos” x 

Solution. i) {tan x +cot 2)* de 

= Jetan® 2+ cot? x+2tan xcot2).ds 


[y sec? A- tan? A = 1, cosec? A — cot? A = 1) 


= Jisect x + cose? x -2+2).dx = f(see? x + cosee? z)dx 


dx 


a J {ont = -1 comets -142.tans ot 
tan. 


= Jocct x.dx + [eosec? x.de = tan x cot x +c. 


[cos 2A = 2 cos? A 1) 


=f (2e0s? x—D-(2eos*a-1) 4, _ ( Zeon? x~ Zeon? 
(cos x cosa) . 08 x ~ cos 


22 fomzneete) oy ae (cos x +cos aXoos x- cos) 4, 
cosx— cosa” (cos x - cos a) ° 


22 f(cosx+ 00s a).de =2 feos x.de+2 foosa.ds 


22 foosxde+2cosa[1.de =2sinx+2rcos a+. 


2 x dx [+ sec? A-tan? A = 1) 


Jecee? x- Dads = fcc? x.de—fi.dr =tanx—x+0. 
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(iv) [tan x-B cot 2)* de 
= Jue tan 29? + (cot 2)* -2(2 tan X83 cot 2). 
= Je¢tan? x+9 cot? x- 12tan xeot x) de 
= Jidisee? x- 1) + ¥eosee! x - 1) - 12}.dx 
= 


1 
“stan xcot x= tan x,——=1 
[> tanscotx=tans | 


= Jed sec? 4+ 9 cosec? x -9-12).de 


= Jd sec* +9 cosec? x -25).de 


24 face? xdx +9 foosec? x.dx~25 f1.dx 
=4tanx—9 cot x 25x +e. 


-(Se-s}e 


cos’ x sin* x 


= Jocex tan xde — feosee.x cot x.dx = see x + cosee x +6. 
Example 17. Evaluate the following integrals : 


of x-sin® 2 de ry) Scosx+4 
i+ cos de sin? x” 
4+5 
(iit) f 1+ sin = de ow [ de 
= * sin? x 
(w) | fi=sine dx wo fare 
(vii) mh 
Sotation() J SENOS a= Ise , -;/SE« 
x 


Fe Somz+4 3.cos x 
wde= ade 
e. Ca sin? x al Ea wr] 
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#3 [osee x cot x.ds +4 feosec® x de 


=-3cosee x4 cotx +e, 


Gif 1+sin 5 de 
cos? A+sin? A=1 
7 sin? = sin 2A =2sin A.cos A 
= J yoos? E+ sin? £ + 28in Zeon % de : say eae 


= sin A=2sin = cos — 


wSylomiens) a> f(ongoang) 


Spee _ x , _(sinx/4) | (~cosx/4) 
= Joos F-de+ Jsin 5 de = nat Comet 


=4sin $4004 +e=4 {sin cost} +6. 
rae ear) 


Ba ad Pe 
=4 free? x.dr+5 free xtanx.dr =4 tan x45 seex +e. 
w f Jirsing de 


cos* A+sin? A=1 


= J cos? E+ sin? 5 ~2.08 Sin & ae sin 2A =2sin Acos A 


2 2 ? =» sin A=28in 4 co 


=f lem d-on5} =m i-m 9) 


= a, = (sin x/2) cos x/2) 
= Joos de Join Zax = we ate 


stun Esnun$ sen2(sa Zoom) se 
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[ payer ver 
in bcos 
= sin A=2sin con > 


2A 


v 1+0082A =2cos* A 
=> 14008 A= 20s! 


Tv sec A-tan? A = 1] 


(it) | 4 de seex__,(seex-tan®) 4, (Qn rationalization] 


a? — 6? =(a- bXa +d)] 


= Ji cec? x-sec x tan x).ds sect A-tan? A= 1] 


= sec? x.dr~ [sec x.tan x.de 
=tanx-seex +c. 
Example 18. Evaluate the following : 


fe = 0082 ae (i) [sin x 8 x (sin 2x + cos 2x) de 


= tan x ay { (42208 2 
wf ie wo» | (Fes) 


2 
Solution, (1) [ 228M gen f CZ ee s—D 4, 
1-cosx 1-cosx 


(20s x + 1cos x~ 1) 


x 2 . 
AMOR ERD x = [0002+ V.de 


=2 foosz.de+ [ide =2sinzexte. 
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(i) [sin x cos x(sin 2x-+ 008 2x) dx 


= } Jiesin.xcos2).(sin 2x +e082).de [Multiply and divided by 2] 


= } foin 2 (sin 2x +c0828). dx [+ sin 2A =2 sin A cos Al 


3 fsin® 2+ sin 2x 08 20).de 


=} fesin? 2+ 28in 2x cos 20). de 
[Multiply and divided by 2 again} 
1 cos 2A = 2 in? Al 


1 a 
4 J(t-eos d+ sin 42). dx 


A [fide foostx.de + fsin4x.de] 


(Ans. sec x-tanx +x +c] 


stanx-x+e. 
Example 19. Evaluate the following integrals : 


x? +sin? x 
Das Se 2) ae. de 


“ 


cain) | 
a. Din? xcos* x 


to) f (ve -eoe? 2) de, 


Solution. (i) (Fz 


[+ sin® A + cos? A = 1] 


[G3 +69) =(a + 6) - Sabla +b) 


in® x 00s? x(sin* x+cos? x) 4 


sin? A+ cos? A = 1) 


sin? A + cos? A = 1) 


x+cos* xXsin* x-cos* x) 
~2sin? x cos® x 


wit 
j= [es @?-b) = (a+ bXa-)) 


= f (inte cot s+ Bein? x cost 2sin* x cos* xXein‘ x-cos' x) 4, 
1-2sin® x cos? x . 

{Add and subtract 2 sin® x cos? x] 

of taint stereo? — neta coon?) tse’ too xkein’ — oe?) de 
1-2sin? xcos* x 5 


= Salat” cb? aNein® 2 cant 
-s2 2sin* x cos? zXsin? x- cos? x) 4, sin? A+ cost A= 1] 


(1-2sin? x eos? x) 


36 
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= isin? x-cos*.x) de 


= J-cos2xde= 


[+ cos 2A = cos* A~sin® AJ 


[+ cos 2A = cos® A - sin? A} 


[+ cos* A+ sin? A = 1] 


“cou 2A = 2e08? A-1 
= cos A= eos? 4-1 


[e+sinxl+e 
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37 
9 EVALUATION OF J sin x<x AND [ cos xax 


In order to evaluate f sin" xd and f cos" xdx for n = 2, 8, 4 the integrands sin* x and 


cos are expressed in terms of sines and cosines of multiples of by using the following formulae : 
(i) cos 2A = 1-2 sin? 


(ii) cos 2A = 2 cos? A~1 
(iii) sin 3A =3 sin A~4 sin® A (iv) cos 3A = 4 cos® A ~3 cos A. 
Example 20. Evaluate the following integrals : 
(i) | cos? neds i) f cost xd 
(ii) [ sin’ xx (iv) J sin? xd, 
2cos* nx de 


[Multiply and divided by 2) 


[+ cos 2A = 2 cos? A ~ 1] 


(ii) J sin’ x.de = f (sin® x)* de 


[+ cos 2A = 1-2 sin® Al 
2 

=f (FS) ode 2 f (1+ cos? 2x - 2008 2)de 

1 1+ cos 4x 

tf ae : ~2e08 25) de 


38 
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‘ sin 3A =3sin A-4sin* A 


(io) J sin? x.de =f (Fsinx-4 nx) de = 4sin? A=3sin A-sin 3A 


Example 21. Evaluate the following integrals : 
 f sin? e+ 5).de i) J sin xeos! x.dx 
(ity J 008? xd, 

Solution. (i) { sin? (2x+5).dx 


* cos 2A=1~2sin* A 


“J EL See = 2sin® A=1-cos 2A 
s sin? A = A= S0828 


1 
le gJ conde + 10).de 
1 sin (4x +10) 


x _1sin(4x+10) 
“2°24 © 
=o p snare +e, 
Gi) [ sin* x, cost xd = f (sin x08 2)* de 
‘2 ipigs cecedit aad f Guat 
= 7g J Pain xcos.2) de = 3g J (sin 2 ade 
[Multiply and divided by 16] 
= pf (sin? 20? de 
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‘+ 082A =1-2sin? A 


eye (ose 2a 
is : = Bain? A w1—eoe 2A 
= sin? A = =O ER 
= sin? 2a = 784A 
2 
= J +008? dx - 2008 42).de 
1 1 +008 8 
"a {16 7-2 4a) de 
1 1, cose 
= del (if SE -2 4x).de 
3, cos 8x 
-23@ + 20585 2eos ar) de 
= yy] reese —dcos ds) ce 
= ag[8] Lae f costs de 4 f cos tx. dr] 
=d)3 oA] 
= dy[te+Ssinse—sinas] v6 
Gin Joost x.de= f (SELES) de 
=f fcosar.dr+ f Seosx.de +s c08A =4 cos? A~Bcos A 
= 4cos* A = cos 3A +3.co8 A 
cos? An S89A 43.008 A 
4 
=7 [+ anins] oc 
4 3 


1.10 EVALUATION OF [sinmx cosnx dx, [cosmx cosnx dx AND 


Jotnmx sinnx dx 


In order to evaluate [sin mx cos nx ds, [cos mx cos nx dx» sin mxsin nx ds, the 


integrands sin mx cos nx, cos mx cos nx, sin mx sin nz are expressed in terms of the sum (or 
difference) of sines and cosines of multiples of x by using the formulae : 

(i) 2 sin A cos B = sin (A + B) + sin (A-B) 

(ii) 2 cos A sin B = sin (A + B)-sin (AB) 

(iii) 2 cos A cos B = cos (A + B) + cos (A-B) 

(iv) 2 sin A sin B = cos (A — B) — cos (A + B) 
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In applying these formulae, it is advisable to have A> B, because A > B would imply 
A-B>0. 
Example 22. Evaluate the following integrals : 


( Joos ms cos nx de ; when (a) m #n (b) m =n. 
i) fin mx sin neds men = m—n#0. 
Solution. (i) (a) It is given that, when m #n, 
Joos ms cos ne dx = 3 [208 ms cos nx dx (Multiply and divided by 2) 
= J fleas m + nx + cos(m~ n)elds 
[s 2608 A.cos B= cos (A +B) + cos (A ~ B)} 


1 1 
gleosim + mie de-+ 5 feos —m)x.dx 


(m+n)x , sin (m=n)x 
Am+n) —  Am—n) 


(6) When m =n ; 


Joos ms cos nx dx = feos* nx dx 


(Gi) [sin ms sin nx dx 


[Multiply and divided by 2] 


s 5 ftcostm ~~ os (m +n ld 


( 2sin A sin B = cos (A ~ B) cos (A + B)] 
1 


= feosim=n)x.de- {cos (m+n)x.ds 


2 
Lsin(m+n)x 
3 Sons _ Enns 5 
2 mtn 
1|sin(m-nix _ sin(m+n)x 
Sanaa SOE) ae, 
2. (m-n) m+n 
Example 23, Evaluate the following integrals : 
(W [sin dx sin 2x dx ii) Joos ax-cos x .de 
(iii) [sin 4x cos 3x dx (iv) [sin 3x cos 4x dx. 
Solution. i) [sin 3x sin 2x dx 


= Pf2sinaesin2ede [Multiply and divided by 2] 
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=} flcos ae —22) cos Gx +20]dz 

[+ 2sin A sin B = cos (A - B) ~ cos (A + B)] 
1 1 
pers. de— 5 [eosse de 


(i) Joos 4x 009 xds =} feos 4x 008 x dx (Multiply and divided by 2] 
= pcos 4s + 2) +c08 4x aide 
Ls 2c08 A cos B = cos (A + B) +008 (A B)} 
= Aflcosss +e0s::)de = } foosSxdr-+ 3 {cos x dx 
2 2 2 


Sx 3x |. _ sindx 
. © 


(iit) [sin 400s 3x de 
=} f2sin Arcos ax dx [Multiply and divided by 2) 


= J ftsin 4x +32) +5in(4x—S0lde 
[z 2sin Acos B= sin (A+B) + sin (A-B)) 
vy Pes a Ly 1. 
= 5 J ein Te + sin 2)de = p)sin Tz ds+ 5 foinxde 


1(-cos 7x 
-H{ 7 
~cosTx _cosx 
“at 


) +f romaiee 
(iv) sin 9x c08 4x dz 
= 1 f2sin ax cos4z de [Multiply and divided by 21 
. 3 fein s+ 45) +sin x - 4201de 

[sin A cos B= sin (A + B) + sin (A ~B)] 
1 : 
3} fisin 7+ sin (- aide 


= j fain 2a de— 3 foin.xde [sin 0)=—sin 6} 
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Example 24. Evaluate the following integrals : 


(i) Jin? x08" eds di) J cos x 08 2x cos 3x dx 
si ; ia) (sind 
(ii) [sin x sin 2x sin Sede Gv) [de 
w) [2% ae. 
sinx 
Solution. (i) fsin® xcos® xdx = f(sin x-os x)” dx 
= 2 feesin.xcos )* dx [Multiply and divided by 8} 
Ty ae} 
= gfisin 2s) de 


sin3A=3sin A-4sin® A 


= J [fesinzcas- J singxae] 


= Bees ]] xe 


32) 2 6 
1 3 1 
= Af dewtestowte] +e 


(i) [eos x cos 2x cos 3x de 
= 3 ees x 0s 28) .008 3x dx (Multiply and divided by 2} 
1 
= 3 (2008 2x c08 x) ens Sx dx 


= } feos + 2)+ 0082 — i] eos 8x de 
[+ 200s A cos B = cos (A + B)+ 008 (A — BY] 


1 
= 5 J (cos x + cos) cos Sx dx 
= fieos? 
= pfitcoe Bx +008 3x cos x) dx 


- 4 feeeos? ax + 2.008 8x 08 2) dx 
(Multiply and divided by 2 again] 
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= GJ Oreos Gedds +5 feos ae +)+ cos 3x -x)ldx 


cos 2A =2cos* A~1 
= 2cos* A=1+cos 2A 
= 2cos* 3A = 1+ cos 6A 
[208 A cos B= cos (A + B) + cos (A - BY] 


= ffteder f fooste ds +1 f costzde + t feos2e dx 


Join sin 2xsin 3x dx 


3 f @sin 2c sin x) sin 9x de [Multiply and divided by 2} 


= p flees 2x~x)~cos 2x + )).sin de de 
[+ 2sin A sin B= 008 (A -B)—cos (A+ B)] 


1 
= 5 flees — coer). sin ede 


5 (sin Bx cos ~sin 3x cos Sx) dx 


=} fesinaxcosxde-2[2sin cos 8x dx 


[Multiply and divided by 2 again} 
= J flsin ax +2)+ sin @e-ailde~ 1 fsin xd 
“sin A cos B =sin (A + B)+sin (A BY 
2sin A cos A=sin2A 


1p. . Uo 
=] Jisin ax + sin 20d ~ Fin Ge de 


Jee 


sin 2A = 2 sin A cos A] 


sin 2A = 2 sin A cos A] 


= fisinzems mae 


ds = 4f cos 2x cos x de 
ainx 


= 2f2cos 2x cos x dx 
= 2f (00s (2x +2) +008 (2x— ade 


2.cos A cos B = cos (A + B) + cos (A ~ B)] 
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22 cose de+2f coszdr 02 ae +2sinz+e 
= 2 sindr+2sinz +e, 
Example 25. Evaluate the following integrals : 
@ Join 4x sin Bx dx Jos 2 c0s 4 cos 6x ds. 
Solution. (i) fsin 4x sin 8x dx 
= }fesinsrsin ede [Multiply and divided by 2] 


= 3 flens (8x —4)—cos + 4n)lde 
[sin A sin B= cos (AB) - cos (A+B) 


=p ftcosdx—cos 120) de = 3 feos sede— 3 feos ie de 
i 1 


12s 


1 si 


(i) Joos 2x 00s 42 cos 6x ds 
= 3 fiecos 4x cos 22).cos 6x dx [Multiply and divided by 2] 
=} flows x +20) + 008 4x - 2311-008 6x dx 
[208 A cos B = cos (A + B) + cos (A ~ B)] 
=} J os 6x +c08 22), cos 6x dx 
= A ftcos? 6+ 00s 6x eos 20) dz 
= 1 fees? 6x + 200s 6x eos 20) dz 
[Multiply and divided by 2 again) 
= ft cos 122) +c08 6x +22) + 205 6x - 20) dz 
[eos 2A = cos? A-1=9 2 cos? A= 1+ c08 2A) 
1 
= q[fade + Joosaze de + feosar dx + feos 4x dz] 


Example 26. Evaluate the following integrals : 


fox od cr 
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(iii | sin xT cos Be dx 


0s 
Solution, (i) J 


x 
T+ cosx 


L+cosx—1 
1+ cosx 


“J (-ada)e 


= faeef pela 


=f tae—-f z 


iti) J sin x/T=cos x de 


= J sin xy2sin? x ax 


(Gv) [sin max cos nxdz- 


[Add and subtract 1 to the numerator] 


2A 


(1+ 008 2A) =2 cos? A’ 
= 1+ e084 =2c087 F 


1+cos 2A =2cos* A 
= 14.008 A «208? 4 


[ys 1-cos 2A = 2 sin? A] 


= Bf sinxsin xdx=J9f sin? xdx 


= Ef a sint eae 


[Multiply and divided by 2 


-4) (1 cos 2x) dx Srl Ladz— J cos2x dz] 
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(iv) J sin mx cos nx de 
=3f 2sinmscos ne dx [Multiply and divided by 2) 
=3f {sin (m + n)x+sin (m= n)z}de 
[+ 2sin A cos B= sin (A +B) + sin (A~B)] 


Ir Lis 
“iJ sin(m-+n)ede+ 5 sin(m—ndx dx 


2 


At seins] i secre] 
3|- aero tal eet? 


(m+n) (m=n) 


(m+n) (m=n) 


Example 27. Evaluate the following integrals : 
i f cos x T= cos 2 dx 


sfostnone mans] 


(iy J sin (cos x) de io) | Rae. 
# vedas 
Solution. i) { 728 =*+9sin" £ ae 
3sin® xcos* x 


= Tf conce xcot x ds + 3f see x tan xdx 


7 
= cosee x +3 sec x +c. 


i) | 00 xJT= conde de 
= | cosx\2sin? x dx Iv (1—cos 24) = 2 sin? Al 
= Bf sin xcosrde 
. # 2 sin xcosxde [Multiply and divided by 2} 
1 


-3/ sin 2x dx Ly 2sin Acos A= sin 2A] 
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=f sint [xin -s)]as 


cn(§-e)-en] 


j itz 
0) ) Tysing 
-{F Je [Add and subtract 1 to the numerator} 
1+sinx 
= (Reate- 1 
T+sinx Trsinz 
sfra-f tba [On rationalization] 
Tesing “1-sinz 


1 
a 


sin? A +cos* A 
= cos A=1-sin? A. 


=f tede-J sect xdr+f see xtanxdx 
ex-tanx + seer +e. 
Example 28. Evaluate the following integrals : 


(0 J sin 2x c0s 3x dx yj See de 

cos? ain? x 
ij) [ COS 2x+2sin® x -1( [T=cos® 
ii) f coer pamela! (Go) f sin? [a( F288) la9 


(©) J tan! (seo «+ tan x) dx. 


Solution. (i 


J sin 2x08 3x de 


1f 2cos sin 2x dx [Multiply and divided by 2) 
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= }f fsin@r+22)~sin@x-201 de 
[y 2008 Asin B=sin(A + B)-sin(A~B)) 


= Bf (in de-sin dr = Af sinSeae—f sinxax] 


oe 
=-2cotx-2tanxr+c=-2{cotx+tanx]+c. 


Gin J (wap 


iets gaiat 
i aeaen Nas [cos 2A = 1-2sin? A] 
cos? 


-JoR«-J sec? dr = tan x +c. 
(iv) J sin*® [=n rae) 
=for[ae(S of SKE] 
= J sin? [tan (ftan®@)] a0 


= J sin® tan“ (tan 0)]d0 = J sin* eae 


[(EE3)« | een 


= 3 J 140-2) cos20de = $ 


1.1. 
= 30-7 sin 20 +e. 
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wf tan” (sec x + tan x)dx 


+ cos* A+sin? A=1 

= cos? A 4 gin? A= 
cos 2A = cos* A-sin® A 
= cos A= cost 4 sin? A 
sin 2A =2sin Acos A 


4. 


WW. 
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EXERCISE FOR PRACTICE 


Integrate the following functions w.r.t. x Q. (1-7): 


(x4 


ote 
we 
we 


(2x 62 +) 
waret 


Asn fiz 


x (iii) x 
+2? 
si) OV 


tii) 
ave 


to (243) 


wx(1-3) 
ti) (3 +e? 2+} 
w fe 


sted 


wa 


Evaluate the following integrals Q. (8-20) : 


= 
\ aes 
fitrettae 
@ Jasin s+ yas 
Ui fisee? x + cosect idx 
wf {im cos 2e de 


fcotan set? de 


8 f{x+t (x-Tdr 


uf 22a 
Fae 


18, [ 2-50 8+200-de 


(i) I(sin.x-+ cos 3)? de 
(i) fe@sin x ~2.008 4 4 sec x Bcosee? x) de 


Gi) | five ae 


dr 
Treo de 
20. Joos? neds. 


Answers 


1 
Waa te 


Wo? ot s4etaettec 


2 
Gi) 7} +log txt +e 


3 
x 

Gy 2-00 
3 
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17. 


19. 


“os 
wy thet. 


* 
wo) 


1-27 + 20a +e 


) 


3 


x4 Blog lx-3l +e 


< [(ae + 2) (x 2P4] +6 
ee 


1 
& lye soee 
Tyee tare 


(-200262 +e 


(i) tan x cot x +e 
()- cose 


Atanx-9eotx-25x+6 


—2eosx+e 


1 5 
(i) J +tanxt pte 
Wie +6 


2 
(ii) 7-24 2tawte +e 


v 


ls 7 
9, 4p ge) tat log ix 1+ Me +e 
1 
1. — +tantxee 
x 


ite? | x3 | Sixt 
3. 6e~ ME 4 4 OE, 
ier “rr +e 
ae 

Ui) z~ 5 cos 2x +0 

(ii) 3 cosx-2sinx+4tanx+5eotx+e 
(ii) @B sins se 

1, ae 

18, 5 tan 5 +e 


z 
m2 


2 


Integration by Substitution—I 


2.4 INTRODUCTION 


In the previous chapter, we have considered the problems on integration of functions in 
standard forms and the problems involving combinations of these functions. Often, we come 
across functions which appear to be quite simple, but do not fit in the category of standard 
forms. So, we need to develop a method of integration for those functions which, 
cannot be evaluated directly by the use of standard formulae. These integrals can be converted 
to standard form by the substitution of a new variable. These substitutions reduce the compli- 
cated integrals to the standard forms which can be easily integrated. 

‘The method of evaluating an integral by reducing it to standard form by some suitable 
substitution is called integration by substitution’. 


2.2 CHANGE OF INDEPENDENT VARIABLE 


‘Theorem 1. Ifthe independent variable ‘x’ in the integral | flz) dx be changed to ‘s'by 
putting x = (2) ; where $(z) possesses continuous derivative (2), then 


J ferae= J feenee).de. 
Proof. Let us consider that 


I= J fvds, 


fiz) wo) 
= = 92) nf) 


é [Using equations (1) and (2)] 


=fx)¢@) 
= figle)) ot) (3) be x= 9) 
=a function of z. 
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Integrating both sides of equation (3) w.r-t. 2 ; we have 
T= f Agen ete). de 

= J tev ax= J fen. 9a). de. 

Remark 1. To evaluate f fix) de by the substitution x = ¢2). 


Working Rule : 

(In the integrand, put x = 4(z) and dr = (2) dz. 
(ii) Evaluate the resulting integral in z. 
(iii) Express the result in terms of x from x = 2). 


Remark 2. There are no hard and fast rules for making suitable substitutions. Experience is the 
‘suggestions 


best guide in this matter and one learns only through practice. However, some 
standard substitutions are given below : 
Sa eee Tes 


dlax +b) = dz 
= (@+0)dr=dz 
> axe) ae, 
a 


(ii) If the integrand is of the form x". fix*), put x* =z 
= de =dz 


2 nx! de = dz 


> wide. 
(iii) If integrand is of the form [fix)P . f(z), put fix) =z 
> difix)] = dz 


= £'@) de = dz. 
(iv) If integrand is of the form nae 
= dif = 
= Poteaes 
(0) integrand involves e, pute =2 

det) = dz 
= deeds. 


2.3 TWO IMPORTANT FORMS OF INTEGRALS 


12 f fod) 


for 


Theorem 2. The integral of a fraction whose numerator is the derivative of the 


denominator is log \(denominator) |. 


ie, ee. dx = log \fix)| +c. 
Proof. Let us put lx) =2 
= dfx) = dz 
= fia) ds = dz 
FO) a. 


= 


rs ac=f % & a logz = log [fx)]. 


54 INTEGRAL CALCULUS MADE EASY 


Theorem 3. The integral of the product of a function raised to an index other than (~ 1) 
and its derivative is obtained by increasing the index of the function by 1 and dividing by the 


new index. 

te, Jor. pe).de= ‘fer sepnend 
Proof. Put fix)ez 
- aifiz)|= dz 
a [ede = de 


= J nor. pede f va 


et 

afte 

2 Tor 5 
n+ 


ne-1) 


2.4 SOME STANDARD INTEGRALS 


Prove that : 
J tan x de = log | seex | +e 2. | cotxdz=log | sinz |+e 
8. J sccxde=log lsecxttanzi+e 4. f cosecxde=log | coseex-cotx| +e 
x, 2) x 
wel n(S+3)| ee halen 
Proof. 1. Let I= J tanzde 
= t= f S22 ae wD) 
cosx 
Putting cosx=2 = -sinxde=de 
= dew) ae 
sing 
sinx (-1 
We have Is £ (=). ae=-f 2 ade 
ata lal'vee tg asl be [ez = coxa] 
= log I(cos zl +6 [em log m = log "| 
= log Isee x! +. 
2, Lot I= J cotxdx 
| = 
Putting sinx=2 


7 = cosxdr=de = de=— ae 
woz 
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We have te f 2.1 den f tide 
z ese z 
slog Iz1 +e 


= log Isin xl +c. 
3. Lot 1s J socxdz 


see x (see x + tan x) 
(secx+tanx) ” 
{Multiply and divided by (sec x + tan x)] 


Putting (see x + tan x) =2 
=> (soe x tan x + sect x) de = dz 
oe ae 
(sec x tan x +sec? x) * 
sec x (see x + tan x) 1 
(ccx+tanx) see x(soc x+ tan) 
sie 

z 
slog Izl +e 


slog Isecxt+tanxi+e (1) [v z= (seex+tanx)) 


dz 


We have I= 


Also, we may write that 


1_ ising 
secx+tanx=——+—— 
cosx cos 


*s cos*A+sin? A=1 
sin 2A =2sin A cos A 
cos 2A = cos® A~-sin® A. 


(corgering) ——_(omgrsing) 


1+tan = 
2 [Dividing numerator and denominator by cos ] 
1-tanZ 2 
2 
(+3) 
secx + tan x = tan 4°2 wn) 


Putting this value of (see x + tan x) in (1), we get 
T=1og |tan( 3) 


+e. 


56 


INTEGRAL CALCULUS MADE EASY 


4. Let 1s J cosee xdx. 
eo Is cosec x (cosecx—cotz) 4. 
(cosec x - cot x) 
(Multiply and divided by (cosee x — cot )] 
Putting cosec x ~ cotx =z 


=> (~cosee x cot x + cosec? x) dx = dz 
1 


= d= —__1___, 
cosec x (cosec x ~ cot x) 
cosec x (cosec x ~ cot x) 1 
Wehave Im | (eosee scot x) *cusse (enser t= cot) 

1 

=f ta 
z 

slog lz +e 

= log Icosec x - cot x1 +c wall) [es 2 eosec x - cot x] 


Also, we may write that 


‘and sin 2A =2sin A cos A 


(2) 


sin 2A = 2 sin A cos A] 


[Divito numerator and denominator by con 4 


sec? = 5 eect = 
JTree bated’) 
: 
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2.5 IMPORTANT NOTE 
‘The students are advised to remember the following results : 


ff sinz de =-cosx+e 


(ii) | conzdemsinx +e 
(ii) | tanx ds «og leee x +6 
(iv) J cot x de = log Isinxl +e 


(v) | see. de = log Isee x + tan x1 + etog | tan{ +2) te 
(vi) | cose x dx = og leosee x — cot x1 +elog|tan = +e. 


SOME SOLVED EXAMPLES 


Example 1. Evaluate the following integrals : 


_ 8-8 2 = 
©] ge ese® (i f e457. ae 
tit) | Ege ae (iv) J 2esin (a? +). dx 
2 
wf es" ae © | en * 
® 


Solution. (i) Let T= f ae 
+ 


Putting Sx*-8r+5=2 = (6x-8)de=de 
We have teft.ae 
z 
= log lal +e 
= log 13x? 8r +51 +6. ty 22x84 +5) 
Note. If the numerator is the derivative of the denominator or # constant multiple of the deriva- 
tive of the denominator, put the denominator equal to z. 


(ii) Let Taf @e+5y. de 
Putting Br+5=2 = 3.dradz + deo} de 
1 iw Vp 
We have Inf 5G den 3 2 ode 
12° 
-pgter 


e 
Soh te. [ly z=8x45] 


58 


We have 


(iv) Let 
Putting 

We have 
(v) Let 
Putting 


We have 


(vi) Let 


Putting 


‘We have 


Example 2. Evaluate the following integrals 
J cos 2x49). de 


tan 


ain J 
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1 
Is ode 
Sacer 
5-3x=z 


-Sdeedz = dr=—3 de 


[v z=(6-3x)) 


T= f arsine? +1). ds 
Belz > Wkderde 


I= f sine de=-cosz+e 
eros t+ De. we 


T= { (ees? ae 


zexe4]) 


= 2 - log (@)P +e. fs z=logx] 


1 
1 | exes **S sateen“ 


(L+logx)=z => daeede 


1 
I= f Jae 
= log Izl +e 


= log 11 + logx! +e. fy z= 1+ log x] 


: 
in jf OE? ae 


A sec? x 
io | Tams 


Solution, (i) Let I= f cos (2x +3).de 
Putting Qr+3ez 
= 


(ii) Let 


Putting 


:. We have 


(iii) Let 
Putting 


, We have 


(iv) Let 
Putting 


We have 


(v) Let 


2dend: > deed de 


1=f deosz.de 


g sin (2x +3) +e. 
T= fj echoes) as 
x 


loge=2 = fared 


I= f sectz.dr=tanz+e 
= tan (log 2) +. 


ne +e 


emtan'ts 


J ran 


tanx=z = sectxdr=dz 


+e. 


dx 


tm [ —L . dew log 15421 4c 
B+ 
= log 15 + tan. x1 +e. 


=} J emz.den} sinz se 


zedr+3) 


fy z=logx) 


z=tan" x] 
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Now, putting l+et=z = edr=dz 


We have T= J 2 de=tog tel +e 
log 11 +641 +0. zelse) 
: 9 cosec® x 
(vi) Let [eS 
Putting Lt cot =z 
= coset x dem de => cosec?x de =-de 
We have 1 f-2.ae--9f 3a 
z z 
=D log Izi +e 
= 9 log 11+ cot x1 +e. ze1+cota) 


(vii) Let 


= Fete deade = (tte). dr=2de 


We have t= 2.de=2f 2 ae 
z 2 
= 2log Iz +e 
= Blog lee? e*1 +e. 
Example 3. Evaluate the following integrals : 


zee est 


m 1-tanx - 1 
©} Tans’ | ie * 
(itd) f ax fa-2? ode Ww | ate ae 
©) | lar¥o de wi) | (e+ 2)( fe 4267) de. 
Solution. (i) Let 


Putting cos +sinx=2 


INTEGRATION BY SUBSTITUTION 


61 


= (-sinx+cosx).dxr=dz = (cosx—sinx)dr=dz 
We have 1eftie 


= log lzl +e 
= log leos x + sinxl +c. te 


- 1 
(i) Let Is de 
” Iran 
Putting” = + Jeaz 3 O45" dene 
1 1 
= Peete = deetde 
We have te2 fla 
z 
=2log lz! +e 
=2log 11+ Jel +e. 
(iti) Let T= J 4 Ja—2? -de= f fa-2 . ede 
Putting S-xt=2 => (0-2r)deedz = ~2xdr=dz 
= Qede=—dz => 4ede=-2de 
We have T= J 2 .C-2de.=-2f 27 ae 
waa 
pe etl 
asa * 
aS attee 
4 
— 3 G-2 +e. ly 
: 1 L 
Let In deaf — tae 
wy le Se 
Putting zoo xed = dra6e! de 
We have 
od ee att 
Per 


227 


-6f52. sea -dz=6 f 


+1 


z= cosx+sin x) 


z=1+ vz) 


z=(8-29)] 


eaz+l 


= fe -210- 5] Pe 
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= [fede fendel lide 


22 
26[5~See-tageet +e 


1. 
z+ 


2 gt 
= SS sce 6 og Iz+llee 

= 29 — 82? 4 G2—Glog Iz + 11 +e 

= 2 (2-3 2) + Ge! — 6 log Iz" +11 +0 


= Bel? — 32" + 6x6 log Ix +11 +. 


z=x') 


(v) Let I= f farvb . dx 
= Te J (ax+ 6)". de 
Putting ax+b=2 = a.dr+0=de 
= 
We have 
bs z=ar+b) 
(vi) Let T= J Gx+2) ft eael de 


= Ts f 2ax+0. fer exel dx 


Putting Sexelez 2 (Qr+1+0)deade = (2r41)dx=de 


We have 12 [ ie.de=2f 2 de 
ot 2 

=2/5— vel te 
Tha z 
2 2 


ahetere DH ee zestexet) 
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©) sae * wf Tngp dis. 
tin [EM as (iv) J sect x. tan x dx. 
lz 

Solution. (i) Let a ds 
(+32) 

Putting 24Bhaz = O+Gedeede = dre} de 
ipa he 

We have iaeeghee 


teu tet 


peek SS , 
18(2+ 3x")? oe ac 


(i) Let t=f og ve des > 0 
= (log = 


fy z= logs] 


1 1 
=> We eee => i festa 
We have Ia J 2 2de=2f ode 
Bare 


nei 
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= de vet 
Exel 


(iv) Let I= f sect xtan x de. 
= 1s J soctx. seextanx. de 
Putting secx=2 => (secxtanx).dx=dz 
‘ 
We have Is J 2.de=Z +e 
we ye, 
+e. 


Example 5. Evaluate the following : 


wf oi ede 


© | geez 


bie saa 


vianx 
in x COs x" 


ps 
Solution. (i) Let I= [ £— .dr 


ze1+Vz) 


(v zee4+1) 


etl 
a ref ee 
eal 
Putting e4lez > eeG@-1) 
= (40).deadz = e.de=dz. 
We have a= (0 ae 
z 
=f rde—f 2 .de=z—tog tt +6 
z 
= (e+ 1)—log ler + Ll +e. 
(ii) Let Is =Sigoez ® 
Putting —dog seex =z 
= 1. (scextanx).de=d: > tanxdx=de 
sex 
We have z 


7 dea log lel +e 
= log Hog see x1 +. 


[+ z= log sec x} 
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‘ 1 
(iii) Let 1=f Flog slog ogi“ 
Putting log (log x) = 2 
= 
We have tJ 5 
=f 1 dz wlog zl +c 
z 
= log Hog (log)! +. 2 = log (log x)} 
(iv) Let In f SSZ=ERe 
cosx+sin x 


Putting cos x + sinx=2 
=> (-sinx+cosx)dx=dz = (cosx-sinx) de =dz 


. We have t= J 2 .de=tog tet +e 
= log tcos x + sin x1 +0. zcosx4sinxl 
(o) Let taf PE ae 
Sines 


YORE sect de 


tanx 


=| Fonz ose J tan 27. sot x dx 


Putting 
We have 
z=tanx] 
(vi) Lot 
Putting eteter = (e-edends 
1 
We hat t= f 2 .de=tog tz! 
se have Jd edeatag tet +e 
= log le" +e*1 +0. (te zee +e*] 
(vii) Let Tz J sin’ x cos x de 


Putting sinx=z = cosxdx=dz 
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We have 


We have 


21-2) 


by @-b? =a? + 62-206) 


= 2948-20-28 + 20-2 46 ty ze1-x4] 
Example 6, Evaluate the following integrals : 


agent 


x ter 
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We have Te J 2 deetog tz +e 
= log Hog x1 +c. + ze logs] 
Gi) Let t= J soya 
Putting Steaz > O+e)deade > edeade 
. We have t= J 2 .de=tog iz +e 
a log 13 +e +6. z=3+e] 
ea xeteent .. at, 
Git) Let 1- f= Fea (Multiply and divided by e] 
€ 
etx 
7 We ee Se 
Putting Keeez = (et +e). dreds 
. We have tel fl deat tog tet ve 
ele 
a2 hog Iv +e +6. zexsel] 
Example 7. Evaluate the following : 
J emer ete ads Gi J tan? xs0c? x.de 
aa [ ore ip) { tant az sec? vz 
id | Soe io) | 
(©) | Jain Be .c0s 2x. ds wi | aes te 
Solution.) Let T= f Ahr cte yt dew fete, 
s 
Jaa chee? = x3] 


Putting Moles = (t+ 0)deade 

= ASdends = Sdewta 

z. We have tefitideel {tia 
z4 4/3 


1 1 
= log lel +e= Glog Ixt+ 11 +0. 


(i) Let Te J tan’ x sec? x dz 
Putting tanz=2 = sectxde=dz 


“ 
We have Inf P.dewZ se 
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= Ftantrre, te z=tans] 
Gi) Let If SS 
Putting = +e az = (2%). dende 
3 Wet eHdende 3 He dead ee 


Wo have ta} f Lace 5 tog tel +6 
= Plog tet + e%1 te fe zee eet 
(iv) Let taf aot ay 
Putting tan Jz =z = sect 2G) ode 
sec? Vz 


= sect fei tasd = =2dz 


2 Ve 
F 
We have In2ft.dew2Z ve 
5 
a2 tn ye ts zstan Jz) 
= tan’ +e. 
(v) Let T= J ain Be . cos 2. de 
Putting sin2e=2 = 2eos2edreds > cos2xde= ae 
1 1( 
We have Teh fe-aeaf ma 
1 
= 5 (in 2077 +6, (ez sin 2x) 
? coax 
(i) Let [ere 
Putting s L+sinz=z = (O+cosx)de=de + cosxdende 


We have Inf pea 
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2 
=2 
teas 2% 4e 
1 


=2(1+sinz)# +e (- z=1+sinx) 
=2 Ji+sins +c. 
Example 8, Evaluate : 
(24 3x) ss J 
J GA ae wi 
(iit) | aes 2 YP exe il eee 
Solution. (i) Let T= f 5% Be 
Putting (B-2x)=2 = -2r=2-3 
= 
. We have 
1¢ (13-32 
oer rae a 
ify 13 32 137 14,3 

--3{f = de J % de]=— 28 f Lace 3 fice 

=- 3 tog tet + 3 

an Plog its Tate 

-# log 13-201 + 2-20) 46. [vy 253-2] 
1 
(ii) Let Is -dx 
Sea 
2 
# 

Is ade [Multiply and divided by x*] 
= laa nt ply and divided by 
Putting ez 
= atdred: = de=tde 


see Ee ae 
*. We have 123) 7 a & es Sere 
y Pam 
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det 

aguctzte 

a decttee, te zee] 
(iii) Let T= f 4x+2) fx? rari. de 

Putting Bexelaz = (24140) deeds 


= Qe4Vdends = Urs) de=2de 
= (de + 2) de = Ade. 
We have Taf Je .2de a2 f 2 ae 
1 
1 
2 4 
=2 tenzm@ee 
Th 7 
4 
Geese ts 2exteee) 
: sec x 
(iv) Let 1-| Soe 
Putting log (see + tan x) = 2 
1 sec x (sec x +tan x) 
= Geer Meet tans tect aden de = MEZGOATRD ge ae 
= sec x de = dz 
We have t= J 2 .de=teg tz +e 


= log og (see x + tan x)! +6. 
Example 9. Evaluate the following integrals : 


offre wo f Po a 


z= log (sec x + tan x)] 


208 x-3sinx . 
tuo f 6 cosx+4 sin x wf wor? x -tan a? 

sin fivz i) f Lteoez 
| ae wi [FE ac (otty J SE as, 


tints 


Botan. co Lt = f Fy as 
Putting sintz=z = yore 


. We have Infet.denetse 


z=sin1x] 
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(i) Let 
Putti [ ft a@*)=a" lo a| 
itting ‘de 8 
= 
We have AF = (22) = Bm (2 = 2] 
== 1 ot 
= jog2) Jyrat &* joga simtete 
Bd ry 
= pga timate fe z=2] 
(iii) Let In f Zeez—Stine ae 
= 
Putting -—«-Scosx+2sinx=z = (-3sinx+2cosx)de=dz 
= (2eosz-3sinx)de=dz 
olf t ecl 
We have Iai flee gle live 
= Flog 13 cos x+2sinzl +e [> 2=80cosx+2sinx] 
2 
(iv) Let * ee 


tana?“ *) Gotanat 
Putting © (I-tana)=z - -se?xde=de = sectxde=—de 


We have 
"Goma te (v z=1-tanx] 
Let si 
® =| Goa 
Putting (1+ cosx)=2 = -sinzdr=dz = sinxds=-de. 
We have Is-f4.dee-Jrtia 


[ein eeedss 


+e. 
T+ cosz 


z= 1400s x] 
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[On rationalization] 


i) 1+ x fivx Jitx 
(vi) Let Ie je. dee (iE as fe) « 


a 
o ireecatane reece oD) 
saintes | Tae 


Putting 1-822 = (0-2:)dredz 
= -2dred: > dred 


Se toa se ts z=1-s4I 
Putting this value in equation (1), we get 
Insintz+ (-J1-#) +e 
sein tx-J1-2? +e. 
(vii) Let Tn f SPS ae 
1+ 008 2A = 2cos? A 
1-cos 2A =2sin? A, 


Lz cosec? A ~ cot? A = 1] 


2x cot (x/2) 
J covect Fae f dee ES xe 


=-2eot F-s+e. 
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Example 10. Evaluate the following integrals : 


ol ae i) = eke | 
yf Lt log x sin(2tan™ x) 
i) f cls iv) of mu! ee de 


=f GEEZ Dividing numerator and denominator by e*1 
Putting bettcaz = -betdrad: = ede=-t de 
We have ref 2 jae) a2 f Lode S tog tet +e, 


=-§ log Ibe*+el +c. 


zebe*+el 


1-8 
fen 1-cotx 
Gi) Let I= inate] 
=f EOE ae 
sin x+ cos = 
Putting sinx+cosx=2 => (cosx—sinz)dx=dz 
= =(sinx-coss)dr=dz = (sinx-cosx)dz =—de 
We have 1e- f 4 -de=-tog 121 +0 
=~ log Isin x +008 x! +6. (y 2=sinz +c09x] 
1+logx 
Let le 
bat *| sextae 
Putting (+xbgnez = [v2.4 etogs.1]de= de 
= 
= (1 + logs) dx = dz 
We have Te J Bede tog 121 +e 
= log 13+ xlogx | +e. 2=34x log x] 
- sin (2tan” x) 
(iv) Let 1. f SOS de 
Putting tartxez > —y dred 


4 
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(v) Let 


| ageebiahs 

Putting acos?x+bsin?x=z 
(2a cos x (— sin x) + 2b sin x cos x) dx = dz 
(- 2a sin x cos x + 2b sin x cos x) dx = dz 
‘2(b — a) sin x cos.x dx = dz 


Ho uau 


sin xcosxdz= 


26- 


1 
bee nare: OAS Seae-w ae =a) “*" B@-a)) 2° 


=) wy le lel +e 


“ws log la cos?x+bsintzi+e. [> z=acos?x+bsin?x] 


‘ cosx 
(ci) Let t=) aes @*) Se sree ® 
cos x 


‘(Multiply and divided by 2) 


(cos x ~sin x)-(-sin x - cos x) 
a} f ossmsind~Csinz-eors) 4 
2 (cos x—sin x) 
[Add and subtract sin x to the numerator) 
x 1¢ -sinx-cosx 
a3) he-3f ne oe 


ae 
as fe ai 


We have = 1 ase 
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= 3— Fog leon z—sin 1 + bs z=co82 sina] 
Example 11. Evaluate the following integrals : 
(oj MerVGsloe?? ae Gi J cosee x tog (cosee x ~ cot x). dx 
¥ 


Gio f Spsin(2) ae (io) f Yer=1 de. 
Solution. (i) Let 12 f Medes tego gp 
——# 
=f 4(222) cer tapr area f (142) e+ tags de 


Putting gthgeez = (102) acnae 


. We have 124) 2.d 


‘ 
4. tenstec 


= (+ loge +e. fe z=x4log x) 
I= J cosee x log (cosee x — cot x). de 
log (cosee x — cot x) =2 


(—cosec x cot x + cosec? x) dx = dz 


cosec x (cose x—cot x) 4. ge 


ey (cosee x - cot x) 
~ cosee x dx = de 

2 
We have In fzdeaS se 

= Flog (comece—cot +e. [zm og (cosee x — cot 2) 

- i 1 
(ii) Let 1 J Zpein(2) ae 
Putting tes 
= 


. We have 
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Pelee) 


{Add and subtract 1 to the numerator) 


de] =21e-tan aise 


=2[yer—1-tan Yer] +0. [ z ea 
Example 12. Evaluate the following integrals : 


=" sin (tan x*) 


co) dx a& 
‘ Tes" 
aa) ( tvEed 
) ode 
wo J IF 
Solution. (i) Let. T= 
Putting 
- 
fe 2stant x4] 


(ii) Let 

Putting a? sin® x + 6? cos?x = 2 

=> (2a sin x. cos x — 26? cos x . sin x) dx = dz 

= 2 sin x cos x (a -B2) . dx = de 

= sin ede = —y tg de 


1 
Gray low leh ve 


‘x +b? cos*xl +0. 
(yz =a sin® x + b* cos*x) 


(iii) Let taf 24041 ae 
+2 
Putting Vxtlez 
= xtisz? = xez?-1 = dr=2edz 
2 
We have t= f |= P+) oe ae 
(2* -142) 


2 4 
“ibe Rire)s 


z. 


=2fz.de+2f ide- 2Jz z L ade 
Laie eabhtccadas 
wz? 4 22-2log Iz7+11-2tan!z+e te @= Je+D) 
= (e+ 1)+2 Jet] —-2log Ix+21-2tan! fx+ite. 

a 1 

iv) Let 1) Gey 

1 (vz - J+) 

=f << ee (On rtionalizati 
peelae ee 


vz- Jeti 
dee | FP ae 


=-[ fede+] (evi de= Jx?.des fear 
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st 
| ee 0® 
+e 
3 
2 2 
snp arm ee 
Example 13. Evaluate the following integrals : 
sin x 
Oat a” 
7 1 . ae 
pe bla ay 
2 I 2 sin 2x 
i | ecaanecw Go) f ae 
1 1 
) ade wf ——_1____. 
. aan | Saraeea=8 
sin (x+a) 
io | sin (+B) 
Solution. (i) Let I= f —S2* 
sin(x-a)* 
Putting x-a=z 
= xezta = dead 
Wehave I= Gt ag [+ sin (A+B) = sin A cos B + cos A sin B) 
sin zcosateonzsina 4, 
sinz 
sin zeosa g, , f coszsin 
sin sin 2 


= J cosa.de+ J sina cotz.de 
=2cosa+sina log Isinz1 +¢ 


= (e—a) cosa + sin a log Inin (x-a)l +6. zex-a) 
ii 1 ig x, 
(ii)Let 1 Jaane py dea ben 4 DF ine % 
[Multiply and divided by cos (a - b)) 
cos (a - b) 
* 19 Saco! meee 
1 cos (x ~b)-(x-a)] 


* cos (a6) J sin (e—a) cos — 6) * 


(x-)-(x-a)=-b+a=(a-b) 
cos (A - B) = cos A cos B+sin A sin B. 
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(iii) Let 1=f 


(iv) Let Inf 


1 cos (x—a)cos(x—b)+sin(x—a)sin(x-B) 4 
* cos (ab) ‘sin (x= a) 0s (x ~b) 

1 [testes b) | sin (x, ed 
cos (a6) J | sin (—a)eos(x—b) » sin(x—a)cos(x-6) 


= Seep] tote + tan - oy. de 
= Sap ow Isin (x - a)! — log !cos (x- b)I] +e 


[: log =Iogn=tog | 


= con 
ain@—a)sine-b) 
. J sin (b-a) 
sin(6-a)4 sin(z-a)sin(x—6) ° 
(Multiply and divided by sin (b - a).] 
i sin{-a)-@-b) 4, 
sin (6-a)J sin(x—a)sin(x-6) 
“s (x-a)-(x-b)=-a+b=(b-a) 
iE sin (A-B) sececuardeal 
1 sin (x - a) ¢08 (x -b) - c08 (x - a) sin (x - b) 
* sin (6-0) sin (x—a)sin (x—5) 
1 j[eRR eee seats 
sin (6-a) 


ade 


sin(x-a)sin(x-6) sin (x-a)sin(x~b) 


“ma-all cot (e~b).dr~ J cot(x-0).dr] 


Blog Isin x — 6)1 —log Isin e-a)I] +e 


Ie 


“moo 


1 sin (x ~ 5) 
* meal =a) 


2k de 


sin 2A = 2 sin A cos A} 


= F log tsoe 2 + tan 2e1 +0. 
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1 
at t=] Terrmeere ode 
Sao et de Multiply and divided by /sin =] 
jsin* x. sin (x +a) 


[2-25 « 


Putting sure) a, 
sin zcoa(x+ a) ft snteee ‘deus 
{sin (A-B) = sin A cos B ~cos A sin B] 
7 sinfx-(z+0) 4, a 


= 
= 
are 
gain ta) 
inx 
, 1 
(oll tat 1s] Sarah 


1 in (a -b) 
5S eens E 


sin| 608 (x = @) cos (x=) * 
{Multiply and divided by sin (a - 6)} 
1 sin ((x~-b)-(x-a)) 


= sin (a—6)J cos(x-a)cos(x-b) * 
ls @-b)-@-a)=-b+a=(a-b)) 

sin (x ~ 5) 008 (x - a) cos (x - 6) sin (x 
7) ‘cos (x — a) cos (x -) 
[y sin (A~B) = sin A cos B - cos A sin B] 


ade 
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>, a J [Seg Pewee mee bine 0) 
sin (a ~ 6) 4 | cos(x—a)cos(x-b) cos (x ~a) cos (x -b), 


7 anor tame —b)-tan (x -a)) de 


: waa tan (eb). de f tan (xa). de] 
ate Tip (log Neos tx ~ b+ log boos (xa) 1 + 6 
1 cos (x-a) m 
= gern e| ER || +e log m ~ log n= log 
; (z+a) 
(vii) Let 1. f ee 
Putting x+b=2 > x=2-b = de=dz 
We have 
Pe oes 
sinz 


sin z.cos(a-b)+coszsin(a-b) 4 
sinz ‘ 
[: sin (A+B) = in A cos B + cos Asin B} 
“(ee 2D sassnle=b)) de 
sinz 
= J cos(a-b).de+ f cotzsin(a—6). de 


= c0s(a—) [ 1.de+sin(a-—b)f cotzde 


=2 cos (ab) + sin (a ~6). log Isinz1 +¢ 
= (x +6) cos (a5) + sin (a —5) log Isin (x + 6)! +e. 
Example 14. Evaluate the following integrals : 


@ f (EEE cas wf dz, 


za(x+b)) 


Solution, (i) Let T= f pane ade 


cos’ A+sin? A=1 
sin 2A =2sin A cos A. 
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s (a+b)* =a +b" +2ab 
(a-b)? =a” +b? ~ 2ab 


We have taf 2.c2dy=-2f 2 de e—2teg tel +e 


== 2g | cos ~ sin Z 


zlee [= s=coed -sin 
. 1 
gate t= | Saaeebems * 
Putting a=rcos® and b=rsin® 
‘On squaring and adding, we get 


a? + 6? = 7? cos? @ +r” sin? @ = r? (cos? @ + sin? 6) 


= +a = r= fa+b? 
On dividing, we get 


We have 
1 
1+ | Saoaazeranbees 
1 
=1) mavn-& [+ sin (A+B) = sin A cos B + cos A sin B] 


=4f covee (x + 8). die 
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2.6 INTEGRALS OF THE FORM : | sin= x cos* x dx 


In order to evaluate the integrals of the form  sin™ x cos" x dz, we may use the 


following rules : 
(i) Ifm, ne N and m is odd, then the substitution = cos x is used. 

) If' m,n ¢ N and n is odd, then the substitution z = sin x is used. 

)) If m, n € N and both m and n are odd, then either z = sin x or z = cos x is used. It is 

advisable to use z = sin x if m2 n and z = cosx ifn > m. 

(iv) If m, n € N and m and n are even, then sin™ x and cos" x are expressed in terms of 

sines and cosines of multiples of x. 
(v) If m, n€ Qand (m +n) is a negative even integer, then the substitution 2 = tan x is 


t 


used. 
Let us try to understand the above mentioned Rules with the help of following solved 
examples : 
Example 15. Evaluate the following integrals : 


@ f sin’ x cos! x ds i | sin’ x 008? x de 
(it) { sin’ x cos? x dx (iv) f sint x cos? x dx 
(0) J sin? x 006? x dx (vi) [ sin? x cost x dz. 
Solution. (i) Let I= [ sin®x cost x dz [Here m is odd} 


Putting z= csr 
> dz=-sinzds = —dz=sinxdx 


~ Wehave I= f sintx. sin x. cost xdz 

= J (in? x? cost x. sin xde 

= J (1 -cost 2? cost x sin x de [y sin? A+ cos? A= 1) 
Now by using substitution, we have 

Te J 0-28. A4Cde) 2- f Ad de 

=f Ad 42-2). de [fy @—b) =a? +68 2ab] 


fGtes-206) de = 


en dean? c— dec? c+ Fcc? oe 
Jem? x— jean! x+ Zeon! x +e. fs z= 08x) 
Gi) Let T= f sin? x cos® x dx 
= J sin® x cos? x. cos x de 
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Putting 
We have 


Putting 
We have 


(iv) Let 


Putting 
. Wehave 


(v) Let 


= J sin? x(1-sin? x) cos x de Ie sin? A+ cos? A= 1] 
z=sinx = dz=cosxdx. 


Ix J 80-2)d @-Adz 


[fv z=sinx] 


= tsint x Faint x46 
Ts J sin’ x cos? x dx 
= J sin’ x. cos? x cos x dx 


= J sin x (sin? 2) cos x dx 


sin? A + cos* A = 1) 
zesinx = dz=cosxdr 


I= J 80-2)de= f 2d 


ss 
sL-Zte 

3 
= dein’ x—dsin* rte. {: z=sinx) 
6 8 


Is J sintx cos? x dx = J sin' x. cos. cos x dx 


= J sint x1 ~ sin? x) cos x de sin? A + cos? A = 1] 


zesinx > dz=cosxdx 


Inf #0-2de= J ets de 


so yt 
sLiite 
5 


wAsin' -) sin? eer 
gain’ x-zain’ x40. ty 2 =sinx) 
Te J sin? x coetxde = J (winx cos x). dr 
= i J 4 sin x cos x? ax [Multiply and divided by 4] 
=1f @sinzcosx? de 
J in 207. de [; 2sin Acos A= sin 2A] 
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(vi) Let I J sin? x cost x dx 


dz [y (a+b)t=a? +b? +2ab] 


7 a ar ae 


3 J (dens 25) 0 + ost 2c +2 00s 2x). dx 
= J (1+ cost 2x + 2 cos 2x — cos 2x — cos? 2x —2 0s? 2). de 


= J 2+ 608 2 ~ coe? 2x —c08? 2x). de 


a Rf rdes 2 f cosaede-2f S84 def cost 2x cos 2x de 


= pf rider} f cosaede— Ef tide — 3 f cosdeds 


Al (1 =sin® 2x) cos 2x de 


For last integral ; 
Putting sin 2e=z 

= Roos Be de= de = cos 2xdx= 3 de 
sin2x 1 1 sin 4x 


1 


Wehave T= 5x 


1 
8 2 16" 6 4 
1 : os 

atid 
8 16 
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(i) | sin® x cost x dx Gi f cost x. eens de 

(iit) | sin’ x Joos dx. 

Solution. i) Let I= [ sin? x cos! x de [Here n = 5 is odd) 
= J sin? x cost x. cos x dx 
= J sin? x. (cos? 2}. cos x dx 
= J sin? x C- sin? x). cos x ds 

Putting aesinx = de=cosxde 

~ Wehave I= f 20-27. de 


=f Pa tet-aeden fe o28-2hde 
[- (@-bP =a? + b?-2ab] 


{: z=sinz] 
(i) Let 
Le elt © = fix)} 
Putting 
= 
We have 
wo Ee, bv 2 =c08 2) 
6 
(ii) Let I= J sin’ x.Joosx de 
=f sin? x.sin x Joos de 
Putting z= 00x 
= dz=-sinzdx = -de=sinxde 
~ Wehave I= f (1-cos* x) feos .sinx de 
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= J 29 4 Cadey=- f @-2) de 


yn ia yr zn 

ie eee red Bil 
gt! 37) 3 2 

o-[27-227] +6 


w-Dewttee2 antes 


Example 17. Evaluate the following integrals : 


i) J sin’ 
_ vian= 
0) Some 
7 1 
Solution. (i) Let 1= f a realry 
2 os 
= Is f sin? zoos ? x de 


Here (-3}+(-3) =-4 wnich isa negative even integer. 


J 1 
1s) ey ee 


dz 


Sav cos? x. cosh? x 
[Multiply and divide the denominator by cos™ x} 


“J teagan 
vec! xaaac! 4, 
“Sa on 
jist oat Sa 
a 
Now, putting zetens = dresecdzds 


[y sec? A-tan® A = 1) 


142? 
» We have I= ade 
I 


= Jaedee | Soden fetaee fords 
2 


INTEGRAL CALCULUS MADE EASY 


[ly 2stanz) 
(ii) Lat Le [ sin* x cost.xdx = f sin#® x cos? .cos x dx 
= J sin? x (1 ~ sin? x) 00s xdx fs sin? A+ cos? A = 1] 
Putting zesinx = dz=cosxdx 


Wehave I= f 2-2 dex f G9 -2%) de 


(ii) Let 


Here 


(Multiply and divide the denominator by cos** x}. 


1 sec? x 
=f tan™* xcos? x tan™ x 
Now, putting tanx=2 = sectxdx=dz 
1 
We have 12| awe 
B14 wu 
= J oMtde==— tee 7 ten-4e Mee 
qt “7 
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Iv z=tanx] 
a ‘tan x 
Go) tat 1) Gnzeosz 
vtan x 
a) ——— ae 
OE coats 
om 


Now, putting 
We have Inf yp -den fetid 


(+ z=tanx) 


(v) Let 


= J si? x cos de 


Here (~ 3) + (- 5) = - 8, which is a negative even integer. 


sec? A-tan? A = 1] 
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Now, putting tanx=z = sec?xdx=dz 


23 
Wehave I= f G*2) ae 
> 


2 4 ge 428 
=f ote 43042) de fe (a+ bP =a? + 0% + Bab? + OY 
# 


=f[oeahets Bae f[etedesess') dz 


aferdeeaf tara federf oid 


+Btogtzt+ SE 


1 Sail 
soy tSlogizl+ 32? + Tet te 


3 1 
Peanty *Sboeltansl+ Stan? 2+ 7 tantx+e. [- z=tanz] 
Example 18. Evaluate the following integrals : 

Gf sect xdx Gi) J ane (1+ tan? x) de. 


Solution. (i) Let I= [ sect xdx= f sect x. sect dz 
= J (sect x? sect x dx 


= J (+ tanta? sectxde 
Now, putting z=tanz = dz=sectxde 
Wehave I= f (1+24?.de 


sec? A -tan® A = 1) 


=f dees aha [ys (a+b) =a? +b? +206] 


af tds et.de+2f de 


543 
az+isoiice 
5 3 


tans Lat 202 tanta se 


Gi) Let Is f fanz (1+ tant) de 


= J Vane . sect x dx 
Putting zetanz = dz=sectzd: 
Wehave I= f Vz de 


sec? A - tan? A = 1) 
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«feta 
an 

= Eten Zateen F tanttese be 2=tans] 
Example 19, Evaluate the following integrals : 
( J cost zde i) J sintxds. 
Solution, (i) Let I= f cost x dx 

= J (cos? 2? de 

tease} cos 2A = 2.cos* A~1 
“Jf 2 ) sae = cos? A = 1+ C08 2A 
2 
= FJ (r+ costar + 2e0526).ds fs (a+b =a +b Bab] 


af rege) zeae] ae 


=} (143+ eos 42+ 2e0022). de 


3 1 1 

af rides 5] cosde. des 3 | cos 2ede 
3 sin4x | sin2x 

= 3x4 Bee, nt ye, 


(ii) Lett = f sin’ x dx 


= J Gin? 2? de 


“f(ES2y-« 


J+ cos? 2x-2e082e).de Ly (ab) =a? + bt ~ Bab] 


1 [oes 


)-2om a]. a 


a (163+ J cos4x-2e0824) de 
2°32 ) 
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x-a 
+e 
xva 
Jose Ls (2-6) =(a-)(a+b)] 
(a-x)(a+x) > 
1 2a " or 
= =} ton ™ (Multiply and divided by 2a]. 


= 2a] 


= 2p Green de [> (a@+z4(a-xi=atxta- 
2a) (a-n(arx 


2a 

ety 
Qad a-x" 
1 logla=s1 

“aa -D 


1 
= 9 log la +1 ~log la—xl}+e 


atx 


1 
“phe 


log, m —log, n= log, 
n 


1 
-(—— 2b) = (a 
Smoarw * (» @?-b%) =(a-b)(a+b)) 


INTEGRATION BY SUBSTITUTION} a 


r 
“a! Gonre: [Multyply and divided by 2a) 


(x+a)-(x-a) 
=25) (G-a)z+a)” [- &+a)-(e-a)=x+a-x+a=2a) 
ol (4- 1 ) a 

Qa \z-a x+a0 
tpi 1p 


Qa) x-a Qa) x+a” 


[ log.m ~log,n=I0g, | 


ear 


sec? A tan? A= 1] 


= tan? | 
a 


«J Teo ola (=e | +6 


Gi) J x creel eid faF+2*|+e 
wo | Sop 


deat pect2 ye, 
ag 
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Prooti(i) Let I= f iF 


Put x=asin@ = O= 


= log iscc 0 + tan 81 +c, 


z 
| =log seco + Jecc™@=1| +, = log] * + |75-1 


+e, 
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= log | x+ VeF=aF | - log tal +0, 
=log| x4 2¥=a? | +e be e=e, log tal] 
’ S par eect ae Poet] +e 


- 1 
(iii) Let I= dx 
Sr 
Put xeatan® = tan o= = 
= dx =a sec? @d6 


1 
‘| eorere mee 
=f osec'? oe 
“2 Ya? (+ tan® 0) © 
Jia (+ sec? A-tan? A= 1) 
ee’ 
S20 go [ secode 


sec@ 
= log Isec 8 + tan 61 +e, 


= log Vi+tant 6 +tane| +e, 


le [- mne-3] 


= log Yar +a? +2| -log lal +e, 
slog| x+ favs? |+e Ls e=e,—log tal] 
1 
J pepe teres] 60 


i 
(iv) Let 1s) Jace -# 


Put xasecd = secO=> = O=s0c! = 
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” dz =a sec @tan 0d 


1 
Is +a sec @ tan 6d0 
Peery rere bes 
=f —2msoune 


-48 
sec 0 Ya (aec™ 8-1) 


tan@ 
ie ton? A= 
Sy leat 2 [es sec?A-tan? A = 1] 
lf tan@ 
as tno”? A 1.d0=—.0+¢ 
J scc? E+ 
aa 


Remember : 
Some useful substitutions are here given below which provides a great help to the reader for 
evaluating special integrals : 
Expression Substitution 
x=atanOoracoté 
==asin@oracos 8 
= =a sec Bor @ cose 8 


x=a cos 26 
x=0 cos 26 
x=a.cos?6 +B sin?@ 
x=acos*@+Bsin?@ 
(viii) (e~O-—) x= acon? +B sin?O 
ja? - x? 
i Pred x7 =a? cos? 8. 
Example 20. Evaluate the following integrals : 
at od A 
J oar wf aa 
” 1 
tio J rage «ee 


of oie wi J agtoge 


INTEGRATION BY SUBSTITUTION—1 7 


1 


Solution. () Let I= f > ede 


G+ a 


2 
Sex! 
9 


Gi) Let 


[Py sing J 3 


x-V7/3 
x+V7/3 


+e 


13 ),,| 3e-vi 
9 2 T 8l axe 


Faun () v6 


ot aay (Galt A 


98 INTEGRAL CALCULUS MADE EASY 


(Let I= 
1 

= 

=a 

= 

2 

a 

* 10 

(ite 1=f 
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Example 21. Evaluate the following : 


[Multiply and divided by 3] 


xta 


4 


[eresing fry dem 
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x-a® 


x+a* 


+e. 


Go) Let t= J yee 


1 1+ 2x 
arr aad bene 
Example 22. Evaluate the following integrals : 


+e 


1 
wf T+5 sin? x” 


a 

wif rere 

Solution. (i) Let I= f ——*—. dx 
1+5sin? x 


5sin? x" 
cos? x 


1+ tan? x+5tan? x 


(ey sec? A= tan? A = 1) 


wets 
1+6 tan? x 
Put zetanx = deasectxdr 


1 
1 | are" 


101 


{+ z=tanx] 


{Add and subtract 1 to the numerator} 


“/(S3+s)-« 


tween, 1 ew . 
[Z ze +z]: de [s a-b=(@+6)(a-) 
1 ; ky 
=ftt-v.dr+f pe [Prosiog f 2 Pier tha aun 


ee Sz = 
Ginyu I=] poa-e=3) gaye 


2 ie 
aoe [Multyply and divided by 2) 
Put zex? = de=2rdr 


3,2 3p_1 
13) ae ers 


“Uae Pewlate 


lr ee a 


3 tant (J3s*) + We zest 


2744-5 
+4 


“{(S44- zu): ee Sesh 


(iv) Let t= f So} ae dx 


102 


=1—Stan-t(2) 6 
Example 23. Evaluate the following integrals : 
; 1 
ol Gaera 
a 1 
cu f x17 +3 (log x") 


1 
? x +508? x)” 
(Dividing numerator and denominator by cos? x} 


Solution. (i) Let I= f a 


tan x) 


{Dividing numerator and denominator by cos? x] 


(> sec? A~tan? A = 1) 
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sec? x 

5+Stan? x 

Pat zetanx = dz=sec?xdr 


1s f ise} fal" 
3 


ae [Brose | arts 

gy Gaia) 

“+ tan( ake fe aetans] 
Coe ee. 

ley ael 

f = 7 [erasing f gr2 ude Loan" Ee] 

siguigedet 
fw (Se). te eel 


Example 24. Evaluate the following integral : 
’ 1 of 
| Tsu aveente * 0 | seraee 
z 
TrSein?x+Be0's 
(Dividing numerator and denominator by cos? x) 


Solution. (i) Let I= f 
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=f cos? x 
1, Bsin? x | Bcos? x ° 
cos? x cos? x cos? x 
j= 
(eee? x +3 tan? x+8) 
a _ _seckx 
(1+ tan? x+3 tan? x+8) (9+4 tan? x) 


[> soc? A= tan? A= 1) 
Put zetanx = dz=sec?xdr 


te z=tanx) 
1 Jiantt 
ay de tan! =+e 
a +x a a 
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Example 25. Evaluate the following integrals : 
in i an 1 
| tare 0 | ae 
a 1 
wo | eae 4 


wf 5 dx 


= Fhog| 42+ 16s" +25 | — 2 tog 141 +6; [: log-log n= og | 
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= Log) 4x+ {162 +25 | +. [wnere:ee,-2iog14I] 


- 1 1 1 
ii) Let a aot “le 
* 
@ 


1 1 a 1 
=i xe" -/a* a [pain xt -a? 
[Vee eee 1 F 
= Begin (gi) ven df vee (F) +6 


al 
Leet() 0 


winre| Tore onl Ghee 
46 


ade [brane 


re 
wae eG 


16x*~9 
4 


xt 


1 
= dhe 
= j [toe 4+ V6? |] —F tg 141 +e, [: log og n= tog] 
= Fog] 42+ 2627-9 | + 
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-8| pe 


Example 26. Evaluate the following integrals : 


a 2 " 

oly wf as 

wo f a (io) J J=% ae 
Fa ; 1 

ol ES dx wif > 

Solution (Lat = J TE de 

Put 2=2° 


1 
= dex Plog2.ds = 5 de=2.de 


=| aby) -# 
“ail qte* [prone f chor teenin(E)o] 


1 
Sint ee 
ied 2 -sint +e. fe 22249 


a 
=p tint @+e= 
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. 1 
netted [prin hay dena 


=log|2+Y2?+9| +6 
log | tan.x+ Jian? x+9| +6 [y= tana] 


3 
1.) 18 4 
(#)=§ 4-9 


“tla 
“124 (7-9/4) 


“al [> J 


. 1 
[Proinf zrige 


1f_a 2-3/2 3 
Fla) 243/2|*°* abel 358 | +e 
2-3 
=36" aig +e Ly ze) 
(vy Lat T= f JS a 
eae x {On rationalization] 
a 


“1% pean ae 
Sorel pe 


Put reataa? 
= dex-2ede = -Edrexds 


tel gige teas 


sasin +e +e 


x 
sain! + fa? 2? +0. fe zea?=x4] 
@ 


x x 
(v) Let “J 35-*l Ga * 


Put 


= 


ges 


= flog|z+ 27-1] +e 
= Hog] 2+ Ye?=a| +0. te zex4] 


(i) Let t=) eee 
=e 


Put 
= 


a ae 
= dea | ee de 
Sas [aa 
[Multiplying numerator and denominator by €*] 
zeet 
dze-etdx = -dz=e*de. 


1 rd 
-lgqe [mai 
=-log| 2+ Y2#=1|+e 

ett feP=a| se. Woe} 


ecto |e] 


=-log 
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Example 27. Evaluate the following integrals : 


2c 1 
of Fre “| Samar 


: 2 a 
Solution. i) Latt= f Oy -de= fa: 
Put zext 
= deaatde = Seva 
2 a@ 
a cre 


(i) Let tT Testa 
Put zelogs => de=2 dr 
If zea 
pa [main [z+ (x=? |+0 
=log| 2+ (7-5 | +6 
pa [sz logs] 
Gilt I= f SS ae =f 
Put z=at 
a de=atlogadx = re 


J erie 
“teal med [brain aarti fee 


a strtzten 1 .sirtanee. ls zea‘) 
loga 


loga 
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Example 28. Evaluate the following integrals : 


‘ sin x mn * 

ol ae oo | a 
Solution.) Lt t= f AS ds 

Put z= cosx 


> tens eases > eeeenn ee 


224 faz?-1 


2 


=~ 3 [lo | ze Vaz* =1|- logi2t] +6, 
=~ Plog] 2+ Vaz? =i] +3 tog 121 + ¢, 


=~ jog | 22+ Yea] +e [where:emo, + 2 og12] 
(s z= 008 a] 
=~ jog| 2008 + feos x=1| + 
i sec? x 
(ive tJ 5gnerr-* 


Put zatanx = de=sectzde 
1 
1=J Jere! Tae ade 
By using f De tale ae I+] 


+e 
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=log|2+ 27+ 16 | +e 
log | tan x+ yan? x+16| +6, ly z=tanx] 


EXERCISE FOR PRACTICE 


sine (uaa? 
— 8s ae 
«| ee “ne * 
1+ sin 2x Cake cos x ~ sin x 
wo. J case uf Se af Sia 


1a, f tant xa 


16. f sin’ xoos? rade a7. f tanSxtan2etanedr 18, f sin’ xem? rds 
wf irae 2o.J 


og 2) ee ee 
1. log xsease l +e 2 Wer ., Rotate 
1 
4, log (1 + c08.x) + 6.-Zemx? +e 
a 
% Farbeo 
8 J loglemec scot ite 1O.log 1x sinte | +e 11, F logic +e*) 40 
12, log | sin +cosx I se 13, } tan? x—log see x1+6 
14. (=a) cos 24 + sin 2a log | sin xa) Is 
18. -log | sinx stan 1 +2sinx¢e 
16 Jain’ s— Jsint sve 17, Flag ise 31— } tog see 25 1— log see x1+6 
1 ind SR, J jog | 142208 0 
we ga 20.71 pee | * 


3 


Integration by Substitution—II 


1 INTEGRALS OF SOME FUNCTIONS CONTAINING A QUADRATIC POLYNOMIAL 


1 px+q 1 
ti = ts ds, ads 
Beatontion of J eset J acteeree J Jax? + bx +e 


" 
f--Ea. 
fax? +beve 

‘The quadratic expression at? + bx + ¢ may or may not be expressible as the product of 
linear factors. In case, ax? + bx +. is easily reducible to two linear factors, then these integrals 
can be easily evaluated by using the method “Integration by partial fractions”, which we shall 
study later : Thus ; 

(a) If ax? + bx + ¢ is easily reducible to linear factors, then either the method of this 
section or the method of integration by partial fractions can be used. Out of these two methods, 
the method of integration by partial fractions would be found more convenient and easy. 

(6) Ifax? + bx + is not easily reducible to linear factors, then the method of integration 
by partial fractions is not applied and the method of this section is the only choice at our 
disposal. 

8.1.1. Working Rule for Evaluating { —F a 

Step I. Firat take a common and make the co-efficient of unity, or by multiplying and 
dividing by it. 

Step Il. Complete the square by adding and subtracting the square of the half of eo- 


efficient of x ie. G coeff. ot). 
Step IIL. Express (ax? + bx + ¢) as the sum or difference of two squares. Then to inte- 

ey Step IV. Use the suitable formula from the following : 
Friel spend 


3.1.2, Working Rule for Evaluating { 1. . dx. 


vax? +bx+e 


Step I. Make the co-efficient of x? unity by taking H out of the integral sign. 
113 
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Step H. Complete the square by adding and subtracting the square of the half of co- 


Step IIL. Express the integrand as : 


1 x eK 
Irae *e! Varorsp ot 
Step IV. Then to integrate, use the suitable formula from the following : 
1 1 1 
\yer «lJ yegem | a 


+ 
3.1.3. Working Rule for Evaluating aes: 


Step L Put (os +q)=1 2 (ax? ++0)] + wand find the values of andy by compar. 


ing the co-efficients of x and the constant terms. 
‘Step II. Given integral takes the form as : 
preg 2ax+b 1 
dead dx ~ dx, 
ar +be+e wrebee 8) Stem 
‘Step IIL. Evaluate the first integral by putting z = ax? + bx +c. 
Step IV. Evaluate the second integral by using the method discussed in Article. (3.1.1) 


3.14. Working Rale for Evaluating | rarcered -dx 


Step L Put (px +4) [text +600] +n and find the vues of and by compar 
ing the co-efficients of x and the constant term. 
Step IL Given integral takes the form as : 


prt 2ax+b i 
7 Bry erties ads ede, 
“ J lax? +bx+e = rreret vf Yost +br+e 
Step IIL Evaluate the first integral by putting = ax? + br +c. 
Step IV. Evaluate the second integral by using the method discussed in Article. (3.1.2) 


3.1.5. TYPE : Integrals of the Form | oak dx. 


(Note. For Working Rule Please Refer to Article 3.1.1] 


SOME SOLVED EXAMPLES 


Example 1. Evaluate the following integrals : 


1 ” 1 
@o| = -« i) | ——_, .& 
J parimea n J 1-62-92" 
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1 
i (anee ae 1 
ti | Sera | oaeaa” 

4 a 
Of aye icra 
Solution. @)Latt= J gTaarsg «de 


(Take 9 as common from the denominator] 


errr) 


‘Add and subtract + to the denom. 


2 
coef of =} ae 
9 


[take - 3 a8 common from the denom. 


‘Add and subtract + to the denom. 


1 ae! 
(gomeers) =F 


116 INTEGRAL CALCULUS MADE EASY 


[pane ater 


lo. z~(V2/3) 
meee a z+ (Wa78)|** 
if 
3. .tog| 83. +e 
meee Pre ne 
373 
1 3x+1-J2| | 
6va *| ax414¥2|*~ 


iat 1 
totals | Sarreesie 


‘Add and subtract + to the denom. 
if 1 de 9 
“Ee » jet 
(# +eetaltlo-5 : J coettof x) = 
oe 
. (=+) +a 
Puts+taz = deads 
1-3) a By using { 4 y.de= tant Z +e 
of 24H Pa a 
«}-unt(Z} +0 
= tant(x+3) +e [ z=exte 
2 


INTEGRATION BY SUBSTITUTION—it 17 


[aaa and subtract 1 to the denom. 
ds 1 2 
lr G cof of et 


1 
ae ee 
leer 
Put (e-Dez = deeds 


: 1 1 | 2-4 
[evening | r1r te ge £2 + 
fs z=(e-D) 
‘Add and subtract 16 to the denom. 
ip eauite g ign 
(2? +8x+16)-21 (Jooettot x) =16 
1 
= ade 
laa a1 
Put e+4)e2 = drade 
1 ; 1 Lig | 2-8 
Vn f tage ae [Presnef green giin| E3l 
1 z-V21 
"7 | eva |*° 
1 x+4-V21 
me r+) 
2a Bee aeGea 


- 1 
witet t=) pa: 
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_ 1 (2e- 
Example 2. Evaluate the following integrals : 


. 1 i 1 
fz ory ihe wf BP y1s—10 
in 1 . 1 
i | eee * Co = rest 
Solution. () Let I= f a 
xe =x+l 


Add and subtract + to the denom. 


a fomere mal 
fo 


de 


1 


(i) Let Taree al Gacy 
Aft = 
aE e) 
Ad and subract( 32) tothe denom. 
gees -(8) 
1 i 2 
"TED Te 
.) ee rs 
eae 
Put Bee = dx=dz 
wife [Provinef 4 p-de aca +] 


“9 
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13 
eel 
Vig] = 3| cu A tog| 2-2 
= 77 8| x55 | *¢* 178 |aaem| te 
(iii) Let fate 
x8 44x48” 
4 ‘Add and subtract 4 to the denom. 
PS (een ee 2 
| Gamese-o (Jooettotx) =4 
1 
I waa * 
Put e42ez = dead 
- 1 By using { —*—,.de= 1 ten? = 
| Fat [arin J rrr a ar a 
Banc? 
=funt(2) + 
1 
3 fy 22242) 
(iv) Let 


(joeners} «(7 


=| soon res re 
Example 3. Evaluate the following integrals : 
im x remy a 
se os eal | ere * 
mins = a 1 
wo | area of xeren ® 


F 
wf xan * 
Solution. (i) Let I= f 
Put wtez 


: 
wa 8) ae 
= Qedeade 3 xdradee 
1 
a 
Peeve Javenls a) a brevet 


ise ee aye 
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‘Again substitute: (2+ 3 =y = de=dy 


“Tea eal 


1 tant (2502 


~ ee (arn)ser n eta) + 


te ysz+ 12) 
(eo z=x7] 
(i) Let 
Put 
‘Add and subtract 9 to the denom. 
. 
“4 (2? +62+9)+(6-9) * (Joost x) =9 


Sam 
Putz+3=y = dze=dy 


1 A 1 1 x-a 
tf etge  [Breine) arty cee ge 8 


= ap te|253| + 
|z+3-2 
= Flog |Et5=3| +e z+3ey) 
te zee) 


Wi) 


x 
es * 


INTEGRATION BY SUBSTITUTION 


Put ez 


> Qdredz = sdrehde 


1 
f= _. 
Prossrresr 


a ES 
[Pr osing J wag 


y 4/3 
y+ 4B 


2-3-4/V3 
2-344/43 
xt-3-4/ 3 
2344/8 
3x" ~3V3-4 
Vix? - 3/8 +4 


+e 


BE 
=k 
73 8 +e 


3 
Sn 


j 1 
(iv) Let -J op 
Put x*+1l=z = x*=z-1 


nx" 
= 


‘Add and subtract 9 to the denom, 
° 
(Joverors) =9 


+e 


ys2-3] 


fv xt=z) 


+e 


nv! dead: = "~~de=dz 
= 
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1 1 v2 
"a" 2B l+e 
2, 
1 z-1/2-1/2 
=n 8 F-12013 | *°* i ase 
1 x" +1-1 
= Flog] =F 2) +e (e zeat41) 
ee es 
airtel rst 
1 
(v) Let Joa: 
Put aS+1ez = Saz-1 
 Gtdewds > 6A Sdewde 
dare dias 
= we = 
aoa 
Is 2 ba-p'%* 
‘Add and subtract + to the denom. 


2 
(Jevetrot«) -} 


INTEGRATION BY SUBSTITUTION—it 125 


23 

5 2a7H' "| yor | * 
i 

5 


2-1/2-1/2| a 
z-1/2+1/2| *°* 


; cos x 
| Srstacene 


Solution. (i) Let I= f 


Put sinz=z = cosxdr=dz 


tf a ad 
7 ‘Add and subtract 4 to the denom. 
Ot Pn ewere er eri 2 
J id (Jovem. ot 2) a4 


(4424 4)+6-4) 


1 
Jaane o 
Put z+2=y = dz=dy 


ere dy 
wn (Jo 


stant (2+2)+0 
stant (sinx +2) +c. 
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x 


3 x? 
le Inf aio a= J Gale 
Put Baz 


 Bldeeds @ stdeet de 


Fars 


3.1.6. TYPE II: Integrals of the form : [ 


es re 
Vax*+bx+e" 


(Note. For Working Rule please refer to Article 3.1.2] 


SOME SOLVED EXAMPLES 


Example 5. Evaluate the following integrals : 


i Zz 
@ ode i) {| a 
la oJ V@=Dee-2) 
se) I “ 1 
Ut J Spey «te ofa 
of dz wo) | a ie 
Ve-a@-5)* 0 Yast 6x47 
Solution. (Let = f 5 a= 
+ 
- ‘Add and subtract 1 to the denom. 
. ade 2 
\easme (Jeoent of) =1 


1 
= ade 
J Ve-0 +cat 


Put x-lez = dr=de 


“J+ <a * [prainef pty sooo] 


[2? 
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slog | 2+ Ye? +8 | +e 
=log | 2-14 Vle=DF+3 | +e =log| x14 fa? +1=2x+3| +e 
ty z=x-1) 
= log | (2-0 + fat = 244 | +6. 
8 7 1 
(ii) Let oe esieertioat [ran 


: is and subtract (2) to the denom. 


arena 


Pat ( -S)-2 => dead 


(Jeoetors} =8 


[mr ainsf 5 or ei a |re 

= log | 2+ fe? =072" |re 

(TS 
2 2) 4 


= log 


slog |(x-3) + fF =3e2 +e 
Cd oe dx 
me finer") Grate en | 
J 1 ‘Add and subtract 9to the denom. 
=) lrv9-Gteereo) 


(Zeoettots} =9 


J 16 -(x+3)? © 
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Put x+3=2 = dr=dz 


“aT tas 16) "6 zt qa} "i | 


ee Sees eel 
athe (<+3) -B) +e [: z-(«+3)] 


25 
xed + ste Sx4 3B 


rhe leede-ilec 


+e 


= yyhe 


+e 


“5 


1 
= 7y hs] 


| scenraren y susermunee2 1 
1 1 
(v) Let “| gael cae * 
B ade 
oss tap ato 
4 


x? (a+ b)x4 


[brains ied Rama 


+e 


(8s) Ce) |e [Fee 
log (222 )+ 2 -ores SHE oo 
( 


2 
a+b) 

2-522). fF -@rdeeab|+e 

= log (« 8) ~ay@-B) 


. 1 1 
(vi) Let =| ore eg) Cao * 


+e 


+e. 
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oe | 


“aye 
thee = dradz 


inkl 


Put 


1 
-y 


=yybe 
=e 


Example 6. Evaluate the following integrals : 


1 FA 
OO semi 
tin J pmnory de 


Solution. (Let = J Toei - de 


wf de 
1 Tes 3e— 2) 


"i 1 

wf (eset a 
1 

Sea 


131 


2 
=p (r-D+e. 


1 
mf Youn" 


(ii) Let 


J (A #3249 


1 
lee * 


‘Add and subtract + tothe denom, 


at yet 
; (gevemors) “16 


| Aadandobtret to the denom. 


9 
“(3 ff.of x} =— 
coef. x} 7 


- 1 1 
(iii) Let “le «See * 


‘Add and subtract 4 to the denom. 


1 
“lems ae ! (Zeoettot:} =a 
1 
“J Ye-2"-2 “e 


Putx-2=2 = dr=dz 


1=f ar ide [pri Prag ere Fe |e 
slog | z+ Vz? = BF | +e 

=log| 2+ 272 | +e= log c-2)+ fiz 2 -2| +e [ts z=x-2) 
= log | (x-2)+ x? =4r+4-2| +e 

=log | e-2)+ fe? -4z42| +0. 


1 
(iv) Let = «dz 
lB rrecerert 
eta 


1 
- de 
\ eee jovettot x} ’ =36 
=f : ade 
Veer -25 


Put(z+6)=2 = de=de 
oo [Prine ph seats | oe] 
slog |2+V2?7-6F | +e 
= log | +6) + Vix +6 -25 | +e te 
slog | (2+6)+ Ja? + 12e+ 11 | +0. 


=x+6) 
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Example 7. Evaluate the following integrals : 
2x 

@ ode ) 

Sa ts la x~2sinx-3~ 

aaa sec? x 

sa rere 

of/— 

ent 
sin 2x a 

wit) (iii) de, 

cr Wm 4x+4sin? x-2° in (1 ~ x )(9 + (sin x)*) 

sce ia aan 


Put waz = Oxdradz 


1 1 
ee +l aa * 


‘ ‘Add and subtract to the denom. 
=J T Tia 1 eee 
=|-{2? = << |S coeff. of == 
wp eee) (Semearef-3 
=f u ae 
5 ( y 
4 24) 


1=f ul .dy 
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Gilet t= f — 
sin? x-2sinx-3 
Put sinx=2 = cosxdr=de 


Vee 
«J ads 


(2*-22+)-3-1 


Sean * 

Put z-1=y = de=dy 
I er [brains a debe (=o 
=log| y+ yy? 2? | +e=log|y+ yp? =4| +e 
=log|(e-v+ fle-DF-4| +e We y=2-01 
=log|(e- D+ fe? 2241-4 | +e log (e- D+ Ve*=22-3| +e 
= log | (sin x 0+ Yein® x-2sin x-3 | +e. ( z=sina] 

2 2 

ii) Lot TS &-) es 

Put tanz=z => sectxdr=dz 
So rect [brane hoy dee Fa o| 
log | z+ 2? +0? | +e= log | 2+ {27 +16| +e 
log | tan z+ Jian? +16 | +6. (y 2stanx] 

. x 
(wv) bat 10 f Fe den J Tay de 


Put ez 
= atdreds = sire de 


Jab) 


‘Add and subtract 1 to the denom, 
2 (2 . 
; (J evett or) 1 
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(v) Let 
Put 
1 1 
I= .dz= ade 
Seas Berry) 
y ‘Add and subtract 4 to the denom. 
=f ode 
Veed-G? eared) 
-[— =e 
Yo-@+3) 
Put z+2=y = de=dy 
(vi) Let 


ve 
= ode 
J Ma?) ~ (x97)? 
= Setdeede > Vide= 3 de 
1 2 
“Taare G4) 


1 


pean eee [brn toy tei S40 
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(a 
= Bain" tay eer 
“30m “G Jee 


(oi) Let t= f een rert 


Put sin?x=z 
= Qsinxcosxdx=dz = sin 2xrdr=dz {fs 2sin A cos A = sin 2A) 


1 
Be overt 
1 
"| Geresorr ad 
-j—— a@ 
Ve+2"-6 


Put z+2=y = de=dy 
“la [prin | hg dene oe| 
=log| 7+ Vy? = W6F | +6 
=log | (2+2)+Y@+2"-6| + le y=z4+2] 
= log |(e+2)+ Va¥ +42+4-6 | +0= log |(2+2)+ yz? +42-2| +e 
= log | ein? x+2)+ Jain’ x+4nin® x-2 | +6, 


(viii) Let T= f 


‘Add and subtract 4 to the denom, 
. 
(Jooettorx) =4 


(1-x*)(9 + (sin x)?) ae 
“J pana ee 

Put sintx=2 = ore 
“[gae 
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ore i [bein het xo aoe 
log | 2+ fe +9] +6 
log | sin x+ Yisin a? +9| +e. fe zesin x) 


Example 8. Evaluate the following integrals : 
WJ iF coseee «dx Gi) f foeee=7 de. 
Solution. (i) Let I= [ /T+eosees . dx 


of fury eee f PEt ae 
sing sinx 
=f eee? a {On rationalization] 
sin x(1-sinx) 
=f j cot ae bs @+5)(@-b)=a?-6% 
sinz—sin?= 


Sse (sin? A + cos? A= 1) 


sinz=2 = cosxdz=dz 


“le eI a 


Add and subtract — a 


“J Real + (Zeoettots) =} 
"Tey * 


(«-3)-y = dandy 


gag Pol pire 


=sin( +e 


ia)* 


Gi) Let 


Put 
= 


rue 


i)» = dendy 
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sein" (52?) + fe yse-19) 


sin" (22-1) +e 
= sin“ (2sinx-1) +c. yz ssinx) 


I= J Joccz=2. dee f [Dont eee |S 


-f [(@=cos 2) (1+ eo =) [On rationalization} 
cos x (1+ cos x) 


=f Joon ae fs (@-b)(a+b)=02- 4) 
cos x 008? = 


=f sinx de (sin? A + cos? A= 1] 
Yoos? +008 


cos x =z 


-sinzdr=dz = sinxdr=-dz 


“Pa [Prose hy dec Foe 


Leaheaebe se 


atop | (con + 3) + faa? = +c002 | +0. 


+e 


=—log 


+e [+ »-(++3) 
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3.1.7. Integrals of the Form { —P**9— ax ana f 7—E=~4_ 


ax? +bx+e Jax? +bx+e ” 


(Note. For Working Rule Please Refer to Article 3.1.3 and 3.1.4) 


SOME SOLVED EXAMPLES 


= cs —. the following integrals : 


-1 
ii xn. 
© | sreaeb wae 60 f sas 
” Seal ™ 4dx+1 
ww J vim 3 tio J e4aet+2” 
of 
; 2-3 
Solution. (Let T= f ge 
Let us write 
ax 9-2/2 eas? +4045] +4 
=> axe. AGx+4ep AD 
= B-3=6ix + (GA+y) 
Comparing the co-efficients of x and the constant terms, we have 
22 = rel 
and -S=4.+p 
= ya-3-4i0-3-4(2) 
4__13 
BeBe > 
Putting the values of & and jin (1) : 
1 13 
= (2-3) = F644) 2 
1 13 
(6x+4)— 
eo 
Bx* 44x45 


6x44 13 
(ett: we] i. 
jot. 6x+4 


a as 
Be? 44x45 3! 3x7 44x45 


Gi) Let 


+ [ f@ae 
[: Fay ENB) +e 
3) 


log 18x? + 4x +51 +6, 


1 
af baarty = 


sear 


ted 37 


‘Add and subtract 4 to the denom. 


. 1 1a 
[Pr esing J Fag apn 1240 


iB 1 an ?(—2_) 52 Dotan? sts) 
3 ne is) *?" Ta vi/s)*% 
x42 
Sate (A) 
Lap) B42 
Mg 18846 Ae 81 6) 32] A tan 22 6 
[Using (8) and (4)) 
a 1,18 (18x42 18 
sy low Nast + de + BI + Sy Spee tan) Se ey 


13 ax. 
log | 337+ 4451-375 tan? “A +e 
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Let us write : 
s-tea[ Leet -ar+9] +4 


3 xn 1a A(Gr-4) +p = 6dx— dhe wl) 
Comparing the co-efficients of x and the constant terms, we have 


126 = aed 


and -1e-4htn = pete mente Se-2 
Putting the values of and pin (1), 


dex- 4) 


“Tiare peal 
-lgen 
Be? 4x43 rere tial 
= 1-41-21, (2) 
Now ef ota [> [FE den taireatse 
= Tyalog 182? ar +31 +0, (8) 


1 
and =| qa ® 
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1 1 (3x-2 
= tan aod 
Jn (G +4 “ 
«. From equation (2), 
1 1 
Tegh-gh 
. 1 jp. -1( 3x-2 ‘ 
ie, te ffleiae tee ato] 3] an (3)+5| [Using (3) and (4)] 
= A ogisx? 3 = tent #52)_ 2 
= Te Gloglas* ~4z+914 56, — 75 tan (*) 5c 
a 2. 1 pnt 34-2 
= Is g logl3z* 4x +31 ae ™ (2) +« 
where, c= (26 ~ 
(iii) Let 1-f eS ial 
Let us write : 
ee a)=3[ 26? +22-10)] +H 
= (Qr-3)= 24+ Dep AD) 


= (Qr-3)= Be +(Gr+p 
Comparing the co-efficients of x and the constant terms, we have 
2=% = del 
and -3=3h+p => w=-3-S=-3-3() 
= wa-6 
Putting the values of 2 and » in (1), 
(2e-3) = (2x +3)-6 
t= f e496 6 


(x? + 8x - 18) 
2x43 1 

F+3e-18°* sf oar * 
= I=1,-61, (2) 
Now 

£@ 
1, = log Ix? + 8x - 181 +c ot) [> J Fey dee bogifianlee 
1 
ona h:| prac * 
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= log Ix? + Bx 181 +e, 


log 1x2 + 3x — ay EB lee 
(iv) Let ef sets wk. 
Let us write = 


sevrea[ Zot oaeea] +n 
=> 4r¢1aA(2e+3)epn 
= 4e41=2e+Gh+p 
Comparing coefficients of x and the constant terms, we have 
4=2h = Aad 
and 1=3A+p => p=1-34=1-3(2)=-5. 


[Prosi J gripe 


wl) 


(Using (3) and (4)] 


where : ¢ = (c, ~ 6¢y) 


(1) 
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Putting the values of 2 and p in (1), 
“de +1 = 22 +3)-5 
W2e+3)—5 
tf xP+3r+2 ° 
(2z+3) 1 
a2 f Et? ae-5( = _. 
2) Beteea | ayia 
= 1-51, (2) 
2x+3 
Now nef. 


= 1, ee 8) [: 14 oe ade =loglf(z)l+¢ 


a he Iau Fai + 


‘Add and subtract 2 tothe denom. 


°_9 
coef. of 2) =3 


z+i/2 
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xt 


= 2 [log 12? + 3x +2! sa-s [be pont 


a] [Using (3) and (4)} 


x+1 


x+2 


= 2log Ix? +x +21 + 2c, ~5 log 


12 og a? + Se +21 ~6og| where : © = (2c, ~ 5¢,). 


Qe 
Lt sf. 
#) 2+x-x7 
; d ‘ 
Lat us write :2¢= 2/5. (2+x—24)] +p 


Qea(1-2)+ p= thep e() 
Comparing the coefficients of x and the constant terms, we have 


and +h 3 week = p=-CD=1 
Putting the values of 2. and p in (1), 
2e=- (1-24) +1 
I= 
-G-2x) 1 
2 si rece: teaad reer ie 
= Is-l+h uf) 
1-2s 
wow unl gee 


= I, = log 1242-241 +0, AB) [: Fi) de -tog fol] 
de 


3 aa 
2], yg |oee-3 

hog: 2 += 5 le at +e, 
aaa} 


= ld) 
From equation (2), 
Is-+h 
T= 242-1 +6) +[ Bo [Using (3) and (4)} 
1 

=-log 1242-241 e,+ Zoe 

ao log 12 +2- 1+ Hog] "446. where :¢=(¢,~¢,) 
wot I-fa55. 
Let us write : 

saa[Zetesen]s 
=> xoh(Qr+Dep wD) 
= reMe+ep 
‘Comparing the co-efficients of x and the constant terms, we have 

12a => aad 

‘and OnA+p => pe-a = ne} 

Putting the values of 2 and y in (1), 

x=da@e+n-3 

Jearen-2 
1/23. 
GP +r+D 
1p are 


“2) Faxed 


= 1-31-21, (2) 
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a+) 
| Now h-Jao: 

on @ al pee 

log Ix? +2411 +c, (3) [: J Fp tes bowl fiot+e 
and 

‘Add and subtract + to the denom. 

1 ya 

; (coett. ox) t 


Put x+de2 3 dred 


From equation (2), 


1 
I=5h-3 


1 1 
= 5 log 124x411 vea-4f 


1 


1 
=p log latex etl 
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Sample 10, Erelute he flowing integrals 


Ol Pm rems] Parenrse = tio J Se? + 2e+ 
os 2x45 yf xetrtl 
Gi J AS ae oy f ES ae 
x? +5x+3 xt+xt1 
wf rear ted wis ds, 
: 2e-1 
Solution. () Let I= f 5h de 
Let us write : 
ae-1ea{ Last sacen] eu 
=> Qe-L=Mde+2)ep 
=> Qe-1= dhe + (20 +p) 


‘Comparing the co-efficients of x and the constant terms, we have 
1 
2a = da 


and -1=%2+p > pen1-me-1-2(2) 2-2, 
Putting the values of 2 and p in (1), 
er igueae 2 
Jae+2)- 2 
12f : 
2x7 +2241 
4x+2 1 
oe eres tm a+ 
- 1231,-2] 
4x+2 
2x? +2e+1" 


slog I2e*+2r¢1l +c, (3) [: 


and wlotae He 


Now 


£@) 
‘fe 


wl) 


wl) 


-de=togif1+¢] 


‘Add and subtract + tothe denom. 


” (Jeoemors) 2 


1 
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1 
ala) tan Wa 


_, (e+1/2 
star ( 12 Jee 


stan" (2+ +e, 


From equation (2), 
1=31,-2h 
T=} Mog 1222 + 2e+ 11 + 6,12 tan? e+ 1)+e4) [Using (3) and (4)] 
= Flog 1252 + 2c + 11 + -2tan (2+ 1)-2eq 
where :¢= 
(i) Let 
Let us write : 
se-2=n[ Zoos +2ren] +n 
= Gr-2aAGr+Dep AD) 


= Gx-2aGie+ Mey 
Comparing the co-efficients of x and the constant terms, we have 


5<6h = an8 
and -2eDep > wa-2-M% 


= he 2-2(8) 2-2. 


6 
Putting the values of & and pin (1), 


5 nn 
Sr-2= G6x+2)-— 


ll 
grt 
(Gx? +2r+0) 
6x42 
(Bx? +224)" 
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5, ou 

= Isgh-gh 2) 
6r+2 

8x7 42041 


log 13x? + 2x 411 +e, AB) [: J FO aeatogisioiee 


‘Add and subtract 2 to the denom. 


+ (Joven. ots) = 


wal) 


$1,-31 


te, redonernreaeensey Bf s(t!) 


[Using (9) and (4)} 
a log 132? + 2e+ 11 + oe 


= S tog Ie +224 11 - me 
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" 2x45 
(iii) Let 1-f Fw 
Let us write : 
a+5ea[ Zt 2-2] + 
= 2x45 = X- 14H wf) 
= Wt 5 De-hep 
Comparing the co-efficients of x and the constant terms, we have 
22% = hel 
and Ba-h4p > wa5+d=541=6 


Putting the values of A and y in (1), 
(2x +5) =(2e-1)+6 


= 1a1,+61, (2) 
2x 
Now ed ae 


slog ix?—x-Bi+e, 8) [: FS) d= logificilee 
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From equation (2), 
I=1, +61, 


ie, T= [log Ix?-x-21 seasel} (Using (3) and (4)] 


5-*| + 6c, 


=log L282 -21 +6, + 2 log | = 


a where : ¢ = (c, + 6c). 


(Dividing the numerator by the denominator] 


tax) Pees 


txt-x 
- + 
2x41 
oD) 
aevter[ Zeta] on 
» Qe+1ah2r-D+p wu) 
= Qeela2ax-Aep 
Comparing the coefficients of x and the constant terms, we have 
2a > Awl 
and ls-Atp > polthel+1=2 
Putting the values of 4 and pin (2), 
(Qe +1) =(2e-1) 42. 
= ode 
= (3) 
Now 


a [ £@ are 
log Ix?—x1 +0, fA) [: Fo aemopifetee| 
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and 


‘Add and Subtract + tothe denom. 


1 ee 
« (Seoerars) = 


(5) 


= log a8 21 +6, +2 [ls] =? | 4] [Using (4) and (6)) 
a log la?-21 +, +2 log 3} +2 
z 
log 13221 + 2og| =—* +e (6) 
where :¢ = (c, +2c,) 
From equations (1) and (6), we have 
Tax log 1a? st + 2 top| 2=* +e 


(v) Let 


(Dividing the numerator by the denominator] 
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and 


= I= fide+f 2 ae 2749042) 8 ¢6x43U1 
Feae02 a 
x? +3x+2 

a I=x4l, AD) Pa 

Qe+1 beet 
Now =f aoayp ——2e+1 
Let us write : 

are nar[ Let race] ey 

- Qe+ la 2r+3)+p (2) 


> M+ laBesSrep 
Comparing the co-efficients of x and the constant terms, 
222 > deal 
LeBk+p = p=1-9=1-30) 
Putting the values of 4 and win (2), 
(2+ 1) =(2e43)-2, 
=f (22+3)-2 


(? +32+2)° 
22+3 1 
= -2f =... 
= he] syeee* 2) pyaa-* 
= 1,=1,-21 (3) 


22+3 
ACY, he [sta me 


log 12? + 32421 +e, (4) [: 4 oe ode =logif(x)l+e 


4=f waa® 


(x) 


‘Add and Subtract 3 tothe denom, 
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From equation (3), 
1, =1,-21, 


= log Ix? +x +21 +c, -2 | log) —> 


atl 
x42 


ss] [Using (4) and (5)) 


x+1 


= log Ix? + 3x +21 +¢,~2 log | => 


et 


= log Ix? + 32+ 21-2log/=*5 +e 6) 


2e,) 
From equations (1) and (6), we have 


Tax + log Ix? + 3x 421-2 log) ae +e. 


(vi) Let I= jee asa 
voxel 
Please try yourself. 


(Hint. Divide the numerator by the denominator, we have taf (te 


[Ans :x + log Ix? =x +11 + ian" 


Example 11. Evaluate the following integrals : 
2 sin 29-co8 9 : 1 
if 

OF aren rer eerste Wf 


wu J = tat te. dz, 
Pars 


Solution. (i) Let I= 


2sin A cos A= sin 2A 
sin? A+cos* A=1 


212 sin @ cos @) ~ cos 6 
=) 6-(1-sin? @)—4sino* 
4sin ¢ cos @ 
5+sin? 9-4sing © 
(sin o- Deoso 
sin? 9-4sino+5 


dg 


do 
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Put sing=z => cos¢dp=dz 
1-f 2-2 (4z-) 
@? - 4245)" 
Let us write : 


te-ten[ Zee? a2+5)] 6 


= 4z-12M2e—4) +p rc) 
> Az-L=22-4hop 
Comparing the co-efficients of z and the constant terms, we have 
42% = A=? 
and w1s-4h4p > pa—144h=-144(2)=-14827 
Putting the values of 2 and yin (1), 
(dz - 1) = (22-4) +7 
I= 22 - M47 
24245 
2-4) 
= 12) aie de+7f : 
= T=21,+7], (2) 
22-4 f@ 
Now Fa # [- Fay Bo weirtote] 


= log [22-42 +51 +c, (3) fs z=sin 9] 
= log !sin? 6-4 sin ¢+51 +c, 


and 


1 
| (2? -4244)+(5-4) 


Scan 


Put z-2=y = de=dy 


ue gt 


ya 
ard 
stan (2-2) +e, 
stan“ (sin ¢~2) +c, (A) 
From equation (2), 
1221, +7, 
= 2 log Isin? ¢—4 sin +51 +¢,]+7 [tan" (ein 6-2) +c] 
[Using (3) and (4)] 
= 2 log Isin? 9-4 sin ¢ +51 + 2c, +7 tan" (sin ¢-2) + Tc, 


y=z~2) 
z=sin ¢] 
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and 


= 2log Isin? 9-4 sing +51 +7 tan (sin ¢—2) +c. 
where : ¢ = (2c, + 7¢,). 


" 1 

(ii) Let tef woe * 

(Dividing the numerator and the denominator by ¢*] 
Put 
= 
Let us write = 

soa[ Zot ose+2)] +4 

=> (2z+3)+p wf) 
= z=Me+Shop 


‘Comparing the co-efficients of z and the constant terms, we have 


1sao= aed 


O=Sken = ps3 
Putting the values of and u in (1), 


Jiar+a)-8 


J Gran @ 
ly 2243 


I, 2) 


2243 2 fL@ 
Gran '* [: fe) 
= log 12? +32 +21 +e, 


Now 1 -de=logi to +] 


log le + 3e* +21 teyehe| +32 
are 


+e be eee) 
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Qe +3e" +1 
ah AB) 
[ee 
1 
- bef Peaeee'* 
; ‘Add and subtract tothe denom. 


Jini 


ltet 
1420" 
From equation (2), 


+e wl) 


a og (1+3e% +2"), 3 
| Je Po Jou tee os 


2igt 
ii) Let 10f =? ae 
¥ 
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xo 44x? oe i 
-jo [Divide the numerator by the denominator] 
x 
2 80 
I= (xt - 42" +20)-a ga xt 44) 2 44x? (ct 4x? +20 
x'+4xt 
=f tides J tae aa 
~ 4st + 4x 
+20 f 1.dx-80 
J J nae 
1 1 ++ 
By .de=— —— 
[ y using f py -de= 2 tan aa 
20x? +80 
xP 4x? Do ag % — 
= 5 F + me-80. Stent Se 
1 3 4x 
=gh gt +20r-40tan” 5 +e, 
Example 12, Evaluate the following integrals : 
6x+7 2r+3 
@ de of. 
of io f Ye? sare 
x 5-2 
(ii) ade (iv) wdx, 
6x+7 6r+7 
Solution. (i) Let I= adres 
eee ie rere ine ~92+20 
Let us write : 
e472. 2 pt-ors20} 4. 
= Gr+7=2(2x-9) +p of) 


= Gx+7=2x-Sh+p 
Comparing the co-efficients of x and the constant terms, we have 
6=2 = Aad 
and Ta-O+p > p=7 +997 +93) = 34. 
Putting the values of 2 and yin (1), 
6x +7=3(2r—9) +34 
Inf 3(2x- +8e 


Yet—92+20 
“i an a TE an 9x +20” 


= 1231,+341, wf) 
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2x-9 
Now = ade 
i) ree 
Put 2222-91420 > de=2e-9 
1 


ro 
-! + 


1 =fyeue fete 


+c, = 22"? +0, 
1 


= 2yx*-9x+20 +e, A) Le z=22~ 9x + 20] 


1 
PS creer ed 


9 gy 1 
tog |(x-3)+ fo-3 -ilre 
a log (2-3) +s? 9220 +c, ld) 
From equation (2), 
1231, +341, [Using (3) and (4)) 


+9 (2-580 +) o24[ lg 


(em 
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=6 yx" -9x+20 +34 log’ (2-3) +)? -s2+20 +e 
where: c=, + 34 ¢y. 
az 2xr+3 
(i) Let ie rerecticd 
Let us write : 


Qe+3eh. Sateaes Den 


= Wet Badr + dey oA) 
= Qe += xe deen 
Comparing the co-efficients of x and the constant terms, we have 

M=2 > heal 

and eys8 > wa3-4h=3-40) 2-1. 
Putting the values of 2 and yin (1), 
(2e +3) =(2e+4)-1 
raf Speed 


Oe ds 
vet +4e+1 


h-h (2) 


Put x? +4e+lez = (2+4).dr=dz 


ify 


efeM a= 2 = 22440, 
-}a 


a2yx* 44x41 +e, @) Ge zexte dee 
1 
and = ade 
h i crerse 
1 
[a ode 
Ve +4x44)+1-4 
lear * 
ix +2)* (V3)? * 
de=de 


Put ox42=2 => 


‘Add and subtract 4 to the denom. 
2 
(Jeoettor x) =4 
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1 
nl ar 


[mie «ds = log] 3+ Fa Io 
=log | 2+ 2? = 5" | +e, 
= log | 2+ 2)+ yix+ 2-3 | +e, (te zaGe42) 
= log | e+ 20+ fF vaxei| + ey (A) 
4» From equation (2), 
I=h-1 
=(2 fF +4+1+ey)-(tog| x+20+ (i? +42+1|+02) 


[Using (8) and (4)] 
=2 fz? +4x+1-log|x+2)+ fx? +4x41| +0. where :c = (c,—¢,). 


ii) Let oa eeercat 


Let us write : 
ren. £6+2-24u 
= x=M1-2x)+p (Dd 


=> xa-Qr+hep 
‘Comparing the co-efficients of x and the constant terms, we have 


12-2 = de} 


and Onrken = ne-ae-(- 
Putting the values of A and jin (1), 


1 1 
een p 0-245 
1 1 
-F-22+5 
Ie] : ade 
8+x-x* 
1 1-2s 1 1 
s-i sde+ df —— ds 
2! Jere-at a Ve+x-x 


1 
b+ ob (2) 


INTEGRATION BY SUBSTITUTION 163 
Now [as 1n2 dx 
Yerr-2* x 
Put 84+x-x*=2 => (1-2r)de=dz 


an 
1 _f,v2 at 
ef geefe deat 40, 


=z +e, 


=2Brx-# +6, 3) [ye 2842-24) 


and wl ae lg 
—_« 
(s+2)-(2#-=+3) 


Put 
32° 
= sin! (2a) % xc) 
From equation (2), 
1e-34,+31, [Using (3) and (4)] 


== }(esBoa=# +0) Feo (552) ve] 
1 i. 
27 ¥8+2-3" - Fe, +5 sin 


=- \8+x-27 + dein 
(ivyLet I= see ade 


Let us write : 


a 
5- Ora). 5 B+x-x) +4 


=> B-2raA (1-2) + wl) 
= G-Bre- Bart hep 
‘Comparing the co-efficients of x and the constant terms, we have 
-2=-2% = ral 
and Boke > w26-2=5-124, 
Putting the values of and pin (1), 
(6-2) =1 (1-20) +4 
(1-2x)+4 
=f 2° 


6+x-2' 


(2) 


(8) (e286 42-29) 


and 0 ree ed Bore 
“J 
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1 
uf on de 
2. 
zsin? —— 46, =sin? 
6/252 
vine) 2E=V2) 
; (2 
asin 
From equation (2), 
121,+4], 


2: 2)oa] [Using (3) and (4)] 


=(2 levz-2* +a)4fsio( 
2 «3 { 2x. 
22 f6+x—27 +c, +45in ( 


BE ‘Nec. where : ¢ = (c, + 4e,) 


Example 13. Evaluate the following integrals : 

of = tif A ae 
Ve rdx+10- e-a- 
2 , = 

IES de (io) f J9=* ae 


yf [RE -ae (iy J AOE de 


22? 
wit) fx area dx, 


1 


5 )+4e 


6+x-x* +4sin* 


5x+3 
Solution. (i) Let I = 
J Fras” 
Let us write : 
Br+3=h. Luteare ore p 
= hes Baler Oep AD) 
= r+ 3 2hr4 dh 


Comparing the co-efficients of x and the constant terms, we have 
beth = azs 


and Ba4kep = w=3-42=3-4 8)e-7 


and 
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Putting the values of 3. and y in (1), 
r+3)=$ x+4)-7, 


5 ion44)-7 


7, Fane inal 


«hf St ae-7f 1 de 
2) GF earei0 Rcevevery 


= 1231-71, 


Qx+4 
Now WJ pe 


Put x?+4x4+10=2 = (2e+4).de=de 
t= J pdee fet ae r 
lz _ 
2 
2 x? +4x4+10 +e, AB) [vz =e? + 4x + 10)) 
1 
= ade 
& \ aaa 
1 
Ja ode 
Vet +az+4)+(10-4) 


sej22F +6, 
+1 


lear * 
Put x+2e2 = deeds 
wel pie [bron phy eet oa" Io] 
log |2+ Ve +6 | +c, 
= log |x+2+ e+ +6| +e, 
= log|x+2+ fat +4x4+10| +c, wl) 


:. From equation (2), 
-7h 
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F: S[2, fe? +4z+10+e,]-7[log| x +2)+ (F+45+10|+ 04] 
[Using (3) and (4)] 
=5 [4x10 +5, ~7og| (x +2)+ fe? +4x+10| ~70, 


= Ja +4410 ~Tlog| (x +2)+ Ya? +424 10| +0. 


where c 


x43 


ii) Lot | Sy ds 


Let us write: 


x+3=h. Si5-4e-21+p 
= xe32h(-4-2)4p w() 
= x+3=-De-thep 
Comparing the co-efficients of x and the constant terms, we have 


1=-% = az} 


and B=-4hen = uxsearesea(-2}a1 
Putting the values of 4. and win (1), 
(x+3)= Fe4-2ne1 
~3-4-2041 
1sf de 
5 4x~3* 
1 (-4-2x) 1 
ai -de+ ode 
ee Ax-x? J \5-4x-27 
> Ie-5 +h dB) 
Now =f Cs 
[o-4x-x* 


Put 5-4x-at=2 = (-4-2r)de=dz 


le z=(6-4r-x)] 


and 
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1 
=f ode 
Ve-ar+x) 


1 

J V6r)-Grex +d) a 

«Jae ee 
Yo-aeaF 


Put x+2=z = dr=dz 


hel gh -# [braine ots deen Eo 


‘Add and subtract 4 to the denom. 
2 
(Joven or x} =4 


wl) 


From equation (2), 
1 
Is-phth 


=f b-a# oer] (222)+] [Using (3) and (4)1 


e2en. Zot-vep 


=> x+2er(Qedep wel) 
Comparing the co-efficients of x and the constant terms, we have 
12a 3 r=} 
and Q=p > pa? 


Putting the values of 2 and yin (1), 
x+2e ; (2x) +2 


Janse 


tftp 
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Now 12) tear 


a2 (Foi+e (8) (ey 2262-0) 
and 
log | x+ r= | +, (A) 
From equation (2), 
123,421, 


= P[aVe=i+e)]+2[ tex + 1 
= WPT + de, +2log| 2+ fF -1|+2e 
= P=1+2l0g| 2+ 42-1] +0. 


(vet T= J oo ds 


| es] [Using (3) and (4} 


(On rationalization} 


=f (a-x¥ fv @-b)(a+b)=a?-b%} 
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a-taz 


2 -Redende = xdea-dee 


=- a2 +e 
. From equation (1), 
Izal,-l, 


2se]- ~LeF=# +04] 


if FE a 
-| FEB « 

(+z)? 1 
“S\ies *") SS 


Let us write : 


d 
Lexek. Eten 


> lexek(1+2e+p 
= Lexa De+hop 


(8) (z= a? =24] 


(Using (2) and (3) 


where : © = (ac, -¢,) 


(Multiply and divided by (1+ x)] 


en) 


Comparing the coefficients of x and the constant terms, we have 


12% => aa} 


leken = wet-aei-d= 
Putting the values of A and p in (1), 


and 


Ieee fdea+d | 


4 
a 
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Jasens2 


i lowe re 


T2ta 
= Isp ht+oh AQ) 


Put xextaz = (1+20deede 


a 
Pi 


hs J ype fer den 2 =ta Qe +e, 
2 


=2fr+e +e (8) 


and u-J ied ade 


‘Add and subtract 1 tothe denom, 


each 


From equation (2), 


+, of) 


1e j 
Iephtoh [Using (3) and (4)} 


#3 (ees +01)+3fioe|(2+3)+/F3|+e] 
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1 MS 

= Vets? +314 Zoe 

aleee +t log’ 


a2 ge f 


xt+e? 


wef hy der] 


= Inal,+61, (1) 


Rey 
zo 


Son 
3) 


(wivlet I= f 


Now 
[Multiply and divided by 4) 


2) [: £Q) aes regio] 


Fe)" 
and 

sy a ie 

= 3) mie [Multiply and divided by 2] 
Put az = Ude=d 
1 ; 1 wx tant = 

“pee [praine artgree=jim ie 
ail (2) 

-gtan |=] +e, 

Vieni (xt 
~2m(2) +0 Ee 

From equation (1), 

Isal,+bl, [Using (2) and (3)) 


wo [ Piet sche] tn (Z}+«] 


2 
bg tet st gay Rta ) +t 


= Fie tees Sent(Z =| sey where : cy = (ac, + be,) 
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[eoa® 

| (ii) Let T= f x JS ode 
ae 

Put faz 


{On rationalization) 


bs (@-b)(@+6)=a?-64) 


(2) 


and 


Put at-2?=y 


aS $l 


174 


Beample 14. Buoluath the following integrals : 
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(Using (2) and (3)] 


xl+xel a f x2 +5x+3 
etal -dx 
of xt-1 Ce reer 
i x? ip) | tz? + 24d 
= = 2+] ae 
io | ew wf 
x+l 
w | SS .-& 
‘ [TES 
Solution. (i) Let t= f 2 sit as (Dividing numerator by the denominator] 
Pm 


tf (2-35) dx 


=Jxae+f ot de 


2D Sereile 
ston 
ee es 
2x41 


) 


[Boring f 12 d= log f(s)-+ ein the second integral 


2 
= Sp +loglx* ~ 1+ Z tog 


1 x-a . eal i 
086 ein th thin intra] 
22146. 
x+1|" 


2 
(i) Let T= J aeetaed dx (Dividing the numerator by the denominator] 


43x42 
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x? 43242) 745x431 
x 43x42 


Qx+1e 
[Note this step} 


£'@) 
[: Fay tee bewlfiaii+e 


oD) 


‘Add and subtract $ to the denom, 


2 (Jeoerarx) 


x? 43x42) 
2x41 
jue] Sa 
«fide 2x43-2 
xP 48x+2 
2243 1 
l.dr+ =: 
=f fz +342 2) area 
= Tere log Ix + 8421-21, +e, 
1 
Now 1,2 [ —+—.ar 
"p= Ie 
Put 


Putting this value in equation (1), we have 
Tax + log Ix? + 3x +21 ~2|log| =** 


x+1 
x+2 
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=x+ log Ix? + 3x42! — 


lea] : 
= 4+og Ix? + 3¢421~2log| 7) +e where :¢ = (¢, ~ 2¢,). 
oe ead 
(iiyLet 12 J yap de (Dividing the numerator by the denominator] 
: ff (6x+12) we]. i stress? GO 
#46412 2462418 
=f tde-6f 2+? — SSS 
oS eee ercasca a 
6 Qr+4 
afide-$f tt. 
J 2) x? +6xr+12 
[Multiply and divided by 2 the integrand in second integral] 
2x+6- 2 
=| 1.de-3 i i 
J Sere [Note this step] 
=f tde-3f == *4 ee 
+6r+12" 


= -Slog Is? + r+ 121 +6 f = ae 


fe 
fr Fay Be = lagifcot+e] 


1 
3° +6x+9+12-9° 
‘Add and | 


. 
(Senter) 


=x—B log Ia + 6x +121 +6 [ ds 


=x -B og Ix? + 6x4 121 +6 J aa Taal 


+a 
22—S log Ix? + Gr 4121 +6. + tant 43 46 
3 cy 
x43 


=x-38 log Ix? + 6x + 121 + 2V3 tan’ 


(iv) Let 


1 
ref Soeeteet 422+} dy (Dividing the numeratorby the denominator] 


=xt1 


INTEGRATION BY SUBSTITUTION—It 7 


Oe ere perercyG 
t= flea ge-1 | 2 xtox+1 ete stent x+2 
Powel Soxtex 
het 
3x-1 
= fer 2.de+ rer @sael 
2x42 
= fxcareafiacsf 2) ae 
Sae+l 
2 a 
= Tn eee a() 
Sr-1 
Now [= de 
" sess 
Let us write : 
arta tates den 
= Br-1=2(2r—1) +p 2) 
= Se-1= 2-24 


Comparing the co-efficients of x and the constant terms, we have 
3=m 2 a=3 


and -l=-Atn = weh-1 
Putting the values of & and p in (2), 


old di 


3 ar-n+ 
y=f2,— 
2 x cee 


1 1 
Ua sae wale eel 


=$he 7 Ly AB) 
Qx-1 a [LO ae 

Now he) foi * [: fay vtrcate <] 

slog 1x22 + 1 +e, (A) 


and 


‘Add and subtract $to the denom. 


(Jeoef.otx} = 


ale 
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= Sflogts*-2+ also] dl Ft” (s"}+4| 


(Using (4) and (6)] 
+4, 
32 


2 plogls? —2+ 11+ tan Bae where 
‘Substituting this value of T, in (1), we have 


23: = 3 oe tent (% 
= ploglz* -ze1lt 54+ Jetan ( 


2 
Is F204 3 logit x4 tls Fotant et +e. 


x+1 
(v) Let [ae 


Let us write : 


ci 
a+1ah. 7+ Ge- aH 


ad +12 Mb-22)+p wn) 
z41=-2r+5hep 
Comparing the o-fficient of + and the constant terms, we have 


-A= az 


and 1=5Atn = nai-or=1-6(-2) 
Putting the values of 4 and pin equation (1), 
z+1e-26-g0+7 


via 
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| -16-20+2 
I= ade 
4+ Bx- x 
1 


1p__5-2x 7 
eed heer ae] Jou“ 


l+5h wwf) 


4+ 5x-x7 
Put 445r-xt=2 = (5-2r)de=de 
hay 
1 a z? 
12] pae=[ ede +e, =2V2 +e, 
pf efenee dT sono 


=2/as6r-a? +e (3) [= 224 +5r-x3) 


dx 


1 
ie eRe 
1 
“J erm” 


‘Add and subtract 2 tothe denom. 


2 
(Jevettor«) Fe 
2 4 
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From equation (2), 


7 
+oh 
FL VeoB=F ons] o 5a "(2 )ra] [Using (3) and (4)] 


z_1 7 i (2x-5) 7 
2 oF Berle (e824 
=- V4+5x- -e Zin! else where: = ( 


3.2. INTEGRATION OF SOME SPECIAL TYPES OF TRIGONOMETRIC FUNCTIONS 


ast) 
14). 


8.2.1, Integrals of the Form 
1 
asinx+beosx+e 


oJ ax 


1 
Freer rrted reer 
Working Rule : 


acters 


2tan= 1-tan® 
Step L. Put sin x = 2 , cos x = 
1 


= 
2 
Q° 


22" 2 
1+tan? = 
2 


+tan? = 

Step IL. Replace (1 + tan* x/2) in the numerator by sec? 5 . 

Step IIL Put tan 5 =2 so that 5 Jocc? Z de =de. 

ir a ail I ey ae dz 
az? +be+e 


Step IV. Evaluate the integral in the step (iii) by using methods discussed earlier in the 
Article 3.1.1. 


asin x+bcosx 


8.2.2. Integrals of the Form | eee ee 


Working Rule : 
Stpe L Write : 
Numerator = 2 (Differentiation of denominator] + 1 (Denominator) 
ie, asins +booexad& (csinx+dcoss) +p (csins +d cos). 


de 
Step I. Obtain the values of 4 and 1 by equating the coefficients of sin x and cos x on 
both sides. 


Step IIL The given integral 
aA (esinx+deosx) 


=| Sgaerdees OS nde 
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Step IV. The second integral is px and evaluate the first integral by substituting 
z=(csinx+d cos x). 


asinx+beosx+e 
92:3, Integrals of the Form { dsinx+ecosx+f 
Working Rule : 
Step I. Write : 


Numerator = q (Differentiation of denominator) + p (Denominator) + r 


ie, sine +deorx+ cag (dsinz seems +f+pldsinz recms+)+r 


Step IL. Obtain the values of q and p by equating the coefficients of sin x and cos x and 
the constant terms on both sides. 


Stop IIL. Given integral 
r 


q 
= [pac : 
Jods+f dsinz+ecax+f OOS Prrererersyg 

Step IV. The first integral is pr. Evaluate the second integral by putting 

2=(d sin x +e cos x +f) and the third integral by putting 
2tan 1-tan?* 


= 
To tan? ¥ 8nd then taking 2 =tan >. 


SOME SOLVED EXAMPLES 


Example 15. Evaluate the following integrals : 


Cee 
ged sin x +ecosx+ f) 


m 1 " 
—— .& oe. 
of Fr bsinz of ist 
Gy f ae wo J sy hog ede 
Wing} cone 
1 r iy 
© | Sea © | Sezai evens’ * 


Solution. (i) Let = f 7h. de 


2tan = 
Putting sin x = ——2, we have 
1+ tan? 
2 
1 
I a 
J 2tan 
445 2 


182 


Put 


fi (1+¢an? 3) 
J Godtan? 24 10ean 2"! gyatan? Zs 10un 2 
deal 2 2 2 
22 
1+ tan? 
=3 aa nk CE Lz sec? A-tan® A= 1) 
Pres Stan=+2 
2 
ten z= 
tang 
Lite = sec? 3 de = 2de 
ES 
123] aa Janam 
a ae 
(# +3241) 
25 
‘Add and subtract to the denom. 


2 
(Govest ot 2} e 
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Ln fea 1,0] 2242 
a hed re = jee] 24 . 
1 2tan 7 +1! 
= jhe 2— lee, 
2tan > +4 
2 
7 1 
(ii) Let renee 
|-1-tan? = 
Putting cos x =| ——2.|, we have 
1+ tan? 5 


sec? A—tan® A = 1] 


184 


(iii) Let 
Putting 
Slane 
2 
z 
Put tangs 
Lee 
ee er 
1 
T= J gogy Ode) 
1 
“Sme 
slog l2 +11 +e 
=log tan Z +1] +e 
(iv) Let Se rer 


(sec? A -tan? A = 1) 


[: J 2detogist+e] 
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1-tan? 5 
Putting cosx= we have 


laurel 
sinaais 


2 
I+tan? 3 
(1+tan? 2) 


2 = 
—_—- Ls see? A- tan? A = 1) 
tan? 5 +8 


2x 
1 1 wel eg 
1-tan? = atatan® 5 +6-btan? > 
o| ——2 
es 1+tan? = 
2 


2 = 
1+ tan? 5 


(a+b)+(a-b)tan?® 


(a+6)+(a-b)tan® 5 


= 
Put tan) =z 
1 


J gee? Z dx = Saxe 
= JeectE deeds = sect 5 de=2de 


1 
1-2 Grora-o & 
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(sec? A -tan® A = 1) 


187 


(ora + Jona. 
yo+a-yo-az|** 
1 (o¥a + Jo-a tan~ « 
- tog| 2 |. [> tang] 
Waa | ora— foe tant ES 


2 
Case III : When a = 6, then 


14 e08 A=2c08? A 


14008 2A = 2cos* ‘) 
rae 2 


= 


3+9tan® =+4tan=+1-tan® 
3+ Stan? £44 tan 3 ¢1-tan? ; A 


"Add and subtract 1 to the denom. 
a 
: (Gooettor =} =1 
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1 
Jaana* 

Put z+lsy = de=dy 

‘ 1 : 1 Aas 

* “lane [Prosi J rte gh des F tan +e] 
stanty+e {fv y=@+0) 
stant2+Dee 
stan (tan Z +1) +6. [: 

Example 16. Evaluate the following integrals : 


x 
estan 3] 


‘ 1 I+sinz 
a ds 
of Sinz + V3 cos 00 | Tires ‘in x (1+ cos x) 
1 cos «.cos x+1 
iii) { —1 ae a 
W) | aes |e oraee 


| ane 


Sotution. (Lt = f —— 


tan 5 1-tan? 5 
Putting sin x = | ——2- | and cos x =| ———2 |, we have 
1+ tan? > 1+ tan? > 


8 
1+ tan? = 1+ tan? = 
2 2 


1+ tan? = 


= de 
J 2tan 5 + 8 - V8 tan? 5 


[> sec? A-tan? A = 1) 
preere ar 
x 
cap ea 
3° 2 tan +1-tan? = 
2 
Put tan 5-2 
1k x 
= ject i dende = sect} de~2de 


oat | 


“wee ( 


atx 


s+] 


12%) [Presse f or ede= |S 


4. ab 


fm 


__l+sinx 
ainz(+ens) * 


Gilet t= f ene 
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#2 49tan? 
(1+ tan 5 +22) 


[> sec? A-tan? A = 1] 


2 
Put tans Zz 
diac? = dee cae! 
=> 3 gure => sec? 5 dx =2de 
2 2 
Te 22" aay fH ae 
4z az 
1¢(1 1 1 
aAf(2ee+2)ae= Hf Lae J ade+ frie] 


= j[hetsto 3+] [r J 2ee-togiastse] 
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sec? A ~ tan? A = 1) 


(Zeoetot =} =4 


Keweta 
2 


1 
= I 
eo) 


1 
= ype 


1 
= 75 8 tan 246 +e. 


Gio) Let T= f Se Beeezt} ap 
cos + 608 = 


08 cos x + cos” a+ 1-cos? a 4, 


cos c+ 608 x 

[Add and subtract cos? a to the numerator.) 

=f cosa (cos +e08.a)+sin? a 4. [> cos? A+ sin? A= 1} 
(cos a + cos x) 
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=f (008 a. (c08 & + c08 x) 
(cos a. + cos x) 


seona f 1. dessin? af — 1 


= T= cosa.x+sin?a.t, oD) 


=f ———_2WWM__« : sec?A-tan?A=1] 


a +cos a tan? = +1-tan? = 
acai 2 2 


1 
2 
J (1+ c08 a) — (1- cos @) 2? 


: 1+008 2A =2cos” A 
ae = 1+co8 A= eos? A 
1- Siakesua? 


= 1-cos A=: 2in? 4 


+l 
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(v) Let 


(sec? A-tan? A = 1) 
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2 
Add and subtract > to the denom, 
@ 


Put 


‘Now the following possibilities are there : 


Case I: When a > b, then 
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i Case IT : When a <6, then 


dew tf ’ 
atasinx ad (1+sinz) 


t erent 5 ar 
“aes i-anz'? {On rationalization) 


al indins 
=) cams [: (a+b)(a-b) =a? b4] 
a2 f SSPE ae [esin? A + cos? A= 1) 
“as costs 
=3 (a : 222) deo Af oats see x tan x) de 
cos? x cos? = 


=} (tan x-sec2) +e. 
a 
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Example 17. Evaluate the following integrals : 


; 1 i 1 
| Sraescane * © | Sryeaz* 


Solution. (i) Let I= 


x 
2 


242tan® 


i+tan?= 
+tan? 5 


tan? Z -2tan +3) 


(sec? A-tan? A = 1) 


Put 


Jb eec? 2 dx = Jaz 
geet SF deade = sec? 5 dr=2de 


1 L 
=f G28) (2s) «2 J Gay 
‘Add and subtract 1 to the denom. 
aj, —_« [A A 
@P-22++8-D (J event of x) 


1 
=?) Saar® 
Put z-lsy = de=dy 
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1 


1 : 1 “ 
2| aa ae [Presinef ors de~2tantE+e 
1, oafy 
=2. fpun'() 0 


= Aint? +e le y=@-D) 
x 
[+ meg] 
(i) Let 1 4 
ig =) By acosx 
1-tan? = 
Putting cos x = 7 |, we have 
L+ tan’ 


Jae | 


5+5tan® 5 +4~4tan® > 


sec? A - tan? A = 1) 


x 
Put tan 9 =z 


Liss Fa 
= ject Edeade = sect 5 de = 2de 
1 
taf aygen=2] 5 +a * 


[py using f z 
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and 


Example 18. Evaluate the following integrals : 
2sinx+3cosx 4sinx +5 cosx 


ofS a Gi) 
‘sin x+ 4 cosx sinx+ 4 cosx 


i in x +3.cosx 
Solution, (i) Let I= f castes 
Lot A and 1 be constants such that 
2einx+Sconr=A-£ (Bain x +4 cos 2)+u(Gsinx + 4 cos) 
= ein x +8 cos.x =A (3 cos x4 sin x) + ul sin x + 4 cos x) ofA) 
= 2sin x + 3 cos x = (3p 4A) sin x + (4p + 92) cos x 
Comparing the co-efficients of sin x and cos x on both sides, we have 
Sp-4h=2 +) 
4u+3h=3 2) 
Multiplying (1) by 3 and (2) by 4, we get 
9-12 =6 2B) 
16 + 12, = 12 4) 


Adding (3) and (4) ; we get 


2y=18 = fe 
Using this value in (1) ; we get 


= aed oaed 


25 
». Equation (A) becomes : 


es 1 i 18 a 
2sinz + 8.cosx= 3 (Bcosx—4 sin x)+ 5 (Bsin x +4.cosz) 


38 (3 sin.x + 4.08 x)+ 1 (Geos x—4sin x) 
Bo 


1-f (asin x + 4 cos x) 
18 1-f 3cosx-4sinx 
3) +3) Ssvaces 


1 1 2 aw [£2 ae 
= 9g 7+ pg log IS sin x + 4 cox! +c. [: We log f+] 
Wit te f 4nztScosz 
Sainz +4cosx 
Let 2. and pt be constants such that 


sins + 5 200 2) 02 Gains + 4 con 2) + 1 (Gain 2 + dco s) 


de 
> sin x + 5 cos x) = 2 (6 cos x4 sin x) + (6 sin x + 4 008 x) fA) 
=> (sin x + 5 cos x) = (5p — 42) sin x + (4p + 5A) cos x 
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Comparing the co-efficients of sin x and cos x on both sides, we got 


Su-4h=d AL) 
and 4+ 525 (2) 
‘Multiplying (2) by 4 and (1) by 5, we get 
(25 - 202 = 20 wulB) 
16 + 202 = 20 wld) 
‘Adding (3) and (4), we get 


440 = we 
Using this value in (3), we get 


40 1000 
25 (42) - 2m =20 Gr 7202 20% 
180 
= gh 2 keg 


Equation (A) becomes : 


(A sine +5 cosx)= 9. 6 cosx—Asinz)+ 40 (§ sins + 4.082) 


49 sin x+4.c08 x) +2 (600sx—4sin 2) 
-j2 a de 
(sin x +4 cos x) 


5cosx—4sinx Pe f'@ 
=a) aes z Banztéces & [: J Tae logfet+<] 


40 
= x+— i t+ 
att £ tog 5 sin x +4cos xl +e. 
Example 19, Evaluate the following integrals : 


wf nee wf ore 
Solution. (i) Let I= J 5 de 
yet 


Put sasin@ = dr=acos0d0 


-f cos 8 


de 
asin @+a yi-sin?@ 


{; sin? A+ cos? A = 1) 


-2) mosasd 


Taorase ® [Multiply and divided by 2] 
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and 


2 
2 
“2 
{Add and subtract sin 6 to the numerator) 
cos0-sin® fe) 
=3fe aos 5 f ogee aome® [: Gat =taiscoeg} 


1 1 
= to+ dog isi 
20+ glog Isin @ +co8 81 +e 


1 
wou t=] se | yee & 
sinz 
Jo 
“J asinz+beosz 
Let A and pt be constants such that 
sing =2-£ (a sinz +b con.) + pla sins +b cos) 
= sin x = Ma cos x ~ b sin x) + pla sin x + b cos x) 
> sin x = (apt — bd) sin x + (by +.a),) cos x 
Comparing the co-efficients of sin x and cos x on both sides, we get 
op—bh=1 
bu -ah=0 
Solving (1) and (2), we have 
a 
a -b a+? 
a = 
~ wearer ond hm ge 


Using these values in (A), we get 


sins = Py (acons— bins) + aos (asin x +b cos x) 


= @=sin? 


‘ Ean 
: xeasin@ = ==sind 
a 
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5 (aces x—bsin x)+~;* 5 (asinx+ bcos) 
a* +6’ 


jaz 


(asinz +6008 =) & 


-b J acosx—bsinx 


a? +6? 4 asinx+bcosx 


A mene) 
a+ Gta] tae [: ae tog +e| 


be lasing +boosz! + yoy ete. 


Example 20. Evaluate the following integrals : 


; x : 
| eecems W | esting 
Solution. (i) Let I= f —%2* _ 
Sin x- cost 
1p 2sinz F re 
Jamie [Multiply and divided by 21 


ai f Sens sin 3) + (sin zens) 
“2 (sin x -cos x) 
{Add and subtract cos x to the numerator) 


1p cosx+sinx . f £@) 
3 eet aes Sf de [: £2 aeaogifaitee] 


dx 


1 7 1 
= 5 log Isinx—coszl + 5x40. 


2 
Wet 1-f — a 
cores 
52 [—2ot2 ae [Multiply and divided by 2] 


Lf cos x-+cosx 


24 cosx+sinx 


1 ¢ (cos x +sin x) +(- sin x+cos x) 
=5) ———., - 
2 cos x +sin x 
[Add and subtract sin x to the numerator] 


1 1p Csinx+cos x) ef £@ de =logifix! 
=pfueeedf Sete ae [sf FS aetna’ 


adie) tog loos r+ sin! +e 
27*2'8 : 
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Example 21. Evaluate the following integrals : 
wf neeteainets gg Gin |, Semee+8 
4eos x+5sinz+6 Peosx+sinx+3 
7 Seoex+2 say [ 342008244 sin x 
io | Gastamavs © ©) “Gain z+ conx+3 
} cosx+2sin +3 
Solution. (i) Let t= [ 8272 SEAS de 


Let p, g, r be the constants, such that 


osx +2sinx+9= pldconx+Ssinz+6)+q  (4conx+5sinx+6)+r 


= cox + 2sinz +3 =pld cosx +5 sinx +6) +q(-4sinz+5.cosx)+r 
= cosx + 2sinx +3 = (4p + 5q) cos x + (Sp —4q) sinx + 6p +r 
Comparing the coefficients of cos x, sin x and the constant terms, we have 
4p +5q=1 
5p-4q=2 
6p+r=3 
Multiplying (2) by 4 and (8) by 5 and adding, we have 


4ip2l4 => p= 
Using this value of p in (2), we get 

4 56 

4(B) +522 = 1-5 


15 3 
bad 9" Gxal > U°~ aT 


Now using the value of p in (4) ; we get, 


6(# trea a res-4 re ® 
4 41 41 


ect vabin ofp qui rin, wi 


3 
cosx +2sinx+3= = 1 (doses 5sinz+6)+ (Ze $) (4 sins +5 cons) + 


dx 


1 
4cosx+5sinx+6 


I Ges thasace (2) (4sin x+5 cos x) 
Geos x +5sinx+6) 4cosx+5sinx+6 


(A) 


A2) 
(3) 
wd) 


7 Cas log f+] 


M43 39 1 
= Ie Ge qy beg ions e+Ssinz+6l+ Of poe 


1 


lt 400s x+5sinx+6 


AB) 


de 


‘J 


x 
sec? 


= { ———__2——_« (sec? A-tan? A = 1] 
2tan? 5 +10tan 5 +10 
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1 |2tanZ+6- 5) 
“5 2tan 5 +(6+ V6) - a 
By using (6) and (6), we get 
u“ 99 2tan * +(6- V5) 
Ix Zx- Flog 14 om + Bain +61 + <2 log] ——2——_— 


te. 
4 2tan 5 +6 + vB) 


(i)Let I= 
Let p, g, r be the constants, such that 


a 
Bcosz+6=p(2cosz+sinz+3)+q. 7 (Qosx+sinz+3)+r 


= 5 cos x +6 =p(2 cos +sinx+3)+q(-2sinx+cosx)+r xe) 
= 6 cosx+6=(2p +g) cosx +(p—2q) sinx+3p+r 
Comparing the co-efficients of cos x, sin x and the constant terms, we have 
Qp+q=5 
p-%=0 
Sp+r=6 
From(3): p-2g=0 = p=2q 
From(2):  Qp+q=5 = 2(2q)+q=5 
= 4q+q=5 = q=1 and ». p=2 
From(4): 3p +r=6 
= W2)+r=6 2 r=6-6 = r=0 


Substituting values of p, q and r in (1), we get 

5cosx +6 = 22 cosx + sin x +3)+ 1(-2 sin x + cosx)+0 
Qcosx+sinz+3) 4, x+c08x) 
(@cosx+sin x +3) (Geos x+sin x +3) 


[: J FS antag tele] 


= I= 2r + log I2cosx+sinx +31 +c. 
; Bcoax+2 
iy tat = | peeve & 


Let p, g, r be the constants, such that 


d 
Bcosx +2 pisinx+2cosz+3)+q. 7 (sinz + 2cosx+3)+r 
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= 3cos.x +2 =plsin x +2.cosx +3) + q(cosx—2sinx)+r (1) 
= Bcosx+2=(2p +9) cosx +(p—24) sin x + Sp +r. 
Comparing the coefficients of cos x, sin x and the constant terms : 
2p+q=s 
p-2q=0 
Sp+r=2 
On solving (2), (3) and (4), we get 


6 8 
Pegg gore 
Substituting values of p, q and r in (1), we get 
Bomz+2= 8 (sins+2e02+9)+ ; (cos z~2sin)- 8 


6 7 (sinx+2cosx+3) , 37 _cosx-2sinx 


15) (einz+2e002+3) "*6) sinz+2eoux+3 


1 
(sin x+2cosx+3) 


(5) 


= bx+2 logisins + 20082431 - 


(in x+2cosx+3) 
1 

1,= { ——____ 

a \eerteens 


=f ---—_—__—-2___—. dx 


2tan 5 +2—2tan* S+a(i+tan? 


(sec? A-tan? A = 1) 
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1 1 
b= | rare =2] Fyaies © 
‘Add and subtract 1 to the denom. 
font 1 2 
(2? +224D+6-D . (Jeoentorx) =1 
fae 
+0? +02) 
Put @+Iay = deady 
1 Si A de=} tant 
1-2) gre [bresinef rtrd Stan Z+e 


a2.i (2) 
2. Stan’ ¢ +e 


yes) 


By using (5) and (6), we get 


t= $243 tog Isin + 20082431 (= 


tan = +1 
= Gad log (sin x + 2co02 +31 ~ 2 tan"? —— +e. 


5 3+2cosx+4sinz 
Goat 18) Gainzvonres 


Let p, g, r be the constants, such that 


B+ 2eonz +4 sinx)=pl2sinx+cosz+3)+q 2 eins +conz+3)+r 
= (8+ 2cosx+4.sin x)= p(2 sin x + cosx +3) + ¢(2 cosx—sin x) +r ol) 
=> (8 +2cosx+4-sinx) = (2p —g) sinx + (p+ 2) cosx+3p +r 
Comparing the co-efficients of cos x, sin x and the constant terms, we have 
2p-q=4 
p+igu2 
Sptra3 
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‘Multiplying (2) by 2 and (3) by 1 and adding, we get 
Sp =10 => p=2 
From (2):2(2)-q=4 = 4-q=4 => g=0 
From (4):3(2)+r=3 = r=-3 
Substituting the values of p, q and r in (1), we get 
(8 +2 cos x +4 sin x) = 2(2 sin x + cos x +3) + 0(2 cos x- sin x)~3 


Ing f GenzreezsS Gein x+cosz+3) 4. o 
Quin x+coox+3) (2sin x +008 x +3) 
1 
-3f @ssin x +008 x+3) 
1 
~ lena fears 
[y sec? A-tan? A = 1] 


1 “Add and subtract 1 to the denom. 
fe eg 2 
S areearace ; (Jooett ots) 1 
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= 


Put z+l=y = de=dy 


wate [Prosi ftp d= beat £4] 
=tart(2) +e 

stant@+I+e ye@+D) 

= I, = tan” (tan z+1) +6 AB) [ zetan 3] 
By using (5) and (6), we get 


T=2r-8 tan” (tund+1) +6. 


pe e 


10. 


uu. 


12. 


13, 


EXERCISE FOR PRACTICE 
Integrate the following functions w.r.t. x Q. (1—10). 
x 
G6) Bela? + 2 @ Beas 
i) ex? any 243. 
baer; OF Grek 
Incot x ” 
on Cw 
i) xfx+2 Gi) sin? (2 + 1) 
(sin 4x cos 7 Wile + We 
1 
Ome 
pt 6 
jj) 9007 (2 tan"? x) 
i 
OTe 


Gi) see x log (see x + tan x) 


i) rook. 


of soe wf _— 

1 
of Sar ol saoe® 
of Seta (i) J Pees state 
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ws 


| ae 


a. 
i reerrorssr 


8. 0 f a 


16. 0 | yaa zu 
nf sate ‘ 


Basel, 
» [Sere 
aes 


a1. Vea ® 


J ATT 
Beosx+6 
Deosx+sinx+3 


i 
oa eae 


Sein x+2cosx 
Boosx+2sinz 


2 
L 5 GHD +e 


e 


log x? +6 
()~log Isin x + cos x1 +6 


2 
4 EDM 


Py 


4 

pataee 
re 1 

5. = feos tte Feonde +e 

6 (-2eot J +e 

7. (log let +xl +e 


2s vy 
ait te 


& @——F 


+e 


10, (i) eB" 40 


11. @ F tog lex-21 +e 


de 


Ol oe 
wf as de 


“ler* 


anf 28 


Pax-2 


243 
ee veers Brea” 


1 
\ mesma 
2a. f sinx+cosx gy 
Ssin x +4eoex+1 
1 
Pa J Ya 16? i 
2x45 
20. f 


Fran” 


Answers 
Gi 2 243 +6 
Gi) Fog 12? +60 +41 406 
Gilg 13 +81 +e 

8 cow tar D+ 2 

8 x 


@ cos (6 +3) $6 


petri 


Gi) log Nog x1 +e 


Gi) } tan tants) +6 


(i) } Nog see x + tan 2)P + 
Gi2ein fz +e 


mp hesd 
Gi) Fx Fem 
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12 


INTEGRAL CALCULUS MADE EASY 
i Sean (#58) 1) Bog] Bt 
tear (255) +0 i 40g] 2 56 
to 2femeone +6 Gif sinstse 
1 a fame , 2 x-3! 
tan 181 ~ 2 tog| == 
oF mite (i)Nog 132 + 36-181 ~ Flog] =F | +e 
1 ett 
to pos| te (i) tan (e+ 
ee =) (23) 
@ si (Ge te di sin (FS) +e 
to in? 4+ YO sn x te 16, rio (882) 40 
al 2 Ayo | 2-1 2-2! 
Se logist + Stop | =F) +6 20. Jog 1322-21 + 2log | 9 | +e 
ax? +4x +3 -Slogle+2+ fx? +4x +3140 


2a? + 4x+5 -loglx +2+ {x +4e+5l 40 


2x + log 12 cos x+sinx +31 +e 


Td : 7 

Be t7 yy MEI Ssin x +A cos r+ Me Nag 

opt 2E-5 1a i 
4 A 1 

si + 28, 7 sin 
52 

~ qq tt yg 108 Weos z+ 2sinzl +e 


2 eare2 +2log| «+ $+ Yat vaeea| +6 


4 


Integration By Parts 


4.1, INTRODUCTION 


‘This is one of the most useful integration device which is applied in a variety of circum- 
stances. Particularly, it is useful for integrals where the integrates are functions, any one of 
which may be algebraic, exponential, logarithmic, trigonometric functions. 


4.2. INTEGRATION BY PARTS 


‘Theorem 1. If u and v are two functions of x, then : 


Juvde=u(fode)- § ($4 fous) ax 
ie., Integral of the product of two functions = Ist functions x Integral of 2nd function — Inte- 
gral of (Diff. co-eff. of Ist x Integral of 2nd). 
Proof. Let fix) and g(x) be any two functions 
Then, by the product rule of differentiation, we have 


da a a 
ge Me) BON = fa). FN + a) FM) 
Integrating both sides, we get 


fx). atad= f (fo. Statens ae) Zpca)) de 
d d 
= J (re. Lteton de + f (eto. Zico) ae 
d d 
> J (1120S tata) de= 0). 0t0)- § (e002 pte} ae 
Let us fs) 
and vat ge = fvdenae 
a 
‘du 
Juvdr=u ode f ($ f ods) as 
Integration with the help of the above rule is called the integration by parts. Following 
points must be kept in mind, whenever making the use of the above formula. 
If the integrate contains both functions integrable, take that function as the first 
which can be finished by repeated differentiation and the other as the second. e.g. 


au 
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in J x*sin x de orin f stetds. 
‘Take 2? as the first function and the other as the second. 
(di) Ifthe integrated contains one unintegrable, eg., inverse circular function or a loga- 
rithmic function, take unintegrable as the first function and other as second. e.g. 
in f logeds, f xsintxds. 


‘Take log x, sin"! x as the first function and other as second respecti 

(iii) If the integrate contains only one unintegrable function, then, take the given func- 
tion as the first function and unity as the second. 

(iv) If the integrate contains both the functions integrable and none can be finished by 
repeated differentiation, then take any one as the first function and other as the second. Re- 
peat the rule of integration by parts. 

(v) We can also choose the first function as the function which comes first in the word 


where : 

I — stands for the inverse trigonometric functions (sin x, cos x, tan“ x ete.) 
L — stands for logarithmic functions. 

A — stands for algebraic functions. 

‘T — tands for trigonometric functions. 

E — stands for exponential functions. 


Remark. Itis also worth mentioning that integration by parts is not applicable to the product of 
function in all cases. For example, the method does not work for { Jz sin x dr. 


‘The reason is that there does not exist any function whose derivative is Jz sin x. 


SOME SOLVED EXAMPLES 


Example 1. Evaluate the following integrals : 


@ J rede Gi) J Pera 
iit) f xerae (iv) f Bede 
() f Peds i) J temas. 


Solution. ()) Let I= J xe% de 
Integrating by parts, we get 
tne f tds-f[Zeof tac]ar 


ea bas 


INTEGRATION BY PARTS 213 


Laeiwil he 
(ii) Let = f x 0 de 


Integrating by parts, we get 
tex frac f[Zee Jeras]ae 


aostetdeet42 f etdre—stet Beets 2S te 
aretGt+2e42)+0. 
(ii) Let t= J ze ae 
Integrating by parts, we get 
tax fetade-f[ Zt. fe ds] de 
sxet-[lctdrexet—cve 
sete-Dte. 
(iv) Let Ts f stot de 
Integrating by parts, we get 
tn fetde- [Ze f eras] de 
exe—f atetds 


=He—3 f ater de Untegrating again by parts] 


wre-a[e fetae-f(Ler.fe ar) | 


INTEGRAL CALCULUS MADE EASY 


ate—a[s et | axe" de] 
aster ater +6 [ xet dx Untegrating again by parts} 


sHenatese|sfera-[(Le.fe as) as] 
axtetate+6[zet—f 1.et dr] 


atte —ste+Grer—6 f ede 


= Det atet + Grek Bette 
set (e382? + 6-6) +0. 


Wl Te f Pe de 
Integrating by parts, we get 
tes fora f[Zenferae]ac 


22 fost ae 


= a i 
33 ee [Integrating again by parts) 


-2e. -3{s. fetac- f(geJ &* as} as] 


Wivlet Te f ste de 
Integrating by parts, we get 
ta fer de- f[Ze%. fem ax] ac 


ve* = 
——- — dx 
ce I*oe 


dete +2 fx ze de {Integrating again by parts) 


speeds afew de- s(z to. e* de) ds] 
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wo dew[te2as 2] ee 


Example 2. Evaluate the following integrals : 


( J xsinxde (i) [ 000? xde 

(ii) f x sin? xde (iv) f xsin de dx 
x : 

wf aya (vi) J 2 cos xd. 

Solution. (i) Let I= J zsin xds 

Integrating by parts, we get 


tex. f sinzde—f[200.f sinzae de 


=2(-c0s)— f 1.(-c0sx)de=—ze0sx+ f cosxdz 


=~xeosx+sinx+c. 
Remark. Observe that while finding the integral of the second function, we did not add a con- 


stant of integration. If we write the integral of the second function sin x as — eos x + ¢,, where ¢, is any 
constant, then 
J sin de=<(-cosrte)- J Ceosxteyrde 
ax(cconx ses f conzde-c, f de 


s-xeosxtejx+sins-cyxte 
=-xeonxtsinx+e 
‘This shows that adding a constant to the integral of the second function is superfluous so far ns 
the final result is concerned while applying the device of integration by parts. 


(ii) Let Is f xcostxdr 
1+cos 2x 
= fete) ae 


wafaceg | gee 


cos 2A = 2 cos? A- 1) 


216 
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dayl 
a2 
1,1 -2 w2 ty) sein ae 
pats pesin def sin dede= F2*+F xein 2x 


= fate desin des 2 oo dee. 


4 4 
(iii) Let T= f xsintxde 


3 1. sin A =3sin A-4 sin? A 
= J +(Gsins- sina) 


= sin? A=Ssin A-Jsin3A 
4 4 


3 


pape g] pee 
Integrating by parts, we get 

1 3[e.f sinzde-f (Zio. sinzd:) 
-tJ sintzax- (Zen J sinax ds) | 


= 3 (-cosn)-f 1 emesae]- 7 [x 9889 _f 1.Cos8? gs] 


3 3 1 1 
a~ feces t | coords + Fx cosse— J cos 3x dx 


Ine J singede- [200 f singede] ac 


(22) /( 3) 


=-preosse+} sinarte, 
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s 
= = 2 

(v) Let 12] Sra J poet xa 

Integrating by parts, we get 


cot haa a 2 
Tas f sect ede f (taf sect xdr) de 
extanx— f 1. tanxde=xtanx~(~log cos x1) +0 
=xtanx+log los xl +c. 
(vi) Let Ts f x? cos xde 
1 it 
Integrating by parts, we got 
: daa 
tna f oosae-f[ Zee ».f emxds| dx 
=x'sinz- f Qesinz de 
=esinx—2f xsinxde Untegrating again by parts} 


setsins-2 [ef sinzdx-f (Lif sind) as] 


= 2% sinx— 2c (- 00s 2) +2 f 1.(-cosx)de 


=x? sinx+2rcosx-2sinx+c. 


Example 3. Evaluate the following integrals : 


@ f wtexe Dede ii) f 2+ 32°) 008 dz de 
(iii) [ (1-2) sin Be dx (iv) [3 cos? x ax 
(0) [ 1 +2°) 008 2eae (vi) J x00s? x ds. 


Solution. (i) Let I= f (x? +44 Der de 
Integrating by parts, we get 
def [Let a 
In@texey). fetde j[£« +x+0.fe de] ac 


sitexs Der frede dx {Integrating again by parts} 
sieerener-[aren.fetdc-{{Zeocen. fe asl de] 


sGtereDer-Qre ets f 2.ede 
=Glex+ Det-Qrt lets dete 
set(t+x+1-2e-1+2)+c 
sex Dec. 
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(ii) Let 1= [ +324) 98 x dx 


Integrating by parts, we get 
T2432) f Lae con ed x 
~@+ ann (2032). Jo. 3% ae 
Beta {Untegrating again by parts) 


ears sinax ds) | 


Goieme sy cos 3x dx 


my 

=3° 

pe 

3 

1 2 2 sin3x 
= 7 (2+Sx*)sin Be + 5 xeasde— 5 
“4 

“3 


+e 
2432") sinde+? xc0sdr-2 sind +e 
F 2es*-2)sindr+2 rene ar +e 
9. 3 

(e+ f)anaee cease 

iii) Let T= f 1~2*)sin 2ede 
re 

Integrating by parts, we get 

Te(1-29) f si 4 a) f sis 

= (1-29 f sin axde— [|S a-2%)f sin 2eds| dx 


=(- -29 (- 2 2) - Je 2n(- 28) as 
mca Neon) _ | os ae de [Untegrating again by parts) 


=fot ~ veos2s-[x.f coo neds f (Zia. f cow dd] 


1 sin 
= Jor -neosae-[o( 7 


aces 


aly A gsinaes tf si 
git? ~ Deos 2x prsinde+ 5 J sin Qe dx 
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Gv) Let T= f Poostade = f 2/2082 [+ c08 2A = 2 cos? A= 1] 


Ee 
+5] 


| 
1 


wo! 


alts | 
5 
i 
Rg 
i 
g 
g 
a 


a2, 
“6 

cove! 
“era 

Lig Vege t ad 
= pat t pat sin 2x + xcoe2e GJ cos 2eae 


(Let T= f (1+ 24008 arde 
OF 
Integrating by parts, we get 


1=(1+25) f eosaedr-f {4 


F oaeet 
gate) J cos2x as] ar 


sin 2x 
429 Sf ae 
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= Jas sysin2e~f rein Qed {Integrating again by parts] 


= fassdanar-[s.f sin 2x ds ~ f {£e.J sintra an] 


= fase sinze-[s(-32)-f 1-2 as 


4 

2 

Likajae ah 3 1 sinde 
fae s?ysin e+ 3 xcos2e-} 82 +6 
JU xy sin d+ 3 xcos2x-1 


sin2x+¢ 


eae | 1 
~(Ss2-JJantesd emcee 


}snaed om aree 


(wiv Let T= J xcostxds 


“008 3A =4 008° A-S.cos A 
= J x( Poona Seon) ax => 4c0s* A =cos3A +3cos A 
4 4 1 


= cos? A cos + 20s A 


a3 equated s? f eos xds 
Integrating by parts, we get 
Is asf cossede ~f {2c f code de} | 
ifs omeds-f {Zen cos as} 


]+$fenins-J 1sin xds] 


$f sin de 


= Bxsinar+ Z cosdx+ 3 xsin +9 cosree. 
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Example 4. Evaluate the following integrals : 
J A) log x de 


i) J xlog 2+ 9) dx 
(iit) [ tog (+32) dx (iv) f 2? log x dx 
(0) J 2 log 2x dx (oi) f 8 ax, 
x 


Solution, (i) Let I= f (1-x")log x de 
eer 
Integrating by parts, we get 


Te loge. f Q~x*)de~ sz og). f (=x as} 


stogs(2-)-J 4-8 


Sx-2° x 
«(52 )ona—22 +e 
(Let 1 


qlog(x +3) dr 
1 
Integrating by parts, we get 


Hatogte+9) f raf {Zdogis-+9y f ede dz 
1 


2 2 
=k eu = 
log x +). Vass 5 |e 


= E topes 9)-2f 2 


x5 
Note. If the integrate is a rational function whose numerator 


and denominator are polynomials 
‘and degree of numerator is greater than or equal to that of the denominator, first divide the numerator 
by tho denominator and then use the result : 


Numerator _ Remainder yet 
Denominator" @°*t!*t* + Thenceinatar eee. be 
sat 43e 
Fs 1 ox 
= Fog 9)- Ff -Sle 


raed] ye 


1 2 37 (x+3-3) 
ate) 203 * 


[Add and subtract 3 to the numerator] 


3 


=F lonteoa dat elf aac f 


3 
ze 13,8,-97 2 

= Slog c+ 9)- 228823 f tas 
Fd 142,3,_9 
Flog (+ 3)- 528 + S25 logics 3) +e. 


(iii) Let Te f log (1 +2) de 
=f Jelog t+") de 
are 


[Note this step, here, we are taking unity as second function} 
Integrating by parts, we get 


Te log (1 +2 f rde-f {Zdogasstn. f Las} 


= log (1 + 2%) x— f Tog Odd 


2 


+x? 


=xlog (1 +34)-2 J (1+2*=D ge [Add and subtract 1 to the numerator] 


1437 
“| 
de 


[Prine f 
=x log (1 +22)-2e + 2tan x +e. 
(iv) Let Ts J logs de 


= log (1 +22)-2 f dx 


alg +2 lde-f a 


= xlog (1 +3)- 242 f 


1+x? 


Integrating by parts, we get 
Talogs fx? de~ f {£ dog) f s* ax} dz 


| INTEGRATION BY PARTS 
| (v) Let I= J 23 log 2x dz. 
Integrating by parts, we get 
eae 2de- life (log 2x). JPac}ax 
= log 2x. = ff doe 
$4 log 2s - (iene 


ois log 2x - tee. 


(wi) Lot T= f BE ds 
x 
=f 27" log z dx 
Integrating by parts, we get 


Tetogs fx de— {200g f* de} de 


= logs. 


e ES Cased 


Example 5. Evaluate the following integrals : 


J xlog +x) de Gi) | x og xP dx 
(ii) [ og x? ax Gv) J ta ae 
wf ed de (wi) J xtan-t xdx, 


Solution, i) Let I= f zlog (+) de 
Integrating by parts, we get 
Ts log (1 +2) J x -f{E (og 14+ 2) fra a 
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{Add and subtract 1 to the numerator] 


log (14x) -2 (eobare 


xe 


2 
tog (1+x)- 


log (1+) 


(i Let t= J gllogx? de 
Integrating by parts, we get 
Te dlog 2 f xdx— J {Log 2. f eas} ax 


1x? 
= (log x)? . 2 J ote ripe 
=} (log 2)* ~ f log x de Untegrating again by parts) 


: Fogo —[logs. fede f {g (og =). Jas} | 


1 x 
J etaog 0? [ln = 


12, 4 (22 
= pF '(log x)? Joga 3( 2) oe 


aie re 
= 5" log xflog x— 147 +e. 
(iii) Let T= J dog x? dx 
=f }llog 2* de (Taking unity as the second function} 
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Integrating by parts, we get 
| Tedogen?. f tide J { dog?.f 1.42} de 
= (log? .x~ J 2logx.4 wads 
= (log 2-2 f log x dx 
\ =x (log x? -2 f jelogs dr Untegrating again by parts). 


logs ~2 logs. f 1de-f {Zaoe.f 1a | 
wx tlogsi?—2 [loge f 2 ade] 


(log x)? —2xlogx +2 f 1.de 
= x (log x}? - 2x log x + 2r +e. 
(iv) Let 1s f 2o™ 

Integrating by parts, we get 


1=x* fa® de-f {Zer. for ax} 


a2 of 
Bloga Sloga 
fa™ 2 a a z 
= Sopa” Sloga) 7° dx [Integrating again by parts] 


als. wattee le as| | 


2 a 
* Bloga -sa [a5 “Bloga f ate 


2 
——; dx 
= gloga 9 (oga)® *Sgar! 
xa* ae 2 a’ 
* Bloga oiora® * O(log a)? “Slog a * 


(v) Let 
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Integrating by parts, we get 


a 
Heke? Jar def {£0g.f aa 


Q+zy"! pd +z! 
-2+1 x” ©2+) 


= logz. 


slog. (1+2)9 + +f tasertas 


1 
ar hes: aa *\ saes* 


all Lda [: 2-3 l+x-x_ 5] 


“Gtx "J |e Tez x lex xl+x) x(1+2). 
lee 
-a5 +f? ad Breed ies * 
MEE iog xt tog L14zl se [ log-log n=Iog | 
“+x nm 
__ loge z 
Gea) lies | "> 
(vi) Let Is J g.tan? zee 


Integrating by parts, we get 
Iestarts, frde-f {Zan fxas} a 


= Stnts-}f 1de+3f wae 
[- fs 


2 2 
2 tant e242 tat 2+ ty 
= x 22 Ete ( 2 ) an x 2°° 


tan? £4] 
a 
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Example 6. Evaluate the following integrals : 
@ J Plog dsxde Gi) f tog (+ fa? +a") dx 
(ii) [ sint xs (iv) f tan x ds 
(0) J sec x de i) f 20% e* de. 


Solution. (i) Let I = J #2 log (+x) dx 
H 
Integrating by parts, we get 
Telog +2). f xtde-f {Loga+2. J ax} de 


slog +2). ae 2 dew gen f irk 
nr arena : PF een 
= Flogaee)-3 f[ ser] ae x42? 
= 2 boga+s) = a 
=A[fetaefeacef nac-f doa] nat 
= Ztega+ 2-3] bare ltt] +e Eee 


ae ag 
= FP lwdtn- 5+ 5+ 5 log li tzl te. 


Gi Lat T= f tog (x+ fa? +2") ax 
=f flog («+ fa? +2") ae [Taking unity as second function} 
1 


Integrating by parts, we get 


Te tog (2+ Ya? +3). f 1.de— f {zie (x4 sea"). 1.as} x 
wing (2). ‘lages(* athe ea 
osteo EF)-f rhein es eu 
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=x log 


=x log 


=x log 


=x log 


=x log 


xt latex? 


-J er* 


~f tes zae 


$ Ji@t+s4.2ede [Multiply and divided by 2) 
“1 Gat xtyv 


5 +e 


T 
-5+1 
2 


[: Jucr.pode= 


_ 1a? +2)? 


=x log 7a te 
2 

ex log (x+ fa? +x7)- fa? +x? +e. 
Gi tet 1s f sint ede 
Put sin@ => sin 
=> — dr=cos odo 

I= J Gcqsede 

Integrating by parts, we get 


129. f cosoao-[{2@ J eosece} ae 


=6sin0-f 1.sin odo 
=O sin 8+ cos 0+ 


+ sin* A+cos* A=1 


=OsinO+ J1-sin?9 +¢ => cos? A=1-sin? A 


= cos A= y1-sin® A 


=xsintx+ J1-x? +0. ty x=sin 6] 
(iv) Let T= J tan-txds 


Put = x=tan@ => 


= dr =sect odo 
I= f gsec*o ao 
Ion 


tantx=6 
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Integrating by parts, we get 
120. f wcteao-| {2 


sec? oa} do 
=6tane-f 1. tan 6 d@ = @ tan 8 — log Isec 61 +c 
‘sec? A-tan? A=1 


=O tan @—log| /1+tan?6| +e = sec? A= 1+ tan® A 
| | => sec A= 1+ tan? A 
a xtan-tx—log| Ji+e" | +e [y x=tan6) 


extantx— 3 log 11 +241 +6. 


W)Let I= f sectzde 


Put x=sec® = sectx=0 
= de=secOtan6d0 


T= f Q.sec0tane ao 

1 n 

Integrating by parts, we get 
=0. f secotanoas-j {2@).f seco tan od} 
=0sec8— J 1. sec 8 d0 = 8 sec 6—log Ince 6 + tan 61 +e 


‘y sec? A-tan? A=1 


tan* 2 A-1 
= 0 00c 0—log| sec 0+ occ 9-1] +e SI roe 
nsec! x—log | x+ Ya? =i] +6 [ys x= 0c 8} 


(iLet T= f tet dre f anxte” de 
Put t=z =) 2edeade 
tefige 


Integrating by parts, we get 


Tez Joa-f{Ze fea} ar 
sre [leds 
e-eteastet—e% +e 


ze" @-Dee 
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Example 7. Evaluate the following integrals : 


(of ee? Gi | e cos x ax 
(x +2) 
iv) f seo x de 
() f cost x dx (ci) f (int x? de, 
Jog (x +2) 1 
Solution. () Let 1= [ WEATP dew f log t+ 2). oy de 


=f +20? log (x + 2) dx 
ft 1 
Integrating by parts, we get 
T= log (x +2). fesartae- ig logtx-+2).f +2)? ash de 


(x+2) 
241 
__ loge +2) 1 Meets) my 
=" Ceaay *) Gear BPH +farartas 
20 
_ logis +2), e+ 2y per 
x+2 G2+Dd 
log(x+2)__ 1 
ee? Gen *® 
(ii) Let Ts J ef cox de (1) 
t 


Integrating by parts, we get 
Te cosx. f ef de~ J {2 oss). fet ds} dx 
= cosxet— f sin x) ede 
wecosx+ fof sins dx {Integrating again by parts) 
set cosx+sinx ferde-J {Zeina fet ds} de 


=e cosx+sinxet- f cosxet de 


> Tse cosx+esinx-I (+ By using (1)] 
= 21 = e* (cos x + sin x) 


(sin x + cos x) +c. 
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GiiyLet T= f 2=88E 
1-cos x 
-J pe] PSs 
1-cos x 1-cosx 
sin 2A =2ssin A cos A 
| 2sin ~ cos ~ = sin A= 2sin 4 cos 
. de 
Dein? = Qein® = and 
2 2 cos 2A= J~2sin? A 
#2] scosec? =, es = 2sin* A=1-cos 2A. 
3) peouget Zax fet Za aA 
= Bain? F = 1-008 A 
Integrating by parts, we get 
el 22g, ( {4 2% - = 
Is 3s. f ome 5a J {Ze J come Saar] Joot§ ae 
x x z 
=3[s (-2003)-f1.[-2enz és|-JontZ acre 


x x x x 
=-xeot 5+] oot Fde foot 5 drve=—zeat 5 +0. 


Go) Let T= f sect de 
sec? x dr 


fms: 
rape 


Integrating by parts, we get 


ef) 


Tsseex. f sect xdx— J {2 (ses). f sec? xaz} dx 


=seex.tanx— f (sec tan.x)tan x dx 
=seextan xf seex tan? xde 
= seextan x f seex (sec? ~ 1) dx 


see xtanx— f sec? xdx+ f seexdx 


= T= sec x tan x1 + log Isee x + tan x! +e 
= 21 = sec x tan x + log Iseex + tan x! +e 

= Te P (oe xtan s+ log Iseex + tan zt +0). 
(v) Let 


(sec? A-tan? A= 1) 


By using (1)) 


{Taking unity as second function} 
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Integrating by parts, we get 
Teeostx. f tde-f {torn. 


meow tx. xa f ie ade 
Te 

sxeostxe f jar* 
=F 


Put I-xt=2 3 -2edend: = rdr=-da@r 


1(_1 1 
=x cos? Ade) excortx-1f 22 
Texcortx+ f 1{-2as] seorte 5 f zide 


1 
aa 
2 
+e 


-}e 


sxcostx-2+eaxcostx- Jz +e 


=xcostx— fe 1-222] 
(vi) Let Ts f (int x? de 
Put intx=z - x=sinz + dx=coszd: 
pee 
Ie f 2 -eos2 de 
Integrating by parts, we get 
daa 
Test. f omeds-f {Lce4. | conse} de 
2% (sinz)~ J 2e.sinzdz 
=2¥sinz-2 J zsinz de [Integrating again by parts) 
it 
; 3 d ; 
= sine—a[s.f sinzde-J [Z00.f sinzae} de] 


=2sin2-2[2(-c0s2)-[ 1.(-cos 2)de] 
=2%sinz +22cos2—2 f cosz de =2sinz +2 c0sz~2sinz +e 


sin? A+ cos” A=1 


ioe a 
2? sinz +22 /1-sin?z -2sinz+e a Hy 


=> cosA=yl-sin? A 
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= (sin x? .x+2sin tx f1-x* -2r+c¢ 


=x(sin x? +2 


{-x* .sintx-2r+e. 
Example 8, Evaluate the following integrals : 


(i) [ sin dz dx (ii) J xsintxde 
Gii) f xcort ede (iv) f x cot! x dx 
(v) f x coweet x dx (vi) f cott xd 

wii) J sin® Ji de (wité) f see! Vi dx 
(is) f 008 x log sin x dx. 


Solution. (i) Let = f sin vx dx 


Put Jeez => By end = faced = dratedz 


Te f (sinz) (22 de) =2 J going de 
Integrating by parts, we get 


1-2 [J sinzde—f{Zio.f sinzae} 


=2[2(-00s 2)~ J 1.(-c0s2) de] 


=-220082+2 f coszds = 22 cosz+2sinz+e 
=~ 2Vx cos Vz +2sin Vz +0. 
(Lot 1s f xsin' x dx 
1 


Integrating by parts, we get 


Tesiots. fx.de-J {2 int 0. f x.ds} de 
seins. Sf Le 


1 
? gee2 ete f 2 
Raat 2 sints-2f are 
= 
where 
Put xesin@ = 2?=sin?o 
= 


dz = cos 0 d0 


233 
te sin! x =z) 
te z= vz] 
eA) 
lB) 
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=f FEES om oan 
ae 008 640 
=f S08 cos ode f sin? do 


ao= 3 1.d0-3 | cos 20 


eae poe 
= 707g Pein 6 cos 8) + 6, 
1st 


= 40-4 sin6cosd+c, 
22 


=fo-Zeing fi-sin? 6 +e 
t= Joint s-22 fi x +e 


Putting this value fi in equation (2), we have 


> 


int e—2[J pint s- 2s f1- 
T= jain! 2-5/5 sin 2-5 2y1 toy 
Cee ee Re 
=F sin a-}[sin x-xyi-s* -de, 


oats} 
2 


3 fein? - -x1- F] +6 
Git) Let T= J gooets de 
Integrating by parts, we get 


Te corts f x.de~J {2 (coo? 2).f ax} a 


= cost x. z-f art 2 as 


2 
E costes 


te sin? A + cos? A = 1) 
cr) 

+ cos 2A =1-2sin® A 
= 2sin? A=1-cos 2A 


= sin? a = (25824) 


2 
sin 2A = 2 sin A cos A) 


wheree=- 2.4. 


aA) 


yess 
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Put = x=cos@ => de=-sin@ do 
cos? @ 
sel bere hand 
2 
J FS sinoae 
ein? 


--f 0°9 sin don f cost odo 


1s = 
~1 sine Ji- 
jain Y= sin 


Putting this value of I, in equation (2), we have 
2 
x 


J sin 8 cos 8) +c, 


Sandal? +] 


of) 


sin? A +cos* A= 1 


= sin? A=1~-cos? A, 


‘cs 2A =2cos* A-1 

= 2cos* A=1+ 005 2A 

1+c08 2A 
2 


= cos? A= 


sin? A+cos*A=1 
= cos A=1-sin? A 


=> cos A= /1-sin? A 


1 
where = 54). 
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2 2g 2 
scott. 2 f( 22) # wee ete tf 
= (eh eg a) ee 


(tet t= f gomect x de A) 
Integrating by parts, we get 
Tncmecx. f x.de-[ {S (ooreets).f eas de 


w=f2) 


where i=] 


nef plla)-HI one 


ha 

a 134 

Ty tasgda tet ta 
2 


= Is yx?-1 +e, fy zext-1) 
Putting this value of I, in equation (2), we have 


tn 2 couet zr} [Frise] = 2 were} 
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(vi) Let Is f cot txdr 


=f jecopt ede (Taking unity as the second function} 
Integrating by parts, we get 


Tecot tx. f Ldr-J {Lear s.f 1dr} de 


roots f(b xdeeseortes f ; 


srattee}f 


[Multiply and divided by 2] 
1 fie) 
“cottecl te . 
seotle 5 log M+x4l +e. [ lia* logif(x)l+e 
(vii) Let I= f sin’ Jz de 
1 1 
Put Ji=2 = ppdeede > godr=dz = de=2ede 
I= J (sin 2) 22 de =2 f zsin?zae 
+ sin3A=3sinA-4sin* A 
=2f (Zain z—Zsin32) de = 4sin® A=3sin A-sin3A 
= sin? A=3sin A-1sin 3a 
4 4 
3 ‘ 1 “ 
= 5] goinzae- goings de 


it i 
Integrating by parts, we get 


I= ale sinzde-f {2.f sina] 
= ies sin 32 de— J {goJ sine de} de 
remmaa-3L-9*) 1-54) 


3 3 1 1 
ao jzce+ Sf con 2 dz +7 2.00832 ~7 f cos 82 dz 


3 3. 1 1/(sin 3z 
8 seours eines deems —2(t88) ce 


== § 2cosz+$sinz+} zcosaz—H sin ae +e 
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=~ 3 eos de + Sein VE + 3 Ve cos WF ~ sin WE +0. 


(viii) Let Ts J sec! Ve dx ofl) 
1 1 
Put veaz = De ere = gpdewds = de=dede 


Te f (s0c-* 2) 22 de 
=2f gece? ede wl) 
ie 
Integrating by parts, we get 


tn2[mets.fede-f {ge 2).J eas} 
[ere d-f Sa] 
=2tsoctz— J Ea* 


= Taz? sectz-I, (3) 


Put sioloy <b Bedewdy zde=3dy 


aes ly +e, 


re 


=y2*-1+e ts ysz-1) 


Putting this value of I, in equation (3), we have 


LeBoect2-(JFri+q) axe! Je ET 4 


=xsect Jx-Jr-1+e where ¢ =~}. 
(ix) Let I= J cos. log sin x dx 
oe 
Intograting by parts, we got 


login. { cos de— ig (og sin 2). J cosas} ax 
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= log sin 2) (sin 2) - { [—*ens.x}. sin xe 
sinx 


= sin x log sin x) — J cos x dx 


= sin x (log sin x)~sin x +c. 


Example 9. Evaluate the following integrals : 
(i) J xsinx sin 2x sin Se de i) f cos Vz ae 
(ii) f sin-t (x —42°) de (iv) J xtant x dx 

(v) J race! xds. 


Solution. (i) Let I= f xsin x sin 2x sin Sede 
#3 f x(@sin ax sin 20) sin xde [Multiply and divided by 2] 


-3J x [cos (Bx ~ 2x) — cos (Bx + 22)] sin x de 
2.sin Asin B = cos (A ~ B) ~ cos (A + B)] 


1 A 
= 5 J =e0s x—cns Sxl sin x de 
1 as P 
= 5 J eos sin x—x 008 Sx sin 2) de 


1 a 1 2) 
=p] x @eosz sina de— 2 f x(2cos Sx sin) de 
[Multiply and divided by 2 again] 
32 peaieen? (a ieee 
= Ff xsin2ede q J sin Gr +2) sin (5x —2)) de 


sin 2A = 2 sin A cos A] 
[2 cos A sin B = sin (A + B)~ sin (A -B)] 


“Af papa 3] papeeaes 2) quptee 
Integrating by parts, we get 
redfef sinards-f {Lco.f sin2zde a] 


+4 J sindede- ie (2. f sindz. ds} a] 


ole 


ECC] 


fe sets) f (_smete 


1 1 1 1 
a prconte+ 5 f contede+ 5 xeos6s-— | costed 


1 1/(sin 2x 1 
=~ Jrom2re( : )+ fp xcoe 6s 


1 Zs 1 eet 1 a < 
So grees de + se sin 2x + 57 x cos Gx sin Gx — 5 xeos 4x + 27 sin dr +c. 


Gi) Let I= f cos Jz de 


Put 
Integrating by parts, we get 
d 

=2[2.f cos zde—§ {2-c).f ew zde} 

=2[zsinz—f 1.sin2dz] 

= 22 gin 2-2 (~coa.2z)+e= 22 sinz+2cosz+e 

=2-Vz sin fz +2cos Vz +0. te z= ve) 
Git) Let T= f sine! (x ~ 4x9) de 
Put z=sin@ => sintx=0 


= dr=cos0d0 
I= J sin-t (3 sin 0-4 sin® 6) cos @ d0 


sin 3A = 3 sin A-4 sin® A) 
= J sin (ein 30) c08 6 d0 = { 30.cos 0 d0 


=3 J Geos eco 


| Integrating by parts, we get 


i tsa[0.f cosoae-f {Z0.f oxo} a5] 
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=3[0sine- f 1.sinodo] 
= 30 sin @~3 (~cos 8) +¢= 38 sin 8 +3 cos @+e 


= 30 sin +3 J1-sin?@ +c 


= (8 sin z)x+3y1-x* +e cos A=1-sin* A 


=8rsintx+3 J1-x7 +c. 
(iv)Let I= f tan xdx 
i? 
Integrating by parts, we get 
. 4 tan 
Tetarts. frde~f {tan 2).f x.de} de 


Ww)Let I= f xsce? eds A) 
Integrating by parts, we get 
1 F gee 
Te sects, f xdx—f {$ (soc). f x.de} de 


(2) 
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Pot st-1=2 = 2edeade = xde=tae 
1/1 1 
4=f#-(G4)-3/ Mae 


1 
aha 


1jz? 1fz”? 
“He sd E rl oese si oe, 
2 = (P-1+4, [- ie =1] 


Putting this value of I, in equation (2), we have 


te Z sects ALF -1 te] 


i \Pnite where e =~ 3 ey 
Example 10. Evaluate the following integrals : 
@ J 2 sintede Gi) J Post ede 
Gi) [ 2? cott x de (iv) J 2 cosect x de 
() J Atanas. 
Solution. () Let 1= f 2? sin“ x dx AD) 
Integrating by parts, we get 
Tesints ft af {Zein f tas dx 


xt i, ou) 


Put ji-# =z 


= I-22 = Pel-2 = Okde=-22de = xde=-2d2 
a-2*) 
taf S22 Czde= f et-nde 
. J Zz - J , 


=[2a-f LdeeZ zee, 
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~Ji-2 +e, 


te Sin ta ase a2 | fine de 


1 
= sin" ‘enka ates 1-x* 1 


aaxty8 +2 1-x" +0). where ¢, = Fe. 
(i) Let Ts f xt cog! xdx wD) 
Integrating by parts, we get 
Tscostx. f 2% de~f {Ztcor vfe -ds de 
=> 2) 
where 


Put Vi-x* =z 


= lasted? = atel-2 = Qxdes—2de = xdea-zdz 
a-2z) 
Le (-2de)= f (2#-1)de 
ha eel 
a 
= Jede-J id= S-240 


ayn 
oe AF +e, 


Putting this value of I, in equation (2), we have 
2 ‘a-22)? 5 
tLe erS[O Fon 


2 
= Dest xs tat 2 i= tie 


aayi-#] 
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2 
= Doostxs hast Ax? +0. where c= 2 ey 
(ii) Let 1s f x cot xdz AD) 
at 
Integrating by parts, we get 
Tecorts. fat def {ZL coort an. J xt asl ae 


8 


soos, (a4 Baek ott x+2f = 
3 J (aes? 3) 14x? 


NOTE THIS STEP : See note example 4(). 
eee (x 
tate 


re dx [Multiply and divided by 2) 


2 
= Fetters 2) Diop sail +e 


oe [LO ae 
[: LO aentog tens] 
3 2 
= Zcot t+ 2-2 log it +41 +6. 
(iv) Let conse"? xdx =D) 
Integrating by parts, we get 


Te come x f xt dx— J [$tcoseet jx ax} de 
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= cosec? A —cot* A = 1) 
=- J cosec* 6 de 3) 
= J cosec #cosec? 6 8 [Integrating again by parts) 


=- [oes foe? 0a0-f {tomecer J coc? oc} ao] 

=~ [eosec (~cot0)~ J (~cosec 0 cot 0) cot 0) d9] 

= cosec @ cot 8+ f cosec @ cot? 0 dO 

=cosec @ cot 8+ f cose @ (cosee?#-1)d8 ——['-_cosec? A cot A= 1] 


= cosec @ cot 8+ f cosec? 8 d0— f cosec 8 d8 


cosee 8 cot 6-1, ~ log Icosec 8 — cot 81 +c, 
= 2, = cose @ cot 8— log leosec 6 — cot 81 +c, 


Using equation (3)] 


“2 cosec* A-cotA =1 
Lyx Femsec Boot 6 togioasee 8 cot + Ze, cot? A= cosec? A - 1 
cot A = ycosec* A-1 


cosee @ yeonec™ 8-1 - 2 og| coc 9 feosec™ 0 1|+2 a 


cosec @ = x) 


Putting this value of I, in equation (2), we have 


: 
ta 2 cee [LaF o—Bag|2-YPTH fey 
3 32 2 2 

é 


2 Sexe daa H gs Fi ode 


3 
= Ecoee tee Lay ~Jiog| x-YF =| +6. wheree= Ze). 
w) Let T= fx? tant xde 
Integrating by parts, we get 
Tetante. ft de-f {Zan « Jxtac} ae 


2 3 
stantx, 2 Z fe 
ar) Ie 3 
= 
3 
2 
3 


rng 1 1p _2& i ey 
= tan sop fears] Pesta {Multiply and divided by 2] 


Ped ca i 
tan" 3s(« Fale [Note this step] 


tantz-2fede+df Ao de 


x41 


2 2 
Epon Yomi | fal Pa | ie po oe 
=jinte (F)o$uwtetsase [: CE dee tgifaie| 


+ log be? +11 +e. 
Example 11. Evaluate the following integrals : 


© f cot 2 ax iy j PEMOE® ae 
= x 
2 
Go | Gap (iv) J sin x tog cos x dz. 


Solution. (i) Let T= f cost 4 
5 


-~(] 
=f jesogt de [Taking unity as second function) 
Integrating by parts, we get 
Insects. f1.de-f {Zee 2).fr.as} ax 


= f sectrae [: sect 


swctenf(ahg}e 
wemetenf phe [: fete nee 


a xa0ct log |x+ Yx?=1| +6. 
diet If Ree0ee2) ae 


Put logx=2 = deae= ae 
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T= flog ede 


247 


=J Jlog zde [Taking unity as second function] 
t 


Integrating by parts, we get 
Teloge. f 1.de~f {£oee). 


tude} de 


loge. 2~f 3 vedenzlogz~f 1.de 


2 log —2 +¢ = log x log (log x) ~log x + [ie 2=logx)} 
logs ag og) I+ 

Git) Let I= 

= ren x ze 

Put sintxez = xesing => dx=coszde 
[|e in? A+ cont A= 
et Le sin® A + cos? A= 1) 


Sata 


~J psgeae 


Integrating by parts, we get 
Tee. feectede-[ {Z02.f sect ede} de 


=z.tanz—f 1.tanzdz=2tanz + log leoszl +e 


sinz 
=z SEE + log loos 2! +e 


: sin* A+cos* A= 1 


= cosA= 


az, 802 4 Jog] fain? mca? Acts? A 
+ ER +a mea? | +0 = cos? A= 1-sin’ 


sists), EG + og SAR | ve 


te 


eo tealiehied Loe 


(iv) Let Is f sin log cos x ds 
Put cosx=z = -sinxdredz = sinxdx=-dz 
Tm flog 2 (- de) 


A 


sin x = 2] 


J pilog eae (Taking unity as second function] 


248 


sfiees 


=-[zlog2 Jide] -stoge+ f t.de 


=-zlogz+z+c=-2{logz—l+e 
=~c0s x [log (cos x) - 1] +c. 
Example 12. Evaluate the following integrals : 


2 = 008 x} 


“( ca 
atx 
tin lar ta 2+ te] ae 


1-3? 
1437 
Put xstan@ = O=tantx 


Solution Lat t= f coef 


= J e05-t (cos 20) dx 


=f eden? f tamteds [ty @=tan x} 


=2f Jetapt xds {Taking unity as the IInd function} 


=a[tants.f 1de-f {Zan ».J sasha] 


[Multiply and divided by 21 
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= 2c tan“! x—log I1+2%l +c. [: Fe ae mtogiise| 


in“! 
(ii) Let 1. | re 
1- x? 
Put xe=sin@ = O=sin?x = dxr=cos0d0 
Te f ee con oa 
'1~sin? @ 
ir tele [osin® A + cos? A = 1) 
cos" 


I> J gap oae 
Integrating by parts, we get 
1=0.f sinedo- J {Z.f sino ao} do 
= 8 (cos 8)— f 1.(-cos0)d0=-8c0s 0+ | cos ede 


=-Ocos@+sin@+e 


=-0(/i-sin®8) +sino+e 


a-sints(fi-a*) +x+0 


=-yl-x? sin? xtx+e 


Put tantx=z = x=tanz > 


re eas 
Is f (tant z)2de = f ztantede 
=f e(eetz-Dde (sec? A— tan? A = 1) 
= | geet ede J zde 
Integrating by parts, we get 
tae, f secede J {Zee f sec? zdz 


250 
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(iv) Let 


Put 


2 2 
sztanz J titan ade -F +002 tan 2—log Iaee 21 ~ = +e 


+ ‘y sec? A- tan? A =1 

=ztanz~log| i+ tan®z |-= + = sec? A=1+tan? A 
= secA= (i+ tan® A, 

stars log] fea? | an +e 

sx tantx—log| Yea? |-3 tant +6. 


t= f tant PEE ae 


x=cos@ => @=costx = dr=-sinedd 
: 1+008 2A =2cos? A 


Ts f tant 12088 | (_ sin @d0) 
T+ 0088 
A 
a? = 1+c08 A =2.c08? = 
1 [Bsin™ 872) i. 9a 2 
‘Bees? 0/2 and 1—cos 2A =2sin* A 


= 1cos A=2sin? 4 


=~ J tan“ (tan @/2) sin @ do 


ai 
2 


ate sin@+e 


+ sin? A+cos*A=1 


= }Bcmn0- 5 Y1- cos? +e = sin? A=1-cos* A 
= sinA=y1-cos* A 
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2 
(o) Let Is f sin (=~ dx 
a+x 


Sa a = an P ‘ 
Put aint [2-8 = =sin@ => [i> =sin?@ [Squaring both sides} 
= 


x=a sin? @ +x sin?6 
= x(1—sin® 0) = asin? @ 


in? 

= x= asin Gs sin? A + cos? A= 1] 
cos” @ 

= xsatan?@ = @=tan’ 

=> dz = 2a tan 6 sec? @ d8. 


I= J 0. (2a tan 0 sec? @ de) 
=2a f 9.(tan 0 sec* 6) do 
T a 
Integrating by parts, we get 
1=22[0.J canone'ora0- j {£.f tandsec'o co} as] 


[: fuer rede Let | 


“| 


=a@tan?@—a f (sect @- 1)d0 [> sect A~tan? A= 1] 


: 
sage fs. 0 49] ~a tato—c f anton 


=atant@-a f sectedd+a{ 1.d0=a0tan?@—atand+a0+e 


wo. Stan [F-a.[F ratan" fF +0 
iat ra F 


 xeatan?@ = tan*o=* 


a 
= tan — = oetant fF 
a a 


=(x+a)tent [E-ve +e 
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Put x=tan@ = dr=sectodo 
re f sit ( 2 ? ) ec oa 
1+ tan” 6, 


= J sin (ein 20) sec? 0 de 


= J 2esectede 

POA Sa 
r-2[0.f oxcto.d0- f{Z0).j sxc eas} ao] 
=2[o.tano-f 1.tan0d9] = 20 tan @ +2 log Ios 61 +c 


=29tan0+ 20g | 2 +6 
ro) 


1 


vcs A= 
2 A-tan? A= 
as lanes Stee] =| and sec? A~tan? A=1 
1+ tan? @ = sec? A=1+tan? A 
= sec A = ¥1+ tan? A 
1 
=2tants.x+2log tee Qrtan t+ 2log (1+ x27! +e 
Jew 
ty x= tan 6) 
= 2x tart 42(-2) log 14st + log m” = n log m) 


= Qe tan! x —log 11+ 241 +0. 


(vii) Let 1 f [oer s+ 3] ae 


=f flow dog s)de+ J 
Integrating by parts, we get 
= log dog). f 1-de- f {Zoe doe 20. f Las} acs f 


wloedoes) + f (2.2). edes f DA ae 


Tognt % (Taking unity as second function) 


dr 
(log x) 
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= 2 log log 2) ~ J me] tga & 
= log (log 2) J fellog 20% e+ f rr de 

(Taking unity as second function. Integrating again by parts.) 
=o og 2)-[ ogy J a.de-f {Zaoesrh.f sas} 


1 
“J Gog? & 
#)s) Tear * 


1 

loge Sma* ee rete 
= log logs) - FF +6. 

Teample 18, Bola the filewing itera 


of SOME ae Go fran (5255) ae 


(ii) ju = de Gey Jeo 200r &) dz 


ae it 
-x* 


sees ee aes 


= x log (log x) — 


mi 


Put costx=@ = x=cos8 = 


If gens do 
Integrating by parts, we get 
120. f cosodo-f {eof cos do} do 


=Osin@-f 1.sinede 
= 0 sin @~(~cos 6) +c=Osin 8+ cos 0 +c 


= 0 J1-cos*@ +cos 8 +0 
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Put xstan@ = dx=sect@d0 


Uf tan ( 2m? ) actoao 


1- tan? 6 
2tan A 
af tox tan 2A = 
J tan (tan 20) sec? 0 do [ es] 
= J 20sec ode 


=2] g.sec? 0 d0 
Integrating by parts, we get 
=a[of se eao-f{2@.f = 020} aa] 
=2[0.tano— J 1.tan ode] =20tan 0-2 log Isec 81 +e 
+ sec? A-tan*A=1 


= 20 tan 8-2 log| f+ tan? @| +e = sec? A=1+tan? A 
= sec A= J1+tan? A 


=20tan0-2(3) log 11+ tantol +6 [y x=tan 6] 


= 20tan 6—log 11+ tan? 01 +¢=2tan!x,x-log I1 +24 +0 
= 2x tan"! x —log 114221 +e. 


a {se 
(iii) Let Ts J tan (Se sin) (Please try yourself) 
(Hint. Put x=tan@ = dx = sec? 6d0. UAne :3e tants $ log 114 341 +6. 
tan 30 ( 
(iv) Let I fom {ese 2) a 
l+x 


Put = -x=cos@ => @=cos?x = dr=-sin@dd 


1 fom 200 [FzB) cameo 
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\ *s 1-08 2A =2sin? A 

: e = 1-cos A=2sin? 
a, a 2] si 

J cos|20ot ; and 1+ cos 2A =2 cos? A. 


> L000 A =2 00? & 


=~ | cos cxa[2($-$)] in oad — f contr ®) sin 0d0 


=~ J 00s 6) sin ode 


cos (180° ~ 8) =~ cos 6] 


J os0(-sin da 

oS b se [: fuer rover a 
Zee le x= 008 0) 
(v) Let ij eee cua SE ae en) 

fz + cos 
ape) aoreu'sef] 
® 2 

2 


=2§ (asin Ve-2) de= $f sin Ve- rea 


= t241,-x+0 (2) 
where I= sin Ve de 

Putsin' Jg=z = Jg=sinz = x=sin*z 

= de=2sinzeazd: = de=sin 2ede [+ 2sin Acos A= sin 2A] 


te pape 
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Integrating by parts, we get 
I=2. f sin2ede—f {£o.f sin 2s as} de 

1 

2 


(fof 


1(sin2z 1 1, 
=~ Pecos2e+ (8828) a— 1 seoe2e +} sin de 
1 in? 1 a A 
=~ g2(I-2sin® 2) +7 .2sinz cose fy cos 2A = 1-2sin? A] 


vy sin? A+ cos? A=1 


=- 2e(1-2ain? 2)+ } sine i= 2 cos’ A=1-sin? A 


=> cosA=y1~sin® A 


~» 1, == fain" Ve (1-29)+3 Ve cory [> z=si 
Putting this value of I, in equation (2), we have 


t= [2 in Ja) 1-29) 415 I=z]-x40 
=2[er-vsin Ve+Je-# ]-r00. 


* va] 


4.3. INTEGRALS OF THE FORM | e~ sin bx dx, [ e~ cos bx dx, { e* [hf(x) +1’(x)] 
dx 


‘Theorem 1. Prove that : 


ett sin br de = (a sin bx ~b cos'bx) + ¢. 


(a? +67) 


Proof Let I= J et sin bxde () 
Integrating by parts, we get 
. ax d or 
Tesindr. fe asf {Ztsinbs. fe ar} ae 


=sin br. “—— J beos bx. de 
@ a 
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sinte—2 conte. J -bsintn a] 
@ a @ 


e~ are e " 
= Sain be - ye conde ~ 2p f et sin bx dx 


ax 2 
te sin bx ~b cos bx)-2 (By using equation (1)] 
a a 

8) oe a is 
o> [142 |r2SS fa sin bx - 6 c08 bx) 

@)a@ 


{a sin bx - 5 cos bx) 


= I (a sin bx ~b cos bx) +c. 


“ae 
‘Theorem 2. Prove that : 
Jett coo bed =F (con bx + bin bx) + 
Proof. Let I= f e* cos br de 2D) 
Integrating by parts, we get 
s d ex 
I=c0s bx. fe dxf {2 coasts fe ax} ae 


é 


= 0s br. = ~ J @bsin bx) 


_ cost +2 fet sin bx de [Integrating again by parts) 
« of, = 4 i - 
= Si coabe + #[ainte. fe def {Leeinte) fe ds} az] 


Sr ee ee 


2 
com bx + * % sin x5 f et cos bx de 
@ @ 
oa © tas e i 
= Te ens br + Jy e% sin be 2p T [By using equation (1)} 
a 


) et 
= [1455 ]1=5> (008 bx +b sin bx) 
a) 


- (2) 


y (@.cos br + b sin br) 


INDEFINITE INTEGRAL 


al - 
Te Gig Onde +b ainda) +e. 
‘Theorem 3. Prove that : 

Je tepo+ (Gilde e fix) +e. 
Proof. Let I= fe [h fis)+ /')] de 

=k on fa) des J peda 
Integrating by parts, we get 

tsk. [feo. fet ae-f {Zuren.fem |e] f fads 


=1[re. fra. S +fe fade 


= faye [eM piades fe f'@de+e 


se fix)tc. 
‘Remark. In the above theorem, if k = 1 then, we have : 


Jeta+randnefaee 


SOME SOLVED EXAMPLES 


Example 1. Evaluate the following integrals : 


@ J esineds Gi) [sin ax dx 

(iit) J e* sin xe (iv) | e* cos x dx 

(0) f e cos 2¢ dx (i) J 008? x dx. 

Solution. (i) Let I= ff sin xdx ~) 
Integrating by parts, we get 


sain. fetde-f {Zins 


* ds} de 
ssinzet— f coszetde 
setsins— J of coe xdr [Integrating again by parts) 


fetac-J {gtcons.Jeas}ae] 


=e sins-[ome. 
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=e sin x [cos ze" -f (-sin ae" de] 


=e sinz—e' cos x— f et sin eds 


= I= e* (sin x — cos x)-I (By using equation (1)) 
= ‘21 = e* (sin x — cos x) 

= 12 £ in x—om2) +6. 

Gilet I= f e ain Sr dx w() 
Integrating by parts, we get 


Tesinge. fe de-f{2tcing0. fede de 


2 2 
ae é 
sin 3e SJ Soman S ae 


es 35 ox ‘ is 

= Sain se f 98 Se. de (integrating again by parts) 
Col ax ar 

= Span Sfeonae. Jemtae- J{Zcmsao.fe ar} 


ee = 


= (sin 3x— eens [By using equation (1)] 

cad (a sin Be 3 cos Be) 

= © (sin ae—3 000 2) 

= GP ebeaii 

Git) Let = fe sin xe en) 
n 

Integrating by parts, we get 


1 sine. fe%de-J{F-cins). fe% as} 


awe el 
=sinz. <> —J oz de 


INDEFINITE INTEGRAL 


oo fet snes df et os xde Untegrating again by parts) 


w— fet winx Zfooes. fot arf {Ztconn. fo™ ds} a] 


= Josinn 


2 ok Oe gs 
cosx =F f e* sina de 
= Te de% (asine+coss}-}1 [By using equation (1)} 


= (1e3)t--de* @sins +0082) 


= Bte-Fe*@sins+cos2) 

= 12-}e* sine sens) +e 

iv) Let L= f e** cos xde eof) 
a? 


Integrating by parts, we get 
Tacos. fort def {2 (ons) 


= 00st. fei 
an etoose- fen (Integrating again by parts) 
sretoons [sins fot def {Ztsin ~* as} a] 


=-eroms-[sins SS -J oe Sa 
snetcosxtetsinx— f e*cosxde 
= Ia-e* cosx+esinx-I {By using equation (1)] 
= 2M =e [eos x—sin x] 
> In e*[eosx-sinsl +e. 
(Lat T= f ef gs Bede x) 
Integrating by parts, we get 


I= c0s 2x. fet dr-f {Zicosan. fet as} ax 
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008 2 et — f (-2sin de) ede 
setcos 242 f ef sin 2edx Untegrating again by parts) 
: 4d : 
set omac+2[sinas. fe arf {Zain fe as} | 
= cose +2 [sin 2e.c" - f (2.08 2x)e" ds] 


ef cos 2x + 2e*sin 2x —4 f ef cos 2x de 


= I=. (cos 2x +2 sin 2x) - 41 [By using equation (1)] 
=> SL =e* (cos 2x + 2 sin 22) 

= T= Be (cose +20in 28) +0, 

(wi) Let 1 fe cos? xe (1) 


! cos 2A =2c0s"A-1 
=> 14008 2A = 2cos? A 


= coe? A= Lhe 2A 

= Q) 
where y= J et cos 2e dx (8) 

Integrating by parts, we get 

Ys conar, fet asf {2 coon2n fe as ax 
et & 
000 2e. — f (-2sin 2s) de 

co 2x+f e™ sin 2x de Untegrating again by parts] 


cos 2x-+in 2x. fe def {Zeina je de} de 


A Cal & 
cos 2x +sin 2e. 5 — | (2e00 22) dx 


(cos 2x+s8in 22)~ J e* cos 2x dz 
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ae 
= > (cos 2x + sin 2e)—1, {By using equation (3)} 
a 
= 21, = “(cos 2x + sin 2x) 
2 
=> (cos 2x + sin 2x) 


4 
Putting this value of I, in equation (2), we have 


ze fae 
Te +3) (cos 2e+sin 22)| +0 
4 2,4 


SP (cos de + sin 2x) +0. 


Example 2. Evaluate the following integrals : 


(i) | sin bx + 0) de Gi) J 0s (ox + 0) dx 

(ii) J sin dog 2) dx iv) J? cos dx 

(o) f e*sin 2xde i) J e+ 008 4x cos 2x ds 
(oid f oe a 

Solution. (i) Let I= fe sin (bx +0) de AD) 
Integrating by parts, we get 


Remark. If the integrand contains both the functions integrable and none can be finished by 
repeated differentiation, then take any one as the first function and other as the second one. Repeat the 
rrule of ‘Integration by parts’. 


Tne. f sin(bx+0)dx-f {ge sin(bx +e) de] dx 


SF contbe +e)+F f ett cos(dx+e) dx [Integrating again by parts) 
1 


combo) fe J conttx+e)-f {Zier .f contr +d} a] 


[= sind te)_ [oe sinibst-0) 
6 ‘a b 


de 


INTEGRATION BY PARTS: 


= 2 
= T= Flasin x + 0)- bens (oe + 0))- 5 1 [By using equation (1)) 


Is [a sin (bx + ¢) — 6 cos (bx + ¢)] +C wl) 


Po 
a? +b? 
Note. The value of I can also be expressed alternatively as follows : 
Put a=rcos0,b=rsin®,r>0 

Square and add, we ha 
a? + Bt m8 (sin? @ + cos? @) 


= r= fa? +b? 


sin? A + cost A = 1) 


= $F - loos @ sin (x + c)~ sin cos (bx + ol + C 
7 


== sinibese-o 4c (: sin (A -B) = sin A cos B - cos A sin B) 
In wain(te+e~tan4) 40, 
Your « 
Gi) Let = fe cos(br +0) dx (1) 
er 
Integrating by parts, we get 
cs 
Tne. f cone vedee- J {2ce.f con e+e) asd 
sin (bx + ax sin (bx +c) 
wee SO fae EO ae 


= Fain be +0) 


Jo sine +e) de [Integrating again by parts] 


os feet f gi Ci 
= aintox 20) Ze _Jrintir sas {Lee 2 f intr sends} 
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7 < inte 96)~ $e (- cent +0))_Faee (-2222)as] 


= 2 
= Fain ibr +04 5 con(bx +0)- $F fe cos (bx + 0) de 
- 1 FF (sin be +e) + aco (be +e))~ 21 {By using equation (1)] 


2) gar 
= (uge)e GF losin (be + 0) + 0.08 (bx + 


\ee (b sin (bx +.) +. cos (bx +¢)] 


= 
= Ie Cappy Pain tbs +0) + acon (be +e] +C. (2) 
Note. The value of I can also be expressed alternatively as follows : 

Put a=rcos8,b=rsin®, r>0 


‘Square and add, we have 
0? + 6 =r? (cos? 8 + sin? @) 


2 re orse 
— 6 _rsine 
On dividing, = 2" Te 


sin? A + cos? A = 1) 


= tmoe2 = ext (*) 
@ 2 
-. Equation (2) becomes 
T= & Gr sin O sin (bx + €) + 7-008 000s (bx + c)} + C 
7 
 pinoat 
=F +7 Lsin O ein (he + €) + con @ con (be + c)] +0 


= © conto +e-o+0 [cos (A ~ B) = cos A cos B + sin A sin B] 


= higlen tere t]}-0 
Yee @ 
(iii) Let I f sin Gog) de wf) 
Put logx=z = x=e = dree'dz 
Is f sinz.etde 


= I= f ef sinz de el) 
1 
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Integrating by parts, we get 
Tee. fsinzede-f {Ze sine de} de 


met (-08.2)~ f e.(-co82)dz 


=-e cos2+ fe cos2 de Untegrating again by parts] 
on 


cose slot. f conede J {Zee.f cx ae | 


=n cosz+[e" sinz~ fe! sinzdz] 


= 1=-e cosz +e'sinz-1 [By using equation (2) 
=> 21 = e* (sin 2 - cos z) 
= T= (sinz~cos2) + 

eet 
= T= > {ain (og 2) ~ co (og 211+ © z= log =] 
> = 5 [sin tog x) ~ eos (log 2)} + ¢. [ele = fix)] 
(ivyLet_ T= f xtc cos.2* de (1) 


Put faz 3 atdrads = tde=lae 


1s fet cosz.(2as) 


3 
lee 

= 1a 5 J ef cose ae lB) 

Integrating by parts, we get 


tn der famed f{Sier.J omzat} as] 
= [et sin 2— fet sin z dz] 


= det sing-2f et sinz de Untegrating again by parts] 
3 3st 


. detsine=3[et.f sin zdz—f {geJ sina} | 


= het sin z—[e* (-cos2)~ fe" (-cos ide] 
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fet sin 2+ Let cosz-2 1 [By using equation (2)} 


= I=-3 


= (163) =] leos2—sin 2] 


w Ate 


3 & (cos z —sin 2] 


= I=] e (cosz~sinz)+¢ 


e* (cos x3 sin x3) +c. ty zx] 


(Let T= f ett sin ede 
= J es. 2sinx cos xdx [: sin 2A = 2 sin A cos A] 
Put sinz=z = cosxdr=dz 


Is fe. @ede) 


sige 


Integrating by parts, we get 
reals fore {£o-Jea}a] 

wa[eet 
=2e%*(sinx- +e. [yz =sinx] 


(vi) Let = fe cos 4x cos 2x dx AD) 


Let de] =e -2etee=2ere-D+e 


= FJ e702 cos 4x cos 20) ae (Multiply and divided by 21 


. afer [cos (4x + 2x) + cos (4x ~ 2x)] de 
Le 2c08 A cos B = cos (A + B) + cos (A ~ B)] 
1 re 
= AG (cos Gx + cos 2x) de 


= Df eteos eds + BJ et con aed 
a) 


(3), 
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Integrating by parts, we get 
eer. f costxde-f {Lief cos 6x ds} ds 


wer tin6s fon sinGe yy 
Cee Ler 


mr sin Gas fet sin6r dx Untegrating again by parts) * 


ve eegee 
© cos 6x— 5 J e cos Gx dx 


> I= gh e+ (6 sin Gx ~ cos 6s) ~ 1 [By using equation (3)] 


4 


1 1 ‘ 
(1 d)n-d e* [6 sin Gr — cos 6x) 


2 is e* (6 sin Gx — cos Gx) 
2 1,= A e* sin 6x—cos Gx) AA) 
and = * cos 2x dx AB) 
tee Jef 
Integrating by parts, we get 


1,2 


ox. Jeosacde-f{2een.f cos 2x ds} dx 
wer BO2E_f me 


= et singrs 


leo gi: 
ai fare 


= ya dettzsinde-cos2el- Fh (By using equation (5)] 


INDEFINITE INTEGRAL 


= (1+3)ta=2 e+ sin 2x—cos 29 
5 1 ‘ 
= Sly =F e+ (2 sin 2x ~ cos 25) 


~ y= be @sin 2e—c08 20) (6) 
From equation (2), 


= 3 * @xinde-co 2] +6 
[Using equations (4) and (6)] 
tee (6 sin 6x — cos 6x) + pean 2s con] + 
ies 
(vii) Let A) 


Ie de 
rer 
Put tantx=z = x=tanz 


1 
l+x? 
oun « 
a 
iad eve a arr 
2 A-tant Aw 
“Jie et An tan? Ant 
= sec? A= 1+ tan? A 
I= f e* cosz de (2) 
10 
Integrating by parts, we get 


Ine f conzde—§ {Ze f cos sas} 


setsinz—[ aesinzde 

netsing—a f eM sinz de Untegrating again by parts] 
seveinema[er f sinzde-f{Ze.f sins} as] 

=e sing a [e™ (-cos2)- f act (-e0s2)de] 


=e sinz +ae% cos z—a? [cos z dz 
= T= e (sin z +a .c0s z)-a?I [By using equation (2)] 
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269 
= (14a) 1=e* (sinz +0 c08 2) 
1 - 
=> “Gea ane tccez) te 
= T= 1, eeto"s (sin (tant x) +.@.008 (tan 2)} +6. ze tants] 
(+a?) 
Example 3, Evaluate the following integrals : 
is fran (Lt (+1 
wfe (i-5)e Wi fe . a 
2x-1 x? 4 
(iii) * (25H )ae (iv) 
itt) fe 5 iv) f et 
1 
Solution. (i) Ltt = fe (2-5) ax 
: 1 
Saal aee 
Integrating the first integral by parts, we get 
= djl = 4 
fe a-f{Z(2).fe asus 3 eas 
= te f(-4)eae- sed 
zte +f Le de-{ Letarte=t eee. 
z ® 
, x+l 
(i) Let t= fe) ae 
x {242 t) as [Add and subtract 1 to the numerator} 
(2+2)? 


=f ( 
-Je(ee 1 


+R +2 


ae rey poe 
=*Je-an* fe ‘Gey * 
H 
Integrating the first intogral by parts, we get 


se(5)-ferae-f{E(Ay) fe afer fo hee 
-(Ane-I Cadel -Je aca 
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1 eA 
-«(a) ere le war ete 


ity Let_ 1 fe G de 


Put deez => Qdredr > de=dde 


fede) Hela) 


py: 0! 
ase qecale ye 


Integrating the first integral by parts, we get 


a5[)fea-Hel}ie+}e ale ae 


fy z=2x) 


fet a {Add and subtract 1 to the numerator} 


2(-Die+D 2 
“ae Je( G+D ootple 
z- 

-Je (=) +fe aye 


Integrating the frst integral by pasta, we get 
Is (3) Jee iia (Jer afaefe. = ore 
(Se [Pe 4} 


2 
tes fer. 
GD? et des fet Ee de 


Ea) 


e-1). fo 2 2 
-( Je fe appre le caper 


Example 4. Evaluate the following integrals : 


ole (é =5;\q fe (2- 


(iv) fe foee 2 + log (sec x + tan 3) de 


2) dx 
¥ 


(ii) fe seex (1 + tan x) dx 


(0) J A Csin x + 2.08 x) de 


Sotution. et = fe (22 3 Se) en fe (a 


=fe (eS » sate) Jel 


dz 


a- al 


: ar 
Scat Te 
Integrating the first integral by parts, we get 


1 


(Zo )Jee-] é (A}ealerfe aa* 


4 
ad 


(Bis) 


4.) 7 
“(a -| aire 


(iy Let te fer( 2 
x 


Integrating the first integral by parts, we get 
Ffea-j {e(2)fe ax}de-fer ad 


2s «2 
ze dx-fe' ae 


1 
bed 3 
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(iii) Let T= f et seex(1 + tan x) de 
= J ef secxde+ f et seextan x dx 
ut 
Integrating the first integral by parts, we get 
weer fet de— J {Lees fet dehdes f & vecz tax dx 
secret f secxtanx.etdr+ [et sec x tan x dx. 


setvecx— f esecxtanxdr+ f esecxtanxdx +e 
netseex +e. 


(iv) Let T= Je (seex + log (see x + tan x)} de 


etsecrdes fe log (sec x + tan x) dx 
7 

Integrating the second integral by parts, we get 

e sec x dz + log (see x +tanx). | e* dx 


~§ {Zitoe ee + tan nt. fet a} a 


e sec x dx + log (sec x + tan x). e* 
Paaacc 2 et 
~ J [ecrteamry tee tans eee Dee’ Je 
sec x (see x + tan 2) oe yy 
(sec x + tan x) 


ef sec x de +e log (sec x + tan x)~ f 


oF sec x de + €* log (see x + tan x)~ f e* seexde 
=e*. log (sec x + tan x) +c. 
(wo) Let 1 fe Csine + 2eosx)de= f e*(-sinx)de+2 fe cos xds 


22 fe coszde—f e% sinxdx 
mot 
Integrating the first integral by parts, we get 


tw2[oons. fet def { Zeon. fo de} 


jem winx] 
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Cal se 2 gs 
=2| omen. (sin 2). de— fe sin xd 


=e%cosx+ fe sinzde-f e*sinede+e 


se™ cosx tc. 


ae sin x 
a- ry ~ (= cosz), 
2sin * cos * 
2sin® 5 sin 2A =2sin A cos A 
= sin A=2sin A cos 
23 


Example 5. Evaluate the following integrals 


3) 2rsin ds rae Gi) J & Gain x + cos 2) de 
Gi) [| Ged (iv) J fain (og x) + cos (log 2) dx 
(+0? 
log gnscmst! 
©S argot ® wi fe » (Sezcpets S12 ae, 


2+sin Qe 


T+ eosax ) 


Solution. (i) Let I= f e* { 


fe asain sect 
2eos? x 


sin 2A =2sin A cos A’ 
1+c0s 2A =2cos? A 
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= f er (eect x + tan) dx = J etsectxde+ f et tan xdx 
= Je tanzde+ f et sectxde 
Integrating the first integral by parts, we get 
Tetanx. ferac-f {Leans. feds} des fe seca 
stanx.et—f sectx.etdx+ f etsectxde +e 


settanx— f etsectrde+ f etsectxdx +c 
=e tanz +e. 
Gi)Let I= f et (sine +008) de. 
=Je sinzde+ [ef coszde 
Integrating the first integral by parts, we get 
Insinz. fet dr-J {Zein fet as} ace f oes xde 
a& 
ssinz.et- f cosxetde+ | etcosxdz+e 
setsinx—f ec coszde+ f et coszdr+e 
=etsinx +e. 


(iii) Let 1/25 Fe 
[Add and subtract 1 to the numerator) 


-fe[24 dea fet 
(x+ 0? ar ric ar 
Pye ae ee 
‘ED a-fe ‘eer ® 


oteiing ta ite levtegral Sy Sart we ok 
1 - d(i1 x a i 
"wale a-f{2(25) \fe pes rest ia 


1 
are ae he aa = 
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f 5.1% x_1 
“sal ar* Je ar *** 


atite 
x1 


(iv) Let T= J sin dog 2) + cos dog 2 de 
Put logx=2 > xae = deaede 
T= f (sin 2 + cos 2) ede 
= J ef sinzde+f cos edz 
uot 
Integrating the first integral by parts, we get 
. 2 d 2 
Tesinz. fe de-f {Losing fe de} de+ fe cose de 
ssinz.e-[ cosz.ede+ f et cosede 


sesinz—f ecoszdz+ f cteoszde+e 


sesinzec 
= elt sin (logx) + 22 log x} 
=xsin (log x) +e. be ete) = fix)] 
(Let I= Sate (Please try yourself.) 
(Hint. Putlogr=2 3 x=e! > draede tans. agape) 


=f aee 


(i) Let safe (eae ne fost 


-fe tansds + J et sect x de 
Integrating the first integral by parts, we got 
Tstanz. fet cd a 
stanx. fe az {Zeansy.fe ash sf e coches 


stanx.et—f sectx.etdr+ | etsectx+e 


se tanx+ec. 
Example 6. Evaluate the following integrals : 
) J ean + log see x) de Gi) J & oot x + log sin x) dx 


i sindx-2) 4 
Gi) [ e* (ez Sade 
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Solution. (i) Let I= fet tan x + log sec x) de 
=fe logsce xdz+ J ettan ds 
Integrating the first integral by parts, we get 
J: d a 
Tog seex. fe as-§ {Laogsees. fe dr} des f e tan eae 
log sec x.e*~ J (eee xtan x).e" dif e tan x dx 


set log sec x f ettanxdr+ f ettanxde +e 
et log see x +c. 
(ii) Let Ts fe (cot x + log sin x) de 
=f ceotxde+ f etlogsinxds 
= ef logsin sds +f eteatzde 
Integrating the first integral by parts, we get 
Tatogsins. fet def {Zdogsins). fet de} as f Scot xdx 
=log sin .e*— J *(cos2).e" de + f et cot xd 


met log sinx— f etcotxde+ f etcotxde+e 
= et log (sin x) +c. 


’ a fer (sinde-2 
Gin let I= fe (@e2) 


‘: sin 2A =2sin A cos A 
= sin 4A =2sin 2A cos 2A 
1-cos 2A = 2sin® A 
=> 1-cos 4A =2sin? 2A 


fom (2anzeemze 2 } 
. Qein? 2x sin? 2x 
= J e (cot 2 - cosec? 2x) dx 
= J et cot 2zde— f e* cones? 2x dx 
Integrating the first integral by parts, we get 
Tacot ae. fet def {SZ tcor 2s). fet de} de~ J econ? 2x ax 
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a 
2 


seat ar, J ( 2eome* 20). de—  & cosec? 2x dx 
cot 2x+ f e* cosec? 2 — f e% cosec? 2x +e 


cot 2x +0. 


Example 7. Evaluate the following integrals : 
) a Wf a 


cos x+sin 
cos x sin x 


(foo 2st: 


wy fe ( ¥l- 2? sin! x +1 ‘ (1 [2a-x 
ii) fe (S4)« (iv) [ xsin (3 = a 
cos x +sin x 
cos x—sin x 
1 


Solution.) Lat t= J con2s.og( 
Integrating by parts, we get 
tatoe( SEGRE) f eezede- fl | i in(SEE*SE= | f eeaede] a 


= log (c0o8x+sinx) sin 2x _ 
cosx—sinx)’ 2 


. sibs fests) fea) 2 


2 cos x sin x cos x +sin x )”| (cos.x—sin x)* 
(SE). 

d mi - d 
(cos x ~ sin x) (cos x + sin x) ~ (cos x + sin x) ~~ (cos x ~ sin x) 
‘ de dx 

(eos sin 

(cos x ~ sin x)(~ sin x + con x) ~ (com x + sin x) (~sin x~ coe x) 
2 (cos x-sin x? 
(cos x ~ sin x)* + (cos x +sin x)? 


(cos x= sin 2) 


_ cost x + sin? x ~ 2sin x cos.x + cos" x +sin® x +2sinx cos 
(cos x -sin x? 


“(nema os int A= 
(cos x - sin x)?” fy cos? A + sin? A = 1) 
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dx 


08 x sin x 2 sin 2x 
cosx+sin x) (cosx-sinx)* 2 


<sin 2x dx 


cos* A ~ sin? A = cos 2A] 


oD) 
aa 
= 12-80 41, ww2) 
J 1 
where is) owe 
Put x=sin@ = dr=cos0d0 


: sin* A+cos* A=1 


4-J- omy moe = cos? A=1-sin? A 
- ” = cosA=JI-sin? A 


a 


INTEGRATION BY PARTS 279 
Putting this value of I, in equation (2), we get 


; _ fice 
1-82 i-¥ | 
x 


x 


(ii) Let T= fe 


eee a 
sfe (ee. = * ce ea lee ct) a 
= [qantas fet shes ae 


Integrating the first integral by parts, we get 
ssin x. f et dxf {Zein v.fe apace fer roy dx 
Tx 
1 
wine [ots 
sesintx+c. 


=f ean-t(1 Pa-= 
Gv) Let I= J xsin (3 irae Jas 
ratsirs(} =e) o0 
2V a 
3 [2a=% w sing > \*-* a2sino =» ™-* -4sinto 
2\ a @ @ 


(Squaring both sides) 


des fet Thy dete 


4 


2a~x= 4a sin? @ 
2a 4a sin? 0 =x 
x= 2a (1—2 sin? ®) = 2a cos 28 (cos 2A = 1-2 sin? A) 
dx = —4a sin 2040 


J (2a cos 26) 8 . (~ 4a sin 26) d@ 


vuas 


=—4a? {0.2 sin 20 cos 20 de 


=-4a? f @.sinto do ie sin 4A = eae 
Integrating by parts, we get 


I=-4a? [ef sin 40.d0-f {Eo.J sin soca} ao] 


280 
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sod ce ear pl 


= +02 8 cos 40a? {cos 40.48 


608 2A = 2c0s* A~1 
=> cos 4A=2cos? 24-1 


sin 40 


=a? 0 (2 cos? 26-1) -a?. 


2 
= 2a? 0 cos? 26 ~ a? 8 ~ £— (2.sin 28 cos 20) 


‘ (Se Joon) +e 


Example 8, Evaluate the following integrals : 


(few? SESE ay Gif [lag a e003) ~xtan =] a, 
Tr cox 2 
sin? A+cos* A= 1. 
Solution. () Let I= fe¥ SES de m Leena 2A ndoon A 
“T+ 008 x 


= 14.08 A= 2.08? 4 
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x 
Fie ta 
= AYecc® ie oi we I-32 fer sce tan Z ae 
2 ae TWe2, 2 2) \-1/2, 2 2 2 
ane sect) f e-* geo tan = de-+ f e-* sec X tan? 
= see 5 +5 J et? soc 5 tan 5 de— 5 Gian de 
12 see 
2"? see 5 4. 
(io Let t= f [log + e082) -stan 3] de 
= J log (1+ 00s 2). tae Jxtang a [Taking unity as second function} 
1 


Integrating the first integral by parts, we get 
T= log (1 +008), f 1.de- ig log (1+ 008). f 2. ax} ae f stan de 


= log (1 + 008) .2~ J Ga 


A x 
Cain 2).xdx~f tan 5 de 


= x log (1 +.0082)+ f BSO% ae-f xtan3 dz 


xt 
x. 2sin = cos A 
=x log (1 + c08.x)+ f ——2—2 dr- J xtan5 de 
2 cos" 2 


: sin2A=2sin AcosA 
1+c0s 2A = 2 cos? A 


> 1+ 008 A = 20s? > 


INTEGRAL CALCULUS MADE EASY 


x x 
= log (1 +0082)+ f xtan 5 dr—f xtan 5 dx 


= log (1 + 608 x) +. 
Example 9. Evaluate the following integrals : 


ol mm* | Fetine * 


Solution. (i) Let I = f a 
ae” [cos (90° - 6) = sin 6) 
2 
e *: 1-cos2A=2sin? A 
Hts in? =x)“ = 1-cos A=2sin? A 
on la 2 2 


=3)xo ec! (E-2) de 


Integrating by parts, we eget 


ro Jfs. foe (# £2) ae— J {Lc J coset (E-g)e jas] 


AP i Ay 


roe(5-aomla (id) 


-J—e Le cos (90° - 6) = sin 6} 


“s 14008 2A = 2cos” A’ 
=> 1+ cos A =2 ce 


oat A 


eplea)e 
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Integrating by parts, we get 


et al Cae 


4.4, THREE STANDARD INTEGRALS { Ja*—x* dz, { Ja” +x* dx and | /x*-a? 


‘Theorem 4. Prove that : 

wf fr =# den ¥ fez? +S sin! Ze 

i | fa? +e? d= (ato + tg| 2+ fara | +e 
id J fea? de=3 Ji Frat 2 tog| x4 Je =a? | 6 


Proof. i) Let I= f ya?=2" dx ol) 
=f ota? ax (Taking unity as second function) 
roo 


Integrating by parts, we get 
Te a? =2? .f 1.de- tra (Yo?=2 =#), f tds} as 
HE af Soy 80 ads 


2 
axa? - ee [Add and subtract a? to the numerator] 


INTEGRAL CALCULUS MADE EASY 


ali JP deve f Tol ae 


1 ‘ 5 

= T=xya? - x" -I+a? dx {+ By using equation (1)} 
J eo 

-» 2t = xya?—x? +a? si 


=» 1a BoP Maint oe, 
[Ver dead FF +S sin Zoe 
Get 12 f laF +s? ae () 
=f ore de (Taking unity as second function] 
Integrating by parts, we get 


T= fa? +x? f rae f {2 (er). f tas} ae 
aah ee xf rae we 


; 
ar et 


az 
ote 


oat t 
dx=sin'~ +e 
a 


24 gtig? 
exfatea?—[ 2 tz -2! 2 
alata - J [apr (Add and subtract ato the numerator] 


a?+x* a 
waletest -f TRE aes f as 
wadotex®-[ So%s2 atc? 1 
alate? fa? +x le 
toafar-tiet.f mod . ; 
= xa? +2? -1+a' Ir* [By using equation (1)] 
= Me aya? +a +0 log] x+ Ya a? | +c, 


[: J ypicg onal | 
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= Tek (FTF +S tog| 24 Yar oe | +e 
b ETF aca PF Lage Foe 


Git) Let = f x? =a? de ol) 


=f Pat a (Taking unity as second function) 
Integrating by parts, we get 
T= Po? J rde-f {2 (fF =0).J Las} dx 


soot (x) .zde=x{P-a? -f eee 
a x(a? -[ aed ae 


[Add and subtract a? to the numerator] 


Se a a 


en (FTe [FF aro f 


= i= 2yz"-a? -I-a? [ [+ By using equation (1)] 
Py 21 = xfs? =a ~a* log] z+ fe?=a" | +e, 

: [ee =log| = + Ya? “Fo 
» 1n¢ (ea? - © tog] x4 =o | +0 
2 hog| 2+ Yea |e 


and (ii) can also be evaluated by making trigonometric 
substitutions x ~ a sin @,x =a tan @ and x= a sec 0 respectively. 
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4.5. INTEGRALS OF THE FORM | Jax? +bx+e dx and f (px+q) fax? +bx+e .dx 


4.6.1. Working Rule for the Evaluation of { /ax*+bx+e dx 


(@ First take a as common and make the co-efficient of x* unity. 
(ii) Then complete the square in terms of x? and x by adding and subtracting the square 


of half the co-efficient of x. 
ii) After applying these two steps. we get the integrand in one of the standard forms as 


discussed above. 
4.52, Working Rule for the Evaluation of { (px +q) jax? +bx+0 . dx 


(i) Express (pr + q) as : 


or+gead (ax? + bx +0) +B. 


> (px +q) =A ax +6) +B. 

Gi) Find the values of A and B by equating the co-efficients of x and constant terms on 
both sides. 

(iii) Now, the given integral becomes : 


J tx+q) fas? +be+e de =A f 2ax+b) Jax* +bx+ede+B f fax? +ox+0 de 


(iv) Evaluate the first integral by putting z = (ax* + bx + c) and the second integral by 
using the method discussed in Article (4.5.1). 


SOME SOLVED EXAMPLES 


Example 1. Evaluate the following integrals : 
@ | Yo-2 ae Gi) f fo-as? de 


iit) f fae? =64 x iv) f fae +9 ae 
wf +8 de wip f f16e?=49 as. 


Solution. (i) Let t= f Y9=x* de= J Ya?¥=x7 de 


[: By using [ fat 3* de =* 


2 
ay 

Vo? =x + sin 240 
2 a 


INTEGRATION BY PARTS 287 
| Gi) Let = [ (2-337 ax 

| =f fF-# a8] [EJ-2« . 

| [: By using [ AF de ENF + Zain Foe] 


| 2 
-sf5 (ara =e PP nt 2 oe 


(iii) Let ed Be 
= [2veF=16 de=2f /x?- a ax 
[: By using [ Fao donk (F=ot Sig ome? [oc] 
25 Jara? Png] 2eF=F |] 
= 3 fx¥=16 - 16 og| «+ Yx*-18 | +6 


Note. Whenever we multiply or divide the constant ¢ by another constant quantity, then we 
write it as c again because the product or the quotient is again constant. 


Wv) Let I= f fae? +9 de 
= fale +9) aenaf fo oS y de 
[> arming | Fra dem EF oaF | VeFat |e] 
“|; (Sf Peso feo) | 


ane +d+Stog| e+ [e242 | +e 
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lata 
25 fast +942 tog seviytere8) = a 


+e. 


(v) Let Inf 15 de 


=f pas deat) Jarre de 
[- By using OF ten TOE oS ag ST |e] 
#3 Moree +S e+ loro [+e] 


= 2 9ee +S og| 2+ 042 | +e. 
(Let I= f 16x*—49 ade 


2 fae Bacnaf fe-() a 


[- By using f/x? -a? den’ (Fae? © tog| 2 Fae \+4] 


[i fa-(F = leo [2-7 | 


= [249 _ 49 2 _ 49 
wg PE sen FB 

fi6x? — 
n+| V9 Sm See “| 


3 
= VF Sg iar 


+e. 
Example 2. Evaluate the following integrals : 
Wf Yar7e ae ii) f fax? +4 de 
iy { Jive ii ax Gof b-= dx, 


Solution. (i) Let I= [ /8+7x* dx 
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aif [Bre deo A] (Grape oe 


[+ Bring VEO ae $NoF a + Eg aF oa |e] 
A (geemcuaeen (ee 
=| (Pee fia x [fre oe 
Af EE fee EE J+ 


eae 
=i ee +2og Pes sariet +e. 


(iy Let t= f fax? +4 ds 
aif [Prd aen ff (B) ae 
[- By using [ fat +a dows FFF «ga VF a? ec] 
(By Stl fST 


Bx + Jax? +4 
ac} 


= 


z 
2 


28/E et +5 52 tog 


i 
2 
= 2 fata +2 
3 Vat +4 + Fl 
Gii)Let = f ize = 11 de 
2 
. Tae sf (fF 
Ait [Pen | (F as 


[: By using f fata? dems =a ng] 2+ fP=aF |e] 


+e. 


INTEGRAL CALCULUS MADE EASY 


ia Fa 


zfp_u iu 2H 
als T7734 8)**y* flrs 
2 5 (iter ig) Meine, 


(iv) Let 1s b-=. ae 
= ig] 0m de = 5 | COR ae 
[: By using | Ya? ¥F de a3 oF +S cin"! Z 0 


1) (ef, 
FS J 


ye ha tale ae 

Example 3. Evaluate the following integrals : 
 j Brea ae Wi) fet Va ae 
(iit) [ cos x J9—sin® x dx. 
Solution. () Lat t= f Y8*COH-" ae 
Put loge=z > 2dr=de 

1s f ore? def (a? +2? de 

[> mr osingfYoF OF den SaP oa tga 03 |e] 
= 5 fares +P top| 2+ aes | +e 
= Efoe2 +2 og| 2+ ore? | +e 
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= 98 Jo dog 2 + $ og] tog x + 19+ og 2 | +e [ye zelogs] 
Gilet 1 fet fF +4 de 


Put faz = edradz 


Tf +0? a 

[: By using f FoF den EP oat +L og Sra? | +e] 
= EPO? +2 tog 2+ (FFF | +0 
=i FF +4 +2log| z+ Jz +4| +e 


“fo fe +4 +2l0g|e* + fe +4 | +e Ws zee] 


Gi) Let I f cos Y9-sin® = dx 
Put sinx=z = cosxdr=dz 


1s | 0-2 ae=f far-2 ae 
2 
[: By using [ fo? — x? de=5 Jor 2* +S.an(=}e¢] 
2 
=f er -# +F sin (2) tend fo-2® +2uint(Z}o0 


Example 4. Evaluate the following integrals : 
i [ Je? ~4x¥2 de Gi) | fi-ae-? ax 


(iit) [ fe +2046 de iv) | Y7x-10-27 de 
() [ far +e+4 de wi) f fear-2? de 
(wii) | (o-4e-3? ae. 


Solution. ()) Let I= f Yz¥-4x+2 de 
Is | (@?-42+ 940-4 dx 


7 


1 2 
(Jevetror =] =4 
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=f \q-2-(a) ae 


Put x-222 = drede 
[- By using f fata? dew 5 xa? 
= 3 \P-2-Ziog| 2+ (2 -2| +e 
= FP = 2F 2 - og |x-29+ e=29*-2| +0 te 22-2) 
= ESP Pa 2 tog | 229+ 9? =A 42 | + 


Gilet I= f fi-ar-x* de 


5 hea + VeF=a? [eel 


=f Vi-GPeareaed de 


=f (5) -c +2? de 


Put (x+2)=2 => de=dz 


Ie | (a -# & 

[: By using f PF den EJ +S ain E re] 
(qe sin"! Fe te 
= (242) -er9F + Sint (232) +0 Le ee(e+2)] 


2 
i G coeff. ots) =4 


[ie subtract 4, | 
2 


5 
= (222) i ae=# + Sain (297) 4 


\ Gi Let T= f fet +2045 de 


=f freee s—aed dx 


\ =f Vt eaee Dea de= f fier? +2? ax 
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Put x+l=z2 = dr=dz 


If (Fra? a 
[: By using f Prt dem EP oak +S ag] sole ra¥ [+e] 
= Ve 4 + Slog] 2+ Vet +4] +e te z=@4+D) 
= (52) eer a +4 + 2tog| co ws ern? +a| +0 
= (Ep) Be + ator w+ er r28+5| +0 
(iv) Let Le f fix—10-27 de= f (G?-72+10) de 


OY fa Poe (=}+4| 


=i (2) -2+ iat '(g5) +e 
“i F5 tea() oe 


4 
2 aT) 8 (2-2) + Sainn(2250) 
2 ya" "2) “8 3 


cian 4 fix —10x- <a + Bein (ET 


(Let T= J fae? +axe4 dx= V2 f [#8 +3 x42) 
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‘Add and subtract”, 


16 
=a] (e202) De of 


: Leoettots) = 
-4f [=+3) +2 ae 


2 
put (x+3) 22 = dends 
1 2f (2) de 
[- By ming [Food EFF + gl xP oat [4] 


nals (8) 


2 2 
2 [2,343 2,23 
~Al3 2? +55 + gg ele 2" +55 


4x+3 [4.3 232 
“a V2 “a 


4x43, y2x' +3044 
4 a 


+e. 


= $899 fot ard + 22 hog 
(vi) Let T= (2ax-x? de 
T= \-G?-2ax+a%)+a" de 


= \@-a) +a" de 
= ya? -(z-a)? de 


is 


“ (Leoemors) =a" 


INTEGRATION BY PARTS. 295 


Put x-aez = dr=dz 


Is Ja? — 2? de 


fe =te=aF + sin(2#) +0 f eaG-a)l 


$58) ftar=wF +S int(222) +0 
(wit) Let T= f f5=4x-2" de = f (OG? +425) dx 


(a? +4x+4-5-4) de 
=f Fie +2?-0) dee f fa +2F ax 


Put x+2=z = dr=de 
=| V@?-2? de 


=z o-2 
Ep-2 are 
= £22) o-GaF + Bain (222) +0 (es z2@+2) 


«= (£2) rea an (22) 40 
Example 5. Evaluate the following integrals : 
Wf @e-6) 2432-27 ds Gi) J e+ fer=x07 dx 


(iti) Ge+2) Be" + Bee de (iv) | @x+9) fa? +4e49 de 
(v) f 62+6) (642-2? de wi) J x? fat =x* ae 
(eit) f cos x(sin x—1) Ya=sin* = dx (vit) { x ** ax 


(is) f e-o) aF +e ae. 
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Solution. (i) Let I= f (2x-5)2+3x-2 dex (1) 
Let (2-5) =A 2 2 oae~2)4B 

= (2-5) =A (3-20) +B wfB) 
Equating the co-efficients of x and the constant term on both sides, we have 


2A = Az-1 
and -5=3A+B > -5=3(-1)+B = -5+3=B 
=> Bs-2 


2» Equation (2) becomes 
(2c - 5) = 1(3 - 2x) + (- 2). 
Putting this value of (2x ~ 5) in equation (1), we have 


T= J (-16-2x)-2), 2435-27 ds 


= 1=- f 8-20) 2432-37 dx—2f (2+3e-2 de 
“ =-1,-2, (say) (8) 
where I= J @-20 (2+ax-2* ax 


Put = 243r-x%=2 = (3-2r)dr=dz 


= = z (2+ 82-27 +0, oA) 


and I= f 2+ ax—s? dea f \-G?- 32-2 ae 


fetta 
“f | 


[> Br ming | P= de =F EZ oe] 


‘Add and subtract $ 


3 = . Bi <3 
i Ye (4) (= 3) a : wd). 
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2-38 Baa a Maint 
= ye SS arent +P sin wnfB) 
From equation (3), 
Ie-1,-2l, [Using equations (4) and (6)] 


where ¢ = ~¢, ~ 2c. 


Gilet I= J @+nfP-xe1-de AD) 


Let aeneaSetxe1sB 


= x41sA(Qr-1)+B en) 
Equating the co-efficients of x and the constant term on both sides, we have 


122A = asd 


and 12-A+B 3 1=-}+B = Be 
Equation (2) becomes 
+= Jee-v+3 
Putting this value of (x + 1) in equation (1), we have 
gt 3 
t+ f[Jex-v+3] P—x+ide 


wie 


= Te Ff ax-w lta ides 3 f fxs de 


=> 3) 
where l= f @x-vfeF-2e1 ae 
Putxt-x+lez => (2r-Ide=dz 
ha 
JrFden Fi te=2 tte, 
zt! 


G24 +e, A) (e zest-24) 
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and wf fe?-x+1 dr 


«fe 


yan a 


[> Rr aning [Loa a= Soak oS tg xe oa? |e] 


1 ; (8 . : . 
DT Sala TS 


+e 
wo y= SEP a+ Biog| (x-3)+ fae] op (6) 
From equation (3), 
3 
134431, 
ie -2+0% 6] [Using equations (4) and (5)] 


12[00 (o-zri 3g va] 
Fot-seu ste +3e-y iP aztl 


+ dea| (2-2) oad + 


dog|(x- 2) VF =e ea 


3 
2% 


= fot aval + Eee yet —av + Blog| (2-3) +? ari +C 
where C= 4 e,+ 9 ey 
(iit) Let Ls f (+2) 2x 42x41 de oA) 


Let e+ 224 E (ast 42448 


> &+2)= Ar +2)4B wl) 
Equating the co-efficients of x and the constant term on both sides, we have 


1 
1=4A > A=q 
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1 
and 2=2A+B = 2a2(2)+B = 2-3-8 = B=3 
s. Equation (2) becomes 
1 3 
eRe (dreD+9. 
Putting this value of (x + 2) in equation (1), we have 
~ f[farrme3] fox? +241 de 


= 1s 2 fde+m fast +Be+i des Sf oe +Be+i de 


1 3 
= Tegh+ph (say) (8) 
where I= f (4c+2) /2s?+2ee1 de 

Put (2x7+2r4l)=z = (4r+2)dr=dz 
1 
da ¢ 

I= f fede=F—+q-F 2 40, 

det 7 


= 22 Ore ae Deg A) [ey 2x4 2e4D) 


and T= | Geter deaf Blt eerd ae 


Add and subtract } , 


=2] seeah(ia)@ : (Zeoomors} = 


4) foe a PO « 


[- Dy wing | JP de Era + Zag FP] 


=e fat vazei +2 tog 


(=+3)+ fat +x42 
2 2 


+e AB) 
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From equation (3), 
1,03 
1eth+gh 
= 12s sacen* +e] [Using equations (4) and (6)] 
sfae+) pase, 3 1) oct 
[gh rast Soon (xo) ogo] 


= Feast sare0? ste +2 aren ox? 2x41 


(=+3)+ eyeres 
2 2 


3 
+o cy 


. 2 


k 
aa 
= Te Least sare! +S aes p i2e eBe+1 


1 1 
+a (<+3)+ at exty +e 
(iv) Let T= f @x+3) fe? +az+3 de oa) 
Let c+ 0a ote aes9)4B 
= 2r+3=A(2r+4)+B wf) 
Equating the co-efficients of x and constant terms on both sides, we have 
222A = A=l 
and 324A+B = 3=4()+B > Bs-1 
Equation (2) becomes 
(2x +3)=1.(2r+4)-1 
Putting this value of (2x + 3) in equation (1), we have 
Tn fae 44)-11. fe +48 +8 de 
= Ts f +4) fx? 44x43 de—[ fx? r4x+3 dx 
= I=I,-1, (say) (8) 
where T= f e+) xt oare3 de 


Put G+4r+3)=z = Qr+4)drede 


2 2 
ha J Ede To sei-Fatt ee, 
2 
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> Y= Foto des 3P% +e, wf) Ge z= G4 4x + 3)) 


and I= f fe +4x+3 ae 
=f Va +44 +8-4 de 


«| ea a 
[: By using f Js? a? de=2 fe? —o? 
= ee fra ~O tog| x 2+ Jeera | +e 
= y= SEP sae 8 —Tog| erm) + fear 43 |+ey AB) 


From equation (3), 


h 
+4243) 46,2 {Pt ears3 


+ Fog |x +2)+ fe +4x +3 | - cy 


[Using equations (4) and (5)} 


I= 


= Beat sare? S22) vas 
+ Flog] G+2)+ fe +ae+3| +e 


where © = ¢~¢y 


(Let — T= f 6x45) for2-2" dr wf) 
Let +5242 6+2-29+B 
= (6r+5)=A(1-20)4+B (2) 


Equating the co-efficients of x and the constant terms on both sides, we have 
6=-2A = A=-3 
A+B = 5=-3+B > B=8 
Equation (2) becomes 
(Gr +5) =-3(1-22) +8 
Putting this value of (6x + 5) in equation (1), we have 


I= f(-30-28)+8] (6+2-27 de 
2-3 [ d-20 fo+x-2* drs f Yeve-2* de 


and 
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= I=-31,+81, (say) mr) 
where I= [ a-2n for2-37 dx 
Put (6+x-a%)=2 = (1-2x)de=de 
Ly 
2 
lef Fae= Fre =2 oe, te zn @4x-29) 
gt} 2 
2 
= I= 5 G+x-29 +e, wld) 


and lye f fere-x? dee f f6-G?-» 
Speedie 
HT Seo 


[: By using f FF den NOP oF sn Ee] 


Add and subtract +, 


ft via 
» (Zevetr. of x) i 


DTT Pale. 


2. 5 
2 
Qx-» 25 (22 
> T= vet ana +S sin ( 3 onf5) 
From equation (3), 
1=-31, +81, 
_3)2@+2-2)? (@z-D Ga ri(Beod 
= a[2e+s xy saijoal NG +x- at + Pain ("+0 
(Using equations (4) and (6)] 


Q2- 


=~ 26 + x— x2) — Se, +2 (2e-1) Yb +x-2? +26." ( 


=-2(6 42-22) + 2(2e— 1) (B+ x—2* +25sin 


where © =~ 3e, + Bey. 
(i) Let T= f x? fa =a% de 


=f 2 Ve -aF ax 
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Put faz = Stdeede = dred 


sf foP= (Za) = 2f a2 de 
[: by sing P= ae EPP Sint Z | 
“Fea 
ETF tiet(S) se 
(wii) Let 1 f cos x(sinx—1) Y4—sin® = dx 


Put sing=2 = coaxde=de 
1s f@-v fare 
= fear ae-f f= 
Ff a-29 c2ea-J fia? 2? de 
[Multiply and divide the first integral by (— 2)] 


1[@-27)"]_[2 pe, @ (2) 
ee ee F 2 ans(2)] ee 
+ By using f (f())" f'(2)dx = LF 
and f fa? 27 de =2 fa? —2* lo? 


Lay ead 
a-3 zy 4-2? -2sin’ J+ 


{sir 


oe avin ¥-26in'? (82) +e bs zesing] 


(witi) Let T= f= AEE ae 


jE ire Pael 
Viex “View 


-[ Pe [eoe- fee 
=2' 
--j% )- ED ap 
A-s? 


{On rationalization} 


[Add and subtract 1 to the numerator] 


304 INTEGRAL CALCULUS MADE EASY 


=-f Fans fae 
fii-F ace] year I dx 
o- f @P=a aes f a2 ae f Jor 


cmp eee Te 1 
J V@P=# de- 5 fa-x reas fr ae 
[Multiply and divided the second integral by (— 2)] 
“By using: 
2 
Jere ae 3 a=? + Lin (E) re 


Jurcor pearae LOE” 


ars 


J peeonin Eve 
7 @ 


1 
pyr 
3 fi-# -feint ef E— = 
(2) 
2 
=-§ ia + deint Vi-# +c 
1. 


e22 Tae + Sein te +e. 


Gayot I f (x-5) fa? + de w(D) 


d 
Let (x-5)=A a Gt+x)+B 


= &-5)=AQr+ 4B 2) 
Equating the co-efficients of x and the constant terms, on both sides, we have 


1 
1=2A > Any 
and ~5=A+B = 52348 = Be-7 
Equation (2) becomes 


&-B=5 
Putting this value of (x ~ 5) in equation (1), we have 
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1-f[3 ax+y-] Pex de 
Sees [PR vz dx 
= 1234-2 ay) (3) 


where ‘eolane +x dx 
Put xt+xe2 3 (2e+dredz 


hy 
2 2 
ya J den Poon 5 ate, 


2 
= y= 2ets e+e, wd) be peste) 
and =f f+ ae 
Add and subtract — , 


[femi« + (tated 
“Sed « 


[: By using { 2? =a? de = Fae Ll «+ =H |e] 


(=-d}eyera) -G 


ed fy on 


[2 2) “(2 2 + 

3 tye BE Foe - Log («+3 ) eee +e 5) 
ron ston (8) 

e3y-3y (Using equations (4) and (6)] 


IZ 2, ye, ]_Mf@x+D parr 1), ie 

=4[Be +x) +a] oie x? +x - 5 log (#43) +x 

5 al Re («03) eer 
fat ex Becevieer+ tog tog| (+3) Va +2 +e 


wire on Be, 


et 
-F4% 
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eee 2 


16, 


a. 


a. 


EXERCISE FOR PRACTICE 
Evaluate the following integrals Q. (1—10). 
OJ tera Wf teas 
Of iogede i) f a2) tog xe 
© J cosas (i) f xsin 2x dx 
of (1+ Bre de i J xtog stax 
(J esinxcons ds i) f 2410) cos Gr de 
© J dog 2 ae J EP a 
( J xo sds Wf Aioga snd 
J SF ae i f 2.206 
© | A case de i fate a 
ofma i) J sin? Vz ae 
Evaluate the following integrals Q. (11—35). 
(@ | (ever + sin 2) cos xds (i) J xcmsee x cot xde 
J coteds (i) f covet ede 
© | (ior x? de Gi) f x(tants) a 
of ERie 
fee 


( J G+ er bog er ae 


0 feats i) J coe (4x? 80) de 
fe (cot x + log sin 2 ae fe? sin(E+ 
J e+ Der tog een ae ao. f te de 
J sin dog 2) de aa. fon TEBE ae 
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23. f\o-# a 

25, [2x \*— 36 as 
at. fxfivere ae 
20, f fa ar-20? dx 


at. face a fet—2-8 de 


88. freee 
ae 


24. f (x= 20 de 

26. f tx-m Fx de 
20. [ fera0- 2 ax 

30. f 6x+5) Ye+x—27 de 
mje 


34. f Asin xen xde 


Answers 


1. @-mt— ets 


2 Wxlogr-x+e 


3 (i 2%sin x + 2ecosx—2sinx+e 


4 oS a0e-a+6 
8. x SS2e, Sind 


4 8 
(i). x (log x)* - Qe loge +2 +e 


[aesin<+con 


G- 


1 
xt D+lte 
ep lowes Ded 


(+ lors) 
Fa 


& w= 
oe | 

% (i) 2x" sins" + cosx" +e 
n n 

10. (i) 2e% (Vz -1) +6 

th ssinzsemas ed sate ve 

12, G)xcortx- 1-2 +e 

13, (i) (sin xx + Qy1-2? 


sintz-2r+0 


x 
14. ()-xeot J +e 


sin 3x | cos 3x 


1 
(ii) J (Ost Gr 4 B40 
a 
wi) (2- aps 20 5 oe 
(i) 2 cos 22+} sin 2x40 
2 7 
iy 2 tog +e 


i) 


PAT sins + Ze corse 


iy EE HDT, 
x+2 


tin Fe Mae? 40 

og 2 

i) 62 se 

Gi) 32 cos® Vx + 6x" sin? Vx +608" Vx +e 
(id) ~ x cosee x + log !cosec x - cot x! +e 

(i) xcosect «tog | Yo =1 | se 

Gi) 5? tant Flag 4 34) +6 


Gi) 2x tan x ~ log (142) +6 
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OL +0 WW) I Corin bx bem ba) +e 

(x e* flog e")- +e Gi) xtan.x~log wee ~ 5 +6 
esintxte Gi) 8 cos-'x- 3Y1-¥* +e 

(eF log sinx +e i) Be sin +e 

xe log ee) I+e 20. Eg ante peel ge 

J lain og 2) ~ cos dog =] + 6 22. eee +0 


320-2 +Ssin"(2) +e 14. Lil 5 Pa -tog(+ JP -4)] +0 
YF =36- 18 ag] 2 (96 | +6 


1yee ~Sear-v JP =x + tog] 2-347 ie 
3” 287 Fe D ys" — x + Flog) 2-3 + yx8— =| + 
Jot rev BAP sre S tog (+3) Pea ‘ce 
3D rae # + Saint 
4z+3) 42 
Bp vA- ae Bx + a 
26 42-289? 4 202-0) fore oF + 25cin =D 5 
Set 2-289 +3 a - Ye —2- 2-2 ig 


a 
Ste 33. = te 
ae 


a 
Sein 2x — 08 28) +6 35. (2+) tant [* ~ Jax +6. 
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Integration by Partial Fractions 


6.1.1 Definition : Rational Function 


If lx) and g(x) are two polynomials, then £) js called a rational algebraic function or 


atx) 
rational function of x. 


5.1.2 Definition : Proper Rational Fraction 


Any rational algebraic fraction is said to be a proper rational algebraic fraction if degree 
of numerator is less than the degree of denominator. 


», if dog. fix) < deg. g(x), then = is called proper rational fraction. 


Sr-1 x41 ae 

x-1"G@-PG+D 
5.1.3 Definition : Improper Rational Fraction 
Any rational algebraic function is said to be an improper rational algebraic fraction if 
degree of numerator is greater than or equal to the degree of the denominator, 


fe 


eg. 


if deg. lx) 2 deg. g(2), then [> is called an improper rational fraction, 


If & = is an improper rational fraction, then, we divide fix) by g(x) eo that the rational 


f@) 2) _ gy, 
iq) i expressed in the form [=> =uls)+ 2. 
where : u(x) and (x) are polynomials such that the degree of v(x) is less than the degree of g(x). 


Any improper fraction can be expressed as the sum of a polynomial and a proper 


fraction —~ 


fraction. 
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4x41 | 


eg, ST Eig is am improper fraction. 
xi¢xt+1 242-35 ividh 
2 = =(x+6)+- = {On dividing (x? + x* + 1) by (x? - 5x + 6)] 
#6546 979+ 8 ge 46 m 


5.2 RESOLUTION OF A FRACTION INTO PARTIAL FRACTIONS 


‘We know the method of finding the sum of two or more algebraic fractions by reducing, 
the denominators of fractions to a common denominator, which is their L.C.M. 

‘The reverse process of breaking up a single fraction into simpler fractions whose de- 
nominators are the factors of the denominator of the given fraction is called the Resolution of 
a fraction into its partial fractions. 
ae ae pee | 


x-1 x-1 x41 


The resolution of £2 into partial fractions depends mainly upon the nature of the 
fe 
factors of g(x). 

Case I. When the denominator has any linear non-repeated factor of the form (x — a), 


then there exists a partial fractions ofthe form ~ A. 5: 
za) 


Case II. When the denominator has some or all linear factors repeated n-times, like 
(c-a) then there exists partial fractions of the form —* B c 


@-a) *@-0F “Ga 
‘Case Hl. When some of the factors of denominator are quadratic but non-repeating like 


(ax? + bx +c), then there exists partial fractions of the form +B : 
ax*+br+e 
where A and B are constants to be determined by comparing co-efficients of like powers of x in 
the numerator on both sides. 
Case IV. When some of the factors of denominator are quadratic and repeating n-times 
like (ax? + bx +e), then there exists partial fractions of the form 
_Ar+B | Ce4D 
(ax* +bx+0) (ax* +x +0)* 
where A, B, C, D, ..... are constants to be determined by comparing co-efficients of like powers 
of x in the numerator on both sides. 


‘The following Table 5.1 indicates the types of simple partial fractions that are to be 
associated with what kind of rational fractions. 


..n terms. 


n-terms. 
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‘TABLE 5.1 
S.No. | Form of rational fraction Form of the partial fraction 
L 
prt A, B 
1 ae. A 
woa-5'**? G-a) G-5 
+ A 
® rr G0) oF 
‘ petiqeir c 
: @-a@-ba-0 G-a)&-8 G0 
4 px? +qr+r A Bc 
‘ (=a? (2-8) G-0 "Ga? GH 
5 _PEtG _Ar+B 
ax? +br+e ax +br+e 
6. petqztr Ar+B | __Cr+D 
(ax? + bet oF (ax? +bx +e) (ax* +bx +0 


‘The values of A, B, C, D, ...... can be obtained by comparing the co-efficients of like 
powers of x in the numerator on both sides. 

Remark 1. Before resolving a given fraction into partial fractions we must see that numerator 
of the given fraction is of the lower degree than the denominator. ie., the fraction must be a proper 
rational fraction. 

If't is not 50, the first divide the numerator by the denominator and express the fraction as the 
sum of a polynomial and a proper rational fraction. 

Remark 2. If a rational fraction contains only even powers of x in both the numerator and 
denominator, then to resolve it into partial fractions, we proceed as follows : 

Put x? =2 in the given rational fraction. Resolve the rational fraction obtained above into partial 
fractions by using one of the appropriate methods discussed above. Finally replace z by x2, 


SOME SOLVED EXAMPLES 


Example 1. Evaluate the following integrals : 


yf _28+5 ii) ( 2541 
laa © | new 
ie 2x-1 : rtd 

io f @-Da+De-9™ | r+6 


xtl 
ei) f§ = 
me lama 


Solution. () Let T= f -7=*5 
® 


AD) 
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2x45 B 
(e-2)(x+ ix+ 1) a) 
Multiplying both sides by (x ~ 2) (x + 1), we get 
(2x +5) = AG + 1) + Bor -2) AB) 


(@+1)s0 = x=-1 
-2)20 =» x=2 
Put x =~ 1 in (3), we get 
2-1) +5 =A 1+1)+ BE 1-2) 
= 3=-3B = Be-1 
Put x = 2 in (3), we get 
2(2) + 5 = A(2 + 1) + BI2-2) 


> 923A = A=3. 
Equation (2) becomes 
Q+5 38 


= 3 og Ix—21 —log Ix +11 +0. [- J Aae-togtetse] 
_ . 2x41 
(i) Let lanes kaa A) 
Qx+1 B 


@+DG-2)— nit x2 
Multiplying both sides by (x + 1) (x -2), we get 
2x+1=Ale-2)+Bior+1) wl) 
x-220 > x=2 
x+1=0 3 xe-1 
Put x = 2 in (3), we get 
2(2) +1 = A(2—2)+ B2+1) 
= 5=3B > B=53 
Putx =—1 in (3), we get 
A 1) + LAG 1-2)+BE1+) 
= -1=-3A = Asi. 
Equation (2) becomes 


r+l V3, 5/8 1 | 6 
G@+DG-2 x41 x-2° H+)” Hx-2) 


1 5 
I= 
Sstatats)@ 
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= 
x+1 


wtf 


x-2 


1 5 
= 5 log x4 1 + 5 log x21 +0. 


(iii) Let eee oA) 
@-DE+DE-9 


2-1 Bic 
ae @=D@+2@-3)x-1° 242" 2-3 ccd 
Multiplying both sides by (x ~ 1) (e+ 2) (x3), we get 
2e~ 1 = Ate + 2) (x~3) + Box ~ 1) (x~3) + Clr 1) (x +2) (3) 
x-1=0 + x=1 
x+2=0 = x=-2 
2-320 = x03 
Put.x = 1in (3), we get 
‘2(1)- 1 = AC + 2)(1-3) + BU - 1) (1-3) + CL - 1) (1 + 2) 
= 12402) = Az-2. 
Put x = — 2 in (3), we get 
2-2) +1 = AC 2+2)-2-3)+ BE 2-1) 2-3) + C-2-)(-2+2) 
= -5=BE3-5) > Ba-3. 
Putx=3in (3), we get 
2(3) - 1 = A(3 + 2) (3 - 3) + B(3 - 1) (3 ~ 3) + C(3- 1) (3 + 2) 
= 5=02)(5) = C=3 
Substituting the values of A, B and C in (2), we have 
Berl 6-1/8, 2 dd 
G@=DG@+De-B x-1 x42 E-3 Gx) Be+2)  Ae-H 
2x-1 a 1 1 
ms aati ats xsl 
tpt If dae df 2 
a at-3] ag] a 
J tog tz 11-2 log tx+21 + 2 tog 1x31 
~ Flog 'x—11 - } log tz +21 + 3 log 1-31 +6. 
2 Bx+4 
(iv) Let T= natal 
=f —%*4 ae a) 


(x-2)(x-3) 
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ar+4 A, 
-Dx-3) x-2 3-3 
‘Multiplying both sides by (x - 2) (x - 3), we get 
Sx +4.= Ar—-3)+ Bir 2) (8) 
x-2=0 <= x=3;x-320 = x23 
Put x = 2in (3), we get 
32) +4=A(2-3)+B@2-2) > 10=-A > A=-10 
Put x = 3 in (3), we get 
3(3)+4=A3-3)+B3-2) = 18=-B = Bald 
Substituting the values of A and B in equation (2), we have 


wn) 


8x44 “J 10, 13 
@-2)(x-3) x-2 02-3 


=-10f oaeeisf 


== 10 log Ix -21 + 13 log Ix-31 +c. 


3e+2 
(v) Let [se oD) 
Let Ss+2____A ,_B wf) 


G=DGr+3) x-1 Berd 

Multiplying both sides by (x - 1) (2x + 3), we get 

(Gx +2) = A(2r +3) + Bix-1) AB) 
x-120 3 xe1 


2+320 = &=-3 = ze 


Putx = 1 in (3), we get 
80) +2=A(2.1+3)+B-1) = 6=5A = A=1 


Putr=-3 in (3), we get 


3 ae rs 
; 1) = ~2+2-a@-n 8) 


8x42 1 1 


@-D@r+3) x-1 2x43 
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3x+2 1 1 
ae ae Darra * S[fis 

“) 3-1 Naaw® 


= log I-11 + log 122 +31 +e. 
(vi) Let a ererert a 


s oF ere res 
sel A, BL 
(x+5)(x— D (x+5) (xe-D 
Multiplying both sides by (x + 5) (x - 1), we get 
x+1=A(x-1)+ Bor +5) 
gino’ a et 
z+5=0 = x=-5 
Put x = 1 in (3), we get 


1+1=AU-1)+B+5) > 2=6B = Bei. 


Put x =—5 in (3), we get 


~5+1=A-5-1)+B-5+5) = -4=-6A > asd 


Substituting the values of A and B in equation (2), we have 
z+1 2/8, 3 2 , 1 
(e+5(e-D x45 x-1 Met5) He 


x+1 
pean el B45) 3G-D 
5 or aif 


ictal Tagie ate 
Example 2. Evaluate the following integrals : 


of eaeaew* | aaa 

wii fz Go) f wet 

©) eoraeeo* «| aise 

Solution. (Let = | a aay 1) 
Let = Ag By C xO) 


@-D@-2@-3) z-1°z-2 
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‘Multiplying both sides by (x ~ 1) (x - 2) (x -3), we get 
x= Ale 2) (x—8) + Blx— 1) (x3) + Clr - 1) x-2) (8) 
x-1s0 = xr=1 
x-220 = x=2 
x-320 3 r=3 
Put x = 1 in (3), we get 
1=A(L~2) (1-3) +B -1)(1-3)+C-) 0-2) 
= 1sAC C2) = aed 
Put x = 2 in (3), we got 
2= A(2 2) (2-3) + B2- 1)(2-3) + C(2- 1) (2-2) 
= 2=BQ)(-1) = B=-2 
Put x = 3 in (3), we get 
3 = A(3 — 2) (3 — 3) + B(3 — 1) (3 — 3) + C(3 - 1) (8-2) 


> 8=C(2)(1) => c=3 
Substituting the values of A, B and C in equation (2), we have 
x a2 62), 3/2 1 2 3 


@-DG-G-3) x-1'2-2° 2-3" We-) 2-2 ' 2-9) 


1 3 
| a 
Shh eB aa] 
1p a 2. 8 
=3) mat?) aera 


x-3 


= Hloge~11~ 210g 1 -21+ 3 togix-31 jes 


(ii) Let 


(1) 


2 
| ope* 
A 
+42 xvi” 242 
Multiplying both sides by (x + 1) (e+ 2), we get 
Qe = Ate + 2)+ Bix + 1) (3) 
x¢120 — xe-1 
#4220 = 2-2 
Put x =~1 in (3), we get 
A) 2AC14+2)4+BE141) = -22A = Aa-2 
2 in (8), we got 
%-2)=Al-2+2)+B-2+1) = -4=-B = Bad 
‘Substituting the values of A and B in equation (2), we have 
Pa oor 
(x+D(x+2) x41 x42 


ool) 


Putz= 
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a7 
Qe -2 
if zeae l(S 5) 
2 hee) ye 
=-2log Ix +11 +4 log Ix +21 +e. 
ii) Let Is oD) 
(2) 
Multiplying both sides by (x ~ 2)%, we get 
Sx -1=Alr-2)+B (8) 


x-220 > xe2 
Put x = 2 in (8), we get 
32)-1=AQ-2)+B > 5=B > B=5 
Equating the co-efficients of x on both sides of equation (3), we have 
3sA = A=3 
Substituting the values of A and B in equation (2), we have 


3r-1_ 3 5 
x-2 0 (x-2)? 


=3f aces (x-2)% de 


Gay 
~241 


log Ix-21 +5 


= Slog Ix-21-—5 +e 
x2 


2x43 
x 47x40 
2x+3 
G+DE+5, 
ax+3 0 A BL 
(e+5)(x+2) x45 x42 
‘Multiplying both sides by (x + 5) (x + 2), we get 
Qe +3 = Ale +2) 4 Ber +5) 
+220 = x=-2 
x+5=0 = x=-5 


(iv) Let I= 


3x-1 3 5 
I= dew [ (82 a, 
@-2" S(So-xs) 


- * en fo" 
[: Jutcor de= e+e 


oA) 


+3) 
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Put x = ~2 in (3), we have 


2-2) +3=A-2+2)+Bi-2+5) = -1=3B = B= 
Put x = ~5 in (3), we have 
2-5) +3=A-5+2)+Bi-5+5) = -7=-3A = asi 


‘Substituting the values of A and B in equation (2), we have 
Qx+3 7/3 ae 
(e+5)(r+2) x45 x42 * 3 +5) ae 


te f —2+3_ de=f [5 
oan ws 


“etal aa 


=F tog 1x4 51 — 3 tog 1x +21 +6 


(v) Let ef) 


a Ses 
S229) AW, Bk 
(e+)? (x43) +1 (e+ 0? +3) 
Multiplying both sides by (x + 1 (x + 3), we get 
(x ~2) = Afx + 1) (+3) + Box + 3) + Cir + D? AB) 
x+1=0 = x= 
x+3 
Put x = —1 in (3), we get 
[8-1-2] = Al 1+ 1) 1+3)+ BO 1+3)4+C-1+D* 
= -5=2B = Be-8 
Put x = 3 in (3), we get 
[8(-3)-2] = A 3+ 1)(-3 +3) + B38 +3)+C-3 +1 


= -9-2=40 = c==} 


Comparing co-efficients of x* on both ‘ides of), we get 
O2A+C = A=-C 


wn) 


= As- =p).4. 
4 4 
Substituting the values of A, B and C in equation (2), we have 
Be-2 n/a, -8/2 - 11/4 5 u 


—Sn3 _. pale kd : 
(= (x43) FD G+ 0? +3) x41? 4x +3) 


rl back asf ut 
a » _ Mx+D x4? 4x43). 
3 os 

x3 
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pes S(x+p™ 1 
= — logl. 1--<—————_-— 
racial TD 7 We le+al +e 


[- Jer ae= 


a Mog tx + 11~ ‘ogi +316 
x+ 
x43 
x7+2 

DG? +4) ~ 


monte [ log m log n=] 


[Seo remark 2 in Art. 4.2] 
x24 242 
G+DG? +4) G+DE+4 
(z+2) a A my B 
G+DE+H Grd G+H 

Multiplying both sides by (z + 1) (z + 4), we get 
@+2)2AG+4)+Be+) AB) 


Let 


of) 


Put z = - 1 in (3), we get 

(-1+2)=A-1+4)+Bi-1+) = 1=3A = Azz 
Put z =—4 in (3), we get 

C442) AC444)4BE441) @ -2--3B > Bad 


‘Substituting values of A and B in equation (2), we have 
242 /3 2/8 8 
G+DG+4) GHD +4) 24D 344) 
= a 

Bx? +) Wx? +4) 

2+2 1 2 
tn f —y 2 t2 — ae f [2 

(+ DG? +4) J ated 3a +H) 


zen} 


1” 
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Example 3. Evaluate the following integrals : 


i Ux+6 = 7 
| ain * « | eae waR 
7" x eat 
io | yay of sa 
: 1ke+6 
Solution. (i) Let t= f Gy aor dt wD) 
A,B sn) 
Brel bx+3 
Multiplying both sides by (2x + 1) (Gx + 3), we get 
lz +6=A(Sx +3)+BQr+1) (8) 


1 


B+1=0 = x=-5,5r+3=0 3 re} 


Pat x =~} in equation 2), we get 


3 in equation (3), we get 


nee) af2 a 


-3_-B 
= Fry 7 Bes 
‘Substituting the values of A and B in equation (3), we have 


ix+6 ___1 3 
Qx+DGx+3) Qe+1” bz+8 


lr+6 13 
ts “Jane” Slew 


——~ de 


mit") as 
_logl2ee Ul , Slog liz +31 | Ie J 1 de esters Ot] 


2 5 a+b 
1 3 
. gloglax + 1+ F logis +31 +e. 
(i) Let 


t= f —_ = ____& ea} 
Miresvres ere my 
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A B Cc 
Poskese Bese) bis 
Multiplying both sides by (x + 1) (x + 2) (x + 3), we get 
ax? = Alx + 2x + 3) + Ber + hx + 3) + Cl + Ir + 2) 3) 
x+1s0 = x=-1, 
x42=0 = x=-2, 
24320 = x=-3. 
Put x = —1 in (3), we get 
(- 1) = A(- 1 + 24-143) + Bi- 1 + 1X- 143) + C14 1-142) 


1 
=> 1=2A = As> 


Put x =~ 2 in (3), we get 
(2? = AC 2+ 24-2 + 3) + B-2 + 1X-2 +3) + C(-2 + 1IN-2 +2) 
= 4=2-B = B=-4 
Put x=-3 in (3), we get 
(- 3? = A 3 + 2X-3 +3) + B-3 + 1X-3 +3) +C-3 + 1-3 +2) 


>= 9229 = c=$ 


‘Substituting the values of A, B and C in equation (2), we have 


x a2, -4 9/2 1 4 | 9 
G+ DGFDG43) rel x42 x43 Ax+D) x42" Ax+3) 


2 
= x _f[_2_-4,_9 
lerreraara* Slats ¥+2* Be+9), 


tpt Lee 2 f 2 
es) —a-: — =|— ae 
al sat—4) sata) as 


= log les 1-4 gts +2148 log Ix +31 +e. 


(iii) Let =| oem A) 


— 25 +o 2) 
G@-DG*+D) r-1 x41 
Multiplying both sides by (x ~ 1) (x? + 1), we get 

= AG? + 1) + (Br +0) (x-1) w(3) 
Put x = 1 in (8), we get 


Let 


1=Al14+1]/+(B4+O)\-) = 1=2A > asi 


Equating the co-efficients of x* on both sides of equation (3), we get 


0=A+B = B=-A = B 
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Equating the constant terms on both sides of equation (3), we get 


0=A-C = A=C = c=d 


Substituting the values of A, B and C in equation (2), we have 


224) 
Eee a) ee Se ee est 
DGD e-2 tel We-D 2(s7 41 


3 x-1 
dx 
a-f[ats D2 (=) 
1 1 1 x i 
oH ital satel ea 


apd 1p 2 af a 
eal aa®lan® 
(Multiply and divide the second integral by 2] 


to logif(a)l+e 
= Ploglx—-Liogis* + +2 tantx +e Got en 

—e as. 
J aie jimtiee 


4 
Goytett= f == t+ ae oD) 


xaxt4x-1 


Since, the degree of the numerator is greater than the degree of the denominator, there- 
fore by actual division, we have 


Ba2te-D 41 Cet 


wfotttie pe tae 


=ffres 


vy oxtaxtea-1 
Now a = x (x-D+lx- 
DeF+D = &-D+D 

Consider + Bere (8) 


~DG@t+D 2-1" P41 
Multiplying both sides by ce — 1G? +1), we get 
2= AG? +1)+(Br+C)(e-1) (A) 
Put z = 1 in (4), we get 
2=2A0+1)+B+O)(1-1) > 222A = A 
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Equating the co-efficients of z* on both sides of equation (4), we get 
02A+B > B=-A = Be-1 

Equating the constant terms on both sides of equation (4), we get 
2=2A-C = C=A-2 = C=-1. 

Substituting the values of A, B and C in equation (3), we have 

x-1 


awed " Je “les 


= frdre fide fo wit 


1 
de- 

Fai Jane 
dx- 

x4 Ss eT tl 


. 2 setlogts—1-}f ye-] ae 


2 
x 
= tet loglz=1- J 


2 241 +P 
[Multiplying and divided by 2] 
2 
= ts tloghs— 1-3 hog 128+ 11 tart +e. 
» | Pac Jog if(x)l+e 


Example 4. Evaluate the following integrals : 


P inte 
wi f @-pe-ga-n * 


Ter AD) 


x-1 xt-x-1 


xt-x-1 x 


Wehave 3-8-6: xa? -2-6) Ha-D+D 
Let a1 B_,_¢ (2) 
Ha-9G+2) 2° G@-9* G+ 


Multiplying both sides by x(x - 3) (x + 2), we get 
x2 —x— 1 = Alz~3Xx + 2) + Brix + 2) + Crlx-3) (8) 
x20,2-320 = x=3,x+2=0 = x=-2 
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Put x = 0 in (3), we get 
—1= A@-3) (0 + 2) + B40 + 2)+C.00-3) 
= -1s-6A = azt. 
Put x = 3 in (3), we get 
(3? -3 - 1] = A(3 ~ 3X8 + 2) + 3BI3 + 2) + 3C(3 - 3) 
> 9-3-1=3B6) > 5=15B = B= V2. 
Put x = ~2 in (3), we get 
(2) = 2)— 1] = A 2- 3-2 + 2) + BE 2K-2 + 2) + Cl- 2X- 2-3) 


= 442-1210 + 5=100 » c=} 

Substituting the values of A, B and C in equation (2), we have 
xinx-l 6, V3, 1/2 een ree | 
Ha-9G-2 2 '@-3) @+D ~ br 3e-3) Ba+D 


1 
waa |* 


bo a 1 1 1 y 5 
=3) pea) ca@eal aa* 


1 1 1 
as 1+ = log lx ~31+ = log Ix ec 
gloglal+ 5 logle—31+ 5 log Ix +21 + 


i 12x3- 22-9 
toe I= | pa 
12x" -2x-9 


ts | ——— = A) 
Gre DGr- Dard as 


Let Aastaae-9 |_| _A 
(2x+D(2x—D(x+3) (2x+D 

Multiplying both sides by (2x + 1) (2x — 1) (x + 3), we get 

12x? - 2x9 = A(2x — 1x + 3) + B(2x + 1x + 3) + C(2x + 1N2x- 1) ol) 


© wf) 
+3) 


2-120 = sed, x43=0 = x=-3 
Wel=0 = sed 


Putx= in (3), we get 
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= 3-1-9=80(2) = -7=7B = B=-1 


Put x = — in (3), we get 


(3) -2(3)--ab a) aa) ab ala) 
PGP) 


= 3419-42) (§) = -5=-5A = Awl 


Put x =~3 in (3), we get 

12-3? - Y-3)-9 = A[A- 3) 1] (3 + 3) + BIA-3) + 11-3 +3) 

+ C1- 3) + 1112(-8)- 1 

= 108 +6-9=C(-5)(-7) > 105=35C = C=3, 
Substituting the values of A, B and C in equation (2), we get 

iaxt-2e-9 A, = 3 
Qx+DQxe-DG+9) @x+D” Qe-D" x43 

22-9 ae f[G- 1,3) 


Is let Dix+3) 2x41 2x-1 x43) 


Sant Janel sae 


log 2x+11_ logi2x~11 


+Slog 1z+31+C [FJ Lei watered, | 


2 2 ax+b a 
4 + Blog Ix+3l +c. [r log log n= tog] 
= n 
xtextl 
(iit) Let t= J pr} me) 
(xt 


Let 24241 A,B, 2) 
xt(x42) x x? xed 
Maltiplying both sides by x%x + 2), we got 
wiped Ls Ante +2)+ Bar + 2)4 0x? (8) 
z=0 
x+220 = x=2-2 
Put x = 0 in equation (3), we get 


120+B0+2)+0 > 1228 > Bet 
Putx 


2 in equation (3), we get 
(-2)? +(-2)+ 1 = A 2X-2 +2) + B-2 + 2)+ C27 
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= 4-241=4C 3 C 3 
Equating co-efficients of x on both sides of (3), we have 
1zA+C > Az1-C = Asi-} = Ast. 
Substituting the values of A, B and C in equation (2), we have 
xt¢et] V4 V2 84) 1 1 3 
2245+ t+ 
oi (x42) ox x? x42 > Gx” Oe?” A(x 42) 
2 
ref 2t2tloh( [2,243 Jae 
x7 (x+2) Sig 2x?” (z+ 2) 
wtf tacet fetes df 8 ge = fot 
4 aero fe acest [ope [ (fa dx =F =T— +0 
2 1G") 3 ee pel 
= rogtst+ 2 EO 6S tog ix +21 +0 [: P| 
i 1,3 1 loglax+b1 
== 1+ . + [—~—a- ee 
qloglxi- 5+ log x +21 +6 [: Jane 7 +] 
iv) Let I= 
(iv) fz 
Put z=e° = dezede 
1 
tf G-Darm * cick 
Let u 4,5 2) 


@=2@+2) 2-2 242 
‘Multiplying both sides by (z - 2) (z + 2), we get 
1 = Alz +2) + Blz-2) 8) 
z-220 = z=2 
z+250 = z=-2 
Put z = ~2 in (3), we get 


1=A(-2+2)+Bi-2-2) = 1=-4B = Be-}. 
Putz = 2 in (3), we get 


1 = A(2 + 2) + B(2-2) => 124A => asi 
Substituting the values of A and B in (2), we get 
1 V4 -u4 1 


@-DE+D GB" +2 M-2 HD 


1 1 
1-f sae Slte-atsle 
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Pog 12 +21 +e 


Jog m — log 


(ev zee) 


Alternatively : 


x7 48x44 
x(x+2)(x-2) 


Eaerrs 
x +8x+4 A, B 
H@+2Xx-2) x xe 
Multiplying both sides by x(x + 2Xx 2), we get 
x74 Bx +4 = Ale + 2hx—2) + Belx— 2) + Ctx +2) (8) 
x20,2-220 = x=2,x+2=0 + x=-2 
Put x = 0 in (3), we get 
4=A(0+2X0-2)+0+0 = 4=-4A = A=-1 
Put x = 2 in (3), we get 
(2? + 8(2) +4 = A(2 + 2X2 -2) + B22 ~2) + C.2(2 +2) 
= 441644=8C = 24=28C = CH=3, 
Put x = -2 in (3), we get 
(2)? + 8-2) +4 = AL 2 + 2K-2~2) + Bi 2-2-2) + C(-2N-2 +2) 
= 4-16+4=8B = -828B = Ba-1 
Substituting the values of A, B and C in equation (2), we have 
xi +8r+4 
xai-4) x 423-2 
Seema | ee 
xz? = 4) 


Jie) aes) te 
== log Iz! - ee tne 21 + Bag 12 -2 +e. 


- bx+e 
(vi) Let '*| Speeesn 1) 
bxte A B c 


let 


W-pMe-qhe-) e-p's-q' -r 2 


Multiplying both sides by (x — pXx — qX(x—r), we get 
(br +0) = Ale gx —r) + Bor= px -r) + Cx - px -9) (8) 
x-p=0 => x=p 
x-g=0 3 x=q 
x-rs0 = x=r 
Put x = p in (8), we get 
bp +c = Alp-qXp—r) + Bip - pXp-1) + Clp - pXp -@) 


= bp +c=Alp-qXp-r) 
_ pte 
= A= B= akp-n) 


Put x = in (3), we get 
bq +c = Alg - qXq -7) + Bg - pXq -7) + Clq—pXq-4) 


= bq +¢ = Big -pXq-r) 
___ bate 
= © @=pXq-7) 


Putx =r in(3), we get 
br +¢=Alr—gXr—r) + Br pXr—1) + Cir — pr -g) 


= br +e =Clr—pXr-q) 
m cn —orte 
(= pxXr—a) 
‘Substituting the values of A, B and C in equation (2), we have 
bp+e bate bre 
brte = P= ap=1) , @= pXa=) , © phr=@) 
G=phe-9G- x= x-q en 
bx+c “JI (bp+e) tat) 
= pla-ghe-) (p-aXp=rXz—p) * = PXq=Ne-@) 
Grito 
(= pXr—qXx-r) 


bpte bg+e Jrye br+e fp 1 


* (p= akp-) x=p >* “ean *Tr-@) 
near a byte 5 Hoel ng h 4 ete og =r 40, 


(@-aPp-) © pxr-@) 
Example 5. Evaluate the following integrals 
ofaeage Gi) [ —* ae 
(? + Diz? +3) (2- De-2) 


ae 8 
Gio J wane ® 


2 
eee Lara xitxtl 
© | aon @-D 
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2x 
Solution. (i) Let =| ae a) 
Put waz = Oedeode 


=| oem 
Let al __- A’ (2) 
+43)" 241" 243 
Multiplying both sides by (z + 1X2 + 8), we get 
1= Az +8)+Be+1) (8) 
z+1=0 = z=-12+3<0 3 2=-3 
Putz =~ 1 in (3), we get 
TeAC1+3)+BC141 3 122A 9 Aad 
Putz =~3 in (3), we get 
1=A(-3+3)+B-3+1) = 1=-2B => Be-3 


Substituting the values of A and B in equation (2), we have 
Bg ay sad. 
(z+ Wz+3) @+D (+3) Az+ DY Az+3) 


1 1 
1 | Seaeen a! aai*-a] es 
3 1 
= gloglz+ U5 hog lz +31 +e 


as eA Ea 
(ii) Let I= win #7) oa * wD) 


Here the degree of numerator is greater than the degree of denominator. Therefore, 
dividing the numerator by the denominator. 


a 2 a ( 
x xt-3r42) x x43 
Jott] [ooo or+2 +x? 82? 42x 
bares: 
1x-6 er re 
1s f [@+3+—=8 aitg|e 3x? = 2x 
HK G- Xe -2), +3x*-9x4+6 


G@=e-] x-1 x-2 may 
(2 — Br + 2) = (x— Xx —2)] 
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Multiplying both sides by (x - 1Xx — 2), we get 
Tx -6 = Alx-2)+ Bix-1) wn) 
x-150 = x=1,x-250 = x=2 
Put x = 1 in (4), we get 
70)-6=AQ-2)+B-1) = 1l=s-A = Az-1 
Put x = 2 in (4), we get 
1(2)-6 = A(2-2)+B(2-1) = 8=B => Be’ 
Bebetaing th als of A and Bin eqaton (we get 
a 
a et a 2 


I= f[ero-3, =| 


= fxdr+3fidr-1f iacsef 4. 
z-1 z- 


+ Be—log x—11 +8 log 1x-21 +e. 


aE 
- 8 
(iii) Let waa exe) 
8 A, Br+C 


GMa sd G+ Gea) an 


Multiplying both sides by (x + 2Xx? + 4), we get 
B= AG? + 4) + (Bx + Chix +2) (8) 
xz+2=0 = x=-2 
Put x =—2 in (3), we get 
B= Al(-2 + 4]+(B-2)+C}[-2+2] > 8=8A = A=1 
Equating the co-efficients of x? on both sides of equation (3), we have 
O=A+B = B=-A = B=-1 
Equating the constant terms on both sides of equation (3), we have 
8=4A+2C = 2C=8-4 = Wad = CH 
Substituting the values of A, B and C in equation (2), we have 
8 1 y-z42 


Creer ere Mere) 
8 1 
In dee as 
irevrrory S(ch +3) 
1 1 E 
“J aai®?) aye] ma * 


1 1 1 Qe 
-Jaee?| sip eal sae 
(Multiply and divide the third integral by 2) 
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log Ix +21 +2. Beant 2-2 tog 128 +41 +e 
de=ttan 2+ 
a 


err 


LE) a -togifiai+e 


f(x) 
az.4 
log Lx 21 ¢ tant 2-5 log tat +41 +0. 
3 
ioytet t= f $24 ae 
Hore the degree of numerator is greater than the degree of denominator. Therefore, 
dividing the numerator by the denominator. 
Jae AI) xt-1) ered (x 
+8 -x 
2x+1 Qx+1 A B = S 
Let = a ae (2) Seamer =a ie 
xo G@+Me-D +1 x-1 esi 
Multiplying both sides by (x + 1Xx— 1), we get 
2r+1=A-1)+Ba+ ac) 
x-1200 = 2-1 
x+120 => x=s-1 
Put x = 1 in (3), we get 
2)+12Ad-)+BU+) + 3-28 3 Bed. 
Put x =— 1 in (3), we get 
We Y+12AC1-)+BE1+1) 2-12-24 = Aa} 
Substituting the values of A and B in equation (2), we have 
Qed 2/2 
G+De-D FD" &-D ~ Wer)" We-D 
1 3 
t= flats Be al* 
1 1 3 
= frdeeaf Pesta) zi 
eol 3 
= Pt qlowles t+ 5 log bx +6. 
2 
) Let f—, mt 
bs rerrees) 
nf) 


2 A, Br+C 
(-xX+x?) I-x° G+2*) 


Let 
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Multiplying both sides by (1 — 2X1 + =°), we get 
2=A( +24) + (Br+CX1-z) (3) 
l-x20 0 > xe 
Putz = 1 in (3), we get 
2=A(1+1)+(B.1+CX1-1) = 222A = Aa 
Equating the co-efficients of x? on both sides of equation (3), we have 
O2A-B = A=B = Bel 
‘Equating the constant terms on both sides of equation (3), we get 
2=A+C = Cu2-A = C=2-1 = Cal 
Substituting the values of A, B and C in equation (2), we have 


2 ety el 
G-aiee) I-e 1 


2 1 x+1 
= Peer We eal — 
1 Jz aXl+x*) S(eeZ3) 


“fhe 241 a, 
= 


z Hoabidgel te 


med ieelase 
(Multiply and divide the IInd integral by 2] 
= log 11-21 + Fog 114221 +tantzee. 


a +x” a 
fz) 
ljae" log If(x)|+e 
of) 
of) 
G-» 
Multiplying both sides by (x ~ 1)°, we get 
42412 A@- 1+ Be-1)+C (8) 


x-120 3 xe1 
Put x = 1 in (3), we get 
(a? +141)=A0-12+B0-1+C = 320 = Cx3 
Equating the co-efficients of x* on both sides of equation (3), we have 
1sA = Ael 
Equating the constant terms on both sides of equation (3), we have 
1sA-B+C = 1=1-B+3 = B=3. 
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Substituting the values of A, B and C in equation (2), we have 
etxtl 1 - 
(x-DP  x-1 Ge-D? (x- 1* 


tef Betslas 
“J 


ess meh ee 
I 
log 


k 


7 * de =| Weer 
[: Jlteon dx | eer 


3 
=log l2=11 = 5 - go te. 
Example 6, Evaluate the following integrals : 
wf @-Die- a 
sia Bx-2 ss x 
® | oat ® © | aaa 
= mel 
Solution. (i) Let I ie ee cl) 
Since the integrand is an improper fraction, therefore by dividing numerator with the 
decanter, wo oot 
Te # ‘eo Ht haeef 14-5 _]Jae ‘ay xt+x-6) 8 4x-11 
5 
Wehave yx-6 2 ve 2-6 aor) = Ss 
Let bck wah BP x) 


(+Be-2) x43 x-2 
Multiplying both sides by (x + 3Xx ~ 2), we get 
5 = A(x — 2) + Bix + 3) ww) 
x4+3=0 = x=-3,2-220 > x02 
Put x =-3 in (4), we get 
5=A-3-2)+B-3+3) = 5=-5A = A=-1 
Put x = 2 in (4), we get 
5=AQ-2)+B2+3) =» 5=5B = B=1 
‘Substituting the values of A and B in equation (3), we have 
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=fre-[oy 


ex- ie lecatcue scales 
=2) 46, [r log m Ign tog) 


3 


Gaia ‘+ eae * 


ule 2 +1n-6 * 


Since the integrand is an improper fraction, therefore, by dividing the numerator with 
the denominator, we get 


escieee 29-6274 1-6) a 
tJ | apeae | 6+ 11-6 
6x? -11x+6 SS et 
or I= [1.dr+f +8 _ ae 
Jie) Ghee 6x? -112+6 


et) 

Let _8x7-11e+6 3, 
= D@-2%z-3) x-1" x-2" x-3 

‘Multiplying both sides by (x — 1Xx — 2x - 3), we get 
Gx? — 1x + 6 = Ale - 2Xx— 3) + Bex — 1Xx- 3) + Cx - 1X -2) on(3) 

=120 = xelx-200 + x=2,x-320 = x=3, 

Put x = 1 in (8), we get 

(64? - 11(1) + 6) = AC - 2X1 ~3) + BOL - 10-3) + CA - 11-2) 

=> 6-11+6=2A > A=12 

Put x = 2 in (3), we get 

(6(2)? - 11(2) + 6) = A(2- 2X2 - 3) + B(2— 1X2 - 3) + C(2~ 1X2 -2) 

=> (24-22 +6)=-B = B=-8 

Put x = 3 in (3), we get 

(6(3)? - 11(8) + 6] = A(3 ~ 2X3 ~ 3) + B(3 - 1X3 - 3) + C(3 - 1X3 -2) 

= 64-33+6)=20 = 0-2 

Substituting the values of A, B and C in equation (2), we have 


6x? -11r+6 a1/2, -8 ,27/2__1 8 27 
G@-De-2e-9 2-1'x-2*x-3 ~We-D 2-2" 2-H 


on(2) 
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1 feel 5 Sole 


= frderdy sue sf tpae® ye 
x4 Hog 1x11 Blog 1x21 + 2 tog tx-31 +6. 
(3x-2) 
iy Lett = | Saeee Al) 
Let —Oz-2) A,B,C. (2) 


(+34? x43 x41 Ged? 
Multiplying both sides by (x + 3Xx + 1)%, we get 
Sx -2= Aix + 1)? + Br + Xe +3) + Cir +3) (8) 
x+1=0 > x2-1,243=0 = x=-3 
Put x =~1 in (8), we get 
[8(— 1) -2) = A{- 1) + 17 + BI-1+1]-1+3)+C-1+3) 


= -5=20 = cz-3 
Put x =-3 in (3), we get 


[3- 3)-2} =A 3 + 1? + B-3 + 1X-3 + 3) + C-3 +3) 


= -Ms4A = as 


Equating the co-efficients of x? on both sides of equation (3), we get 
0=A+B +B=-A = B= a 


‘Substituting the values of A, B and C in equation (2), we have 


3x-2 rls ai, -5/2 - eet = 5 
GFBKe+ DP eS eT GD? 443) MHD e+ DF 
ef -f -u ou 5 

woe Wa+5) Seed Wee? 

upd yu 1 
aia ers teal ra ista Saar 

Suey 

= Broglia + 31+ 22 tog + ngs ate 

uy ist), 5 
48 ee3 | deed te 

2 
Fs 
@o) Let Ie | ——-—__;— (1) 
si \ waehacre © 
2 
ta rs 2 A,B oc 


= = = + 
(x? + Dex? + 2x? +3) (24+ Xz +2K24+3) (2+) (242) (243) 
(2) (Put x2 = 2] 
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‘Multiplying both sides by (2 + 1Mz + 2Xz + 8), we get 
2 = AW + 2X2 +3) +4 Be + 1X2 +3)+ Ce + Ike +2) (8) 
s4120 = za-1z+220 + 2=-2,24320 = 22-3 
Putz =— 1 in (8), we get 
=1= AC 14 2X- 143) + BO 141X143) 4-14 1-142) 


> -12% = az-3 


Putz =—2 in (3), we get 

= 2= A 24 2K-243)4+ B24 E-243)4 C24 242) 
3 -25-B = Be? 
Putz =~3 in (3), we get 

=3=AL-3 + 2X-3+3)+ BES + 34 3)4 C34 1K-3 42) 
= 3220 = c=-$ 
Substituting the values of A, B and C in equation (2), we have 

2 2, 2-3/2 
G+ e+ 2e+H) 


+ 
+0)" +2)" +3) 

- ice oy Bin, le 
GP + a? 42K? +3) 2G? +" +2) 2G? +3) : 


zazt] 


2 1 2 3 
os Ts = dx=}|- Ss 
| one sf 2G? sD GD zal 


1p a 1 3 1 
2-3) Fate) Fra eal Fae * 


i es 
=~ stan x4 v2 ta - 
plant s+ VB tan 
Example 7. Evaluate the following integrals : 
1 x? 
i — [| ——=— 
| pea | oiara © 


‘ity ( 58° + 18x? - 10x -6 
Cid | Ta area 


olz 


Solution. (i) Let I= f 


1 


aid 


1 


weep * mad 
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aa 1 A,B Gr+D 

(e+ DQ? 4D x41 (e+)? G?+D 
Multiplying both sides by (x + 1)%x? + 1), we get 

Ls Ale + 1Xe? + 1) + Bex? + 1) + (Cx + Dix + 1)? (3) 
Putx =~1 in (3), we get 

Ls Al-1+ 1-1? + 1) + BU- 1? + 1+ (C- 1) + D)[-1 4+ 1F 


= 1=B+1) = 1=2B = B=. 


Equating co-efficients of x* on both sides of equation (3), we have 
O=A+C = A+C=0 
Equating co-efficients of x* on both sides of equation (3), we have 


O=A+B42C+D (5) 
Equating co-efficients of x on both sides of equation (3), we have 
O=A+C+2D (6) 
Solving equations (4), (5) and (6), we have 
1 


azdice-3 .D=0. 
‘Substituting the values of A, B, C and D in equation (2), we have 


1 0 
1 v2 a8 gFlh' St 1 x 


= = + = 
Ges) GD Gan aD Wat Berd Weed 


1 1 1 x 
ae dx= - 
restos S[acstate 2 sD 


1 1 

“litte otal ea* 

ty 2x 

4 x41 

[Multiply and divide the third integral by 2] 


=3) yee fcceptar- 


ae 
14+ DP" 1 ygistaiiee 


1 
= phgles +s ya 


vv flfeor dx= 


Bs - — 2 ogi s* 
glonlz + 11-75 - qlogizx* +1 +6, 


£@) 
Fig Seo tow fa +e 
2 
woe I= f ara () 
Putting x? =z 
We have — ee 


G+Da? +4) @+DE+4) 
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Let Se ae J (2) 
Grier) G+) @+H 


Multiplying both sides by (z + 1Xz + 4), we get 
z= Az +4)+ Bize+1) (8) 
z+120 => z=-1 
z+4n0 = 20-4 
Put z =~ 1 in (3), we get 


-12AC1+4)+BC1+) = -1=8A = as} 
Putz = —4 in (8), we get 


—4=A(-44+4)+BR-4+1) = -4=-3B = Be4 
Substituting the values of A and B in equation (2), we have 
£ 22/3 4/3 - =f 4 
(z+ 1Xz+4) (z+) (244) Az+D Bz+4) 
x 1 4 
et ts 
Gans 3G? sD" 3G +4) : a 


e 1 4 
I= f ——.— a -[|-_} — 
loses Sf BateD aah +a) 
1 1 4 1 
al eel ae 
e-deants+4 deen tt : 1 dz =1 tan? = 
so gin stg gin ate [: Saprerae ee] 
=A tant +2 tant = 
giant et Ftan tS +0, 


re 5x! + 18x? - 10x-6 
Gin lt I=] “ee 
5x* + 18x? -10x-6 


de (1) 
(6z* + 13x? - 6x) ; 


Since the integrand is not a proper fraction, therefore by actual division, we have 


x® + 13x? — 6x) Bx® + 18x" — 10-61 
5x + 13x? - 6x 


Se—4e-6 LA, BL 
x(x+3X5x-2) x x+3 5x-2 
Multiplying both sides by x(x + 35x — 2), we have 
Sx? — 4x - 6 = A(x + 3X6x — 2) + BxlSx— 2) + Cxlx +3) wl) 
2=0,2+3=0 = r=-3 
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r-2=0 = Sr=+2 3 reed 

Put x = 0 in (4), we get 
-6=A(0 +3X0-2)+0+0 = — 

Put x =~3 in (4), we get 
5(— 3)? - 4(~ 3) -6 = Al~ 3 + 3) [5(- 3) - 2] + B(-3) [5-3-2] + Cl- 3) [-3 + 3) 

= 45 +12-6=51B = 51=51B > Bal 


-6A => A=1 


Pats? in (4), we get 


(2) “AG 5) s-a(2 +a}[o(2) 2} +-0( 2)6(2) a] +¢( (2)(2+3) 


34 _ 34 
= ‘ 7 2-s-c(34) = -% ao 3 C= 
Substituting the values A, B and C in equation (3), we have 
5x? - 4: 1 -5 


3@43X6x-2) x 243° Ge-2) 


tS ieaaaea) 
=f ac+f 2 as fy ge sf a 


: sirens 
= loglar+ bl, +e 
rary a 


152-21 
=x+log [xl +log Ix +31 - Steeles 2h 


=x + log Ix! +log 1x +31 —log 15x-21 +e. 
1 


1 
| aera * 
1 
Jaa ag 
Let ——— 
G@+Da@-DateD x+i x-1 aad 
‘Multiplying both sides by (x + 1Xx — 12? + 1), we get 
1 = Ale — 1X? + 1) + Box + 1X2? + 1) + (Cx + Dix + Xx - 1) AB) 
x-120 3 rel 
x+120 3 r=-1 
Put = 1 in (8), we get 
= AC - 1X1 +1) + BO +10 ++ (C+DK1+101- 
1 


= 1=4B = B=z 


Gott t= J z 


wl) 
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Put x =~ 1 in (3), we get 
1= AC 1-1-1? + 1+ BO 1+ D- D + 1+ (C1) + DK- 1+ 1X-1-) 


1 
1=AC4) As 
> AC4) = 7 


Equating the co-efficients of x? on both sides of equation (3), we have 


11 
OZA+B+C = On-G+ G+ = CHO. 


Equating the constant terms on both sides of equation (3), we have 
1=-A+B-D = 1=- 


‘Substituting the values of A, B, C and D in equation (2), we have 
1 aUA 1a -1 eee: " < SaK 
x41 Mx+D Ax-) 


1 1 1 
dx=||- ———— 
= I Wer W-D Ga. 
1 1 1 1 1 
-HatidaeIag* 
of 1 _dz-ttant 240 
x*+a? a a 


1 
=~ Ghee 


x-1 


let uted Jog Ix-11 -tantx+e 


-tantz+e. 


» 
bem -tars-he( 2) 


dx wn) 


1 1 uy 1 1 
| opus aati aae 
ree wa) 
az-D z 2-1 
Multiplying both sides by 2(2 — 1), we get 
1= Au -1)+Be AB) 
s=0,2-120 = 201 
Putz = 0 in (3), we get 
1=A0-1)+0 = -A=l = Azs-1 
Put z = 1 in (3), we get 
12A0-1)+B + Bel 
Substituting the values of A and B in equation (2), we have 


341 


dee tf dee Hog t21 +b tog tz—11 +6 


Jog m log n=Iog "| 


zaxt] 

wD) 

2 iat 

Webave xa 4x43) x 1 
x? 4x43 

Let (2) ——— 
(x-Wx-3) x-1 x-3 a 4x -3 

Multiplying both sides by (x — 1 - 3), we have 
4x3 = AG-3)+Bir—-1) (8) 


= sl 
x-8=0 = x=3 
Put x = 1 in (3), we get 
4(1)-3=AQ-3)+BQ-1) = 1=-2A = A=- 
Put x = 8 in (8), we get 


le 


43)-3=A8-3)+B-1) > 9=28 = Bas 


‘Substituting the values of A and B in equation (2), we have 
4x-3  _-1/2, 9/2 | -1 9 
=De-3) =D &-3) 


1 
cea +e. 
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Example 8. Evaluate the following integrals : 


x+d 
e la Td een 


(iii) Gx? + 18x +17 
(+ IP Qx+9) 
cos x of xt xt Ox bat] 
© | amare (wi f xa+D as 
Solution. (i) Let t= f —* +1 — 
@-P+3) 
741 A B c 


G@- D438) e-1" wy? Gd) 
Multiplying both sides by (x - 1)2(x + 3), we get 
x24 1 = Ale 1x +38) + Boe +3) +O - D? 
x-120 => x=1 
x+3=0 + x=-3 
Put x = 1 in (3), we get, 
(1P +1 =A - 141 +3) + BOL +3)+ 00-1? 


1 
= 2=4B = B=5 


Put x =—3 in (3), we get 
(3)? +1 =A(-3-1X-3 +3) + B-3 +3) + C(-3-1? 


= 10=16C = C= a 
Equating the co-efficients of x* on both sides of equation (3), we get 


LeAtC > An1-C = Ani-3 = And. 


8 
Substituting the values of A, B and C in equation (2), we have 
+1 3/8 1/2 | 5/8 3 1 5 


e = + + 
@-PE+D saNiaspe Gsm Ba-D "2-0 8TH) 


%G- stats 
Ax-V? 8x43) 


=| ec ree “Sa D 


| w8f Bide Mfe-wtaeeSf Ow 


84 x-1 
| 23 14 ea . 
gloglz- I+ 5 Say tg log Ix #31 +e 
3 1 
| = J loglx-11- 3 hog ix +31 
logs 1-5 +5 dog I+ 31 +0. 


Je 


ea() 


wl) 


+B) 
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7 3245 
Gi) Let nf aae 
x+l 
=xX(x-D-Mx-) 
“J se de =(x?-D(x-1) 
(2? -Die~ = 
a(x+D@-DG-D 
=(x+D(x- 0" 
a ts f Sette Ad) 
Ge 
S245 B c 
ete-9? x41 x-1°@-9 (2) 


‘Multiplying both sides by (x + 1) ~ 1)?, we get 
Sx +5 = AG 1)? + Be + hx - 1) + Ce + (8) 
x-120 3 x51 
xt1<0 3 x2-1 
Put x =— 1 in (3), we get 
3-1) +5 = AG 1-1)? + BO 1 + 1X-1-1)+C- 14+) 


ss path= ant 
Put x= 1 in (8), we get 

91) +5 =A - D8 + BU + 1X1-1)+CU+1) = 8220 = CH4. 
Equating the coefficients of x* on both sides of equation (3), we have 

O=A+B > B=-A = Ba-} 

Substituting the values of A, B and C in equation (2), we have 

Se¢5 2-0/2, 4 dd 

(e+ Da-D? (e+ DD (e-Y? A+ DY Ae (e-* 


3x+5 2 1 4 
- dx= - 
I=) Ge- Slats saa 
1 1 wi 
oases mi” sea rina Se ad 5 


Ge- 0 
~241 


Leena) 


fl) 


= Plogts + 11 Ftogtx— +4 te 


5x? +18+17 4. 
Gr Dar+3 ~ 


(ii) Let 1. jf = 
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5x*+18r+17_ A | BC 
(x+DQx+3) (e+ D (e+ 0? x +3) 
‘Multiplying both sides by (x + 1)42x + 3), we get 
Br? + 18x + 17 = Ale + 1X2e + 3) + Be + 3) + Cx + 1)? (3) 
x+1=0 = x=-1 


(2) 


Q+3=0 = 2=-3 > re$ 


Put x =~ 1 in (3), we get 
5(~ 1) + 18(— 1) +17 = A~ 1+ 1) (2-1) + 3] + BQ 1) + 31+ C1 + 1? 
= 5-18+17=B => B=4. 


3 
Put x =~ 5 in (8), we get 


= S_y0=2 


c= 
4 4 
Equating the coefficients of x? on both sides of equation (3), we get 
5=2A+C = 2A=5-C = 2A=0 = A=0. 
Substituting the values of A, B and C in equation (2), we have 
5x? + 18x+17 Ane 2 4 ae Te 
G@+D Qx+3) @+D Grd? @r+d 


9 
= 5(2)-27+17-0+040(- 
5. 
4 


5x? +18x+17 4 =f 
Gebers) nr Qx+3) 


a4 fervtdcesf te ka 
1 
+ Jircor de = Lt 
a M+ Dt Slogl2e+3l || nel 
o =241 2 j 1_ gy _loglax +H , || 
ax+ @ 
-4 (5 
kos Be g a lB+3l +e. 


(Multiply and divided by x*-"] 
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Put vez 3 meMdeed: = drat 


22+) 


22+) 2 2+1 
Multiplying both sides by z(z + 1), we get 
1=A@+1)+Be 
Put z = 0 in (3), we get 
1=A@+1)+0 = A= 
Putz =~ 1 in (3), we get 
1=A(-1+1)+B-1) = B=-1 
‘Substituting the values of A and B in equation (2), we have 


—1_,1,21 
Her) 2" 241 
tpt sit 
+0 zi 
=2fta-+ A ogizt-2 tog 12+ 11 +e 
n n 
1 


[: log m — log n 1()] 


fy z=x") 


‘Note. This question may be asked in several forms. i.e., by changing the values of n, we have 
different forms of the same question. 


eg, when n-=4,5,6,3,8.te. 
‘The reader may advised to solve this problem by taking different values of n on the same steps, 
cos x 
Ole 1°) Gain =n 
Put sinx=2 = cosxdr=de 
oe 
a-a@-) 
aa 
(1-2)(2-2z) (l-2z) (@-2) 
Multiplying both sides by (1 - 2) (2-2), we get 
1=A(2-2)+BQ-2) (3) 
1-2-0 = z=1 
2-2-0 = z=. 
Put z = 1 in (3), we get 
1=A@-1)+B0-1) = 1=A > Azi 


Is a ea) 


wwf) 
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Putz = 


in (3), we get 
1=AQ-2)+BU-2) = 1=-B = B= 
Substituting the values of A and B in equation (2), we have 
1 1 K -1 
@-n@-2 G-2)* @=2 


=| yara®™ 


[: Jog m ~ log n = log ( } 


xx+D 
Since the integrand is not a proper fraction, therefore by actual division, we have 


xe 
te ff +2 |e steed gh eate Qe ydee at 42 


2 
(oi) Let 12f xtext+2x?e4r41 yp 


tates? 
are t A Be (2) 
xG+D x x41 ee 
Multiplying both sides by x(x + 1), we get ast +4ee) 
Q+1=A+ D+ Be...) +2x° +x 


Put x = 0 in (3), we get 
1=AQ+1)+0 = A=1 
Put x =~ 1 in (3), we get 
2-1) +1=A-1+)+B-) = -1 
Substituting the values of A and B in equation (2), we have 
aeel 1, 2 
xx+ Dox xtl 
pe f iteteteartt ye (# vee Bt ae 
xa+D eee 


“Sle stede tare Jxace2frderf Laer f ae 


=z xt xel 


a 
= A + Be + log Ll + log Le + 11 +0. 
Example 9. Evaluate the following integrals : 


2 8 
| ame * CO rerets 


a5 bx ‘ 1 
(ii) f —*— ae (iv) ——— dr 
ai Pes +9 a rr ress) 


347 


. 2x" 
©) F 
Solution, (i) Let I= f — creer pe () 
Let wn) 
Multiplying both sides by (x + 2) (x? + 4), we get 
8 = Als? +4) + (Br +.C) (x +2) (3) 


x+2=0 = ra-2 
Put x =-2 in (3), we get 
8=Al(- 2) +4] +(B-2)+C][-2+2] = 8=8A = A=1 
‘Equating the co-efficients of x? on both sides of equation (3), we have 
0=A+B = B=-A = B=-1 
‘Equating the constant terms on both sides of equation (3), we have 
8=4A+2C 
=> 8-4A=20 = 8-4=2C = C=2 
‘Substituting the values of A, B and C in equation (2), we have 
8 1 -z+2 
(e+ 2(x2 44) x+20 xP 44 


1 -x+2 
| aa HDG +4) anf[35 Hi]« 
1 1 
“SraeJ ra nae af 7 ta 
1 a 
oD es ta Fa Pry tal Yam a dx 
[Multiply and divide the second integral by 2} 


log e421 Plogis* + 4142.3 tant Z +e 


fe) 
ef fa [esos 


Swe 
J 1 gy a loglax+ 4, 
ax+b a 


log Ix +2! ~ Plog? +4letanZ +6 


Let yt 8 
xat+e+D x xtex+] 


‘Multiplying both sides by x(x? +x + 1), we get 
1s AG? +x 41) +(Br+ Cx 

Put x = 0 in equation (3), we get 
1=A0+0+1)+0 = A=1 

‘Equating the co-efficients of x? on both sides of equation (3), we get 
O=A+B = B=-A = B=-1 

‘Equating the co-efficients of x on both sides of equation (3), we get 
O=A+C = C=-A = Ca-1 

‘Substituting the values of A, B and C in equation (2), we have 
ae te. janet 
xatex+D x xPtx¢l x x? 4x41 


= T= J Bde f Ett dete ixt- J 3h ae 


Let sererZeteee nen 

= xe leMQr+ Dep 

= xtlaDre ep 

Equating the co-efficients of x on both sides of equation (5), we get 


1=% => ast 


Equating the constant terms on both sides of equation (5), we get 


LeAsn @ pei-a = pet} = pad 


2 2 
af pittgej OO™a) 
ert] G@ex+D 


1p 241 2p 1 
ee 
ress teed reset 


Liggts? 1 1  [L@ 
= glee teed] dx [J dz 


fF) 


xextl 


(8) 


(4) 


(5) 


=lgifcot+e| 
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= Hogi sx? +24 1142 


st 


= Flogis? +4143 f 


J rogix? 2 
= 5 lol series] 


= Plogls? terete, 


ats 
= 5 logix* 1+ tan? | = 
gieglst +24lle 4 Jee 
From equation (4), we have 


1. (e421 
T= log Ix! - plselst +24 11-—F tan GeZ)+ 
bx 
Let l=) Gero & (1) 
5x A | Br+c 


+2) 


Let 


Gerda? +9) +1" 749 
Multiplying both sides by (x + 1) (x? + 9), we get 

Sx = A(x* + 9) + (Br + C) (x +1) wf) 
Put x = — 1 in (3), we get 

KD =A(DP+9]+1BE D+ C141) > -5a10A > An 7 

Equating the co-efficients of x on both sides of equation (3), we get 

O0=A+B = Be-A => B=} 
Equating the constant terms on both sides of equation (3), we get 


0=9A+C => C=-9A > -9(-3) = Cap 
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Substituting the values of A, B and C in equation (2), we have 


1) 13,2 
be 2) a**Q =, +9) 
G+? +9) FD (+9) ~ Ar+D "Ax? +9) 


br x49 
Te | —— a = | | - —_ + — —_ 
lm 5 wanes 
tpt lps 
act 3 f 


a) xvi *2) ye *2) 9 
apt lap ae 
3) aaittil petal ae 


[Multiply and divide the second integral by 2] 
Flogix+ tie Togs? +91+2.2tan Z +0 
+ fc paee latest 
er @ 


ibe LS) p= logifia) +e 


(=) 
1 
= Plogix+ let Liggix? +91e3tantZ se. 
1 
Go Lett = | sy 
voxtextexed 
pe seers 2 
1-f Fp wd) | =+ D4 M+) 
eee =(x4 Dx? +) 
1 A Br+C 


G+DG@sD etl wal wl) 


‘Multiplying both sides by (x + 1Xx? + 9), we get 
1= Ale? + 1) + (Br +O) (e+ 1) lB) 
x+1=0 = x=-1 
Put x =—1 in (3), we get 


LeA(-1?+ 1+ BCD+C-4+l + 122A = Aad 


Equating the co-efficients of x? on both sides of equation (3), we get 
O=A+B > B=-A = Be-} 

Equating the constant terms on both sides of equation (3), we get 

1 


1 
1=A+C = C#1-A = Ca1-3 3 C=5 
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Substituting the values of A, B and C in equation (2), we have 
i ee 


1 ee tees Lables arenns 2 2 
(exes) l+x” (ex?) © 2042) 20+x*) 


1 1 +1 
rf aon Slats ate 


x 1 1 

et 
[eealhyee 

1 1 1 a 1 1 

“lhietal peel me* 

(Multiply and divide the second integral by 2) 


= Plogit+ at ogins +3 tantx+e, 


ts [LQ are 
‘ J Fay are tnwircise 
Weer pane ims vee 
‘ Jacyeespe =e 
ax 
(e) Let inf ye (a? - B8) = (a ~ bXa? + ab + 6°) 
ax 
-J G@-betszsy bg 


A Br+C 
@-DatexeD & GP+x+D 
‘Multiplying both sides by (x ~ 1)(x? + x + 1), we get 

Qe = Ax? +x + 1) + (Be + CXx-1) (8) 
Put x = 1 in (8), we get 


Let wl) 


eles 


2=Al(P+14+1)+B+O-1) = 228A = A= 


Equating co-efficients of x* on both sides of equation (3), we get 
2 


3 
Equating the constant terms on both sides of equation (3), we get 


0=A+B > B=-A = Be- 


OnA-C + C=A = C=? 
Substituting the values of A, B and C in equation (2), we get 
Le) 
2x 3, U3**3)_ 2 te 
(e- Dat +x4D GD Gert) 3a-D Bat exe 


7 De? teed mata’ bl 


Co (&-) 


3 x1 
2 2 
= jlogle— 1-3 f 


wl) 


Let ster Ziterenen 

= xn LeM2r+ Dp lB) 
= x-1eMr+Q+p 

Equating the like power terms of x on both sides, we have 


1=2 = a=} 


and -lehep = peti-a o went} ~ foes 
Equation (5) becomes 
@-p=Feren-3 
2 
Jaze genf 228 w 
x +xt+l xtexel 
2x41 
Pett yp 3p 1 
24 xtexel Prersi 


1 2 3 1 
=H ogiz?+x+11-3 
grist ass | oa 


1 2 3 1 
= 5 logix? +x+11-— | —________ 
2 I Gade) 


Add and substract + tothe denom 


Jogix? 3 
= los te+ul-3f 


Flogis? +x+11-3 
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= flogls? ++ 11-9 tan 


From equation (4), we have 


[ eee |p erry * -a(2x+1 
I= jlogix—11 2 net +x+11-V3 tan’ =F Ita 


logix- U~ Hogs? tell tan (2). Za 


a 2oghe-11- J oghst ++ 11-Z tat (2522) a 


2 
where c=- 5c, 


3 
at 
(wi) Let 1=f eur A) 
a 
Seto AztB:, CetD wn) 


G40? @t+n ate? 
‘Multiplying both sides by (x? + 1%, we get, 
2x3 = (Ax + B) (x? + 1) + (Cx+D) 
=» 23 = Ax? + Be? +(A+Cr+B+D (8) 
‘Equating the co-efficients of x°, x®, x and the constant terms on both sides of equation 
(3), we get 


A=2 3 Aq2 
B=0 = B=0 
A+C=0 + C=-A = C=-2 


B+D=0 + D=-B = D=0 
‘Substituting the values of A, B, C and D in equation (2), we have 

x8 ox, -2e Qe ae 

Ge te Gen? Fe Gen 

Qe 
Is a 
[aed 

Put waz = Ode=de 


tf mits ar e 


log 12 +11 - 


slog lz-4 11 + 


1 
=log I? + 11+ +e. te 224] 
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1 
a=-{ _—_ 
J ene _ 

1 

tf G@—akx+ayx? +a") 
1 A,B  Ge+D 
Let 7» a ee SS (Please try yourself) 

(x-aXxt+aXx* +a") x-a x+a x? +a" rae 


1 
{Hint. See exampe 5 (iv)] [ane 7° log 
Example 10. Evaluate the following integrals : 
x42 xt 
| pena OO erate 
5x? +20r+6 4, text] 
wo f% x Siades wo) f ‘ py 


Solution. (i) Let I = 


oD 


(x—hr-2 
eae A Bee gD 
= Wx-2)) x-1> (x-2) (x-2)" * (x-2)* 
Multiplying both sides by (x ~ 1Xx ~2)°, we get 
x3 42 = A(x ~ 2) + Bor— Xx 2) + Clx- 1-2) + Da- 1) 8) 
x-1=0 > xeix-220 > x22 
Put x = 1 in equation (3), we get 
(1)? +2] = AG ~ 27 + BO 1X1 — 2" + C1 - 11-2) + DA) 
= 3=-A = As 
Put x = 2 in (3), we get 
(2? +2) = A(2- 27 + B(2 - 142-2)? + C2 - 142-2) + 2-1) 
= =D » D=10 
Equating the co-efficients of x? on both sides of equation (3), we get 
12A+B = B=1-A = B=1-(-3) = Ba4. 
Equating the co-efficients of x* on both sides of equation (3), we get 


(2) 


0=-GA-5B+C 
= C=6A+5B + C=6-3)+5(4) > C=-18+20 + Ca2 
Substituting the values of A, B, C and D in equation (2), we have 

x42 -3 4 2 10 


+ 
= Der-2) x1 x-2* 2 * 27 


+2 -3 4 2 10 
tf pes |Fitace ae oo |* 
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1 2 3 

=-8f Syaeeaf So yaete fe 2y? de+10 f (2-2) de 
Blog Ix 11 + 4 log I-21 +2 F=2" 

=~ Blog Lx — 11 + 4 log Ix 21 +2 FO + 


== Blog 1x11 +4 log Lx 21 - 
i x+1 
(ii) Let I= Jane ds 


(x+De* 
xet(1+xe") 


(1) [Multiply and divided by e*] 


Put xeez 
= (r.etsedreds = (x+ledx=dz 


1 


Let + (2) 
a+z) 2 1+z 2 
Multiplying both sides by z(1 + z), we get 
1=A(1+z)+Be (8) 


Put z = 0 in (8), we get: 1=A(+0) = A=1 
Put 2 =—1in(3), we get: 1=A[1+(-DJ+B-1) = 1=-B = B= 
Substituting the values of A and B in equation (2), we have 
11-1 
+ 
xltz) Zz aes 


tsJ wea -f[2-t]« 


=f? fae- J A ee tog 121 — 10g 11+ 21 +6 


oc) 


zexe) 
5x* +20x+6 5x" +202 +6 
ii =f Sean f SE 
in) Lat Te) Pyaeex x(742x+D 
wl) 
5x? +202 +6 
=A) 


x(x+1? 
Multiplying both sides by 242 +1 we get 
Sx? + 20x + 6 = Aix + 1)? + Brox + 1) + Cx 8) 
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x+1=0 > r=-1 
Put x = 0 in equation (3), we get 
6=A0+1? = 6=A => A=6 
Put x =~ 1 in equation (3), we get 
8(- D8 + 20-1) +6=C-1) +» 5-204+6=-C > C=9 
Now, equating co-efficients of x? on both sides of equation (3), we get 
5=A+B > B=5-A = B=5-6 = B=-1 
Substituting the values of A, B and C in equation (2), we have 
5x7+20x+6_ 6 1 9 


xQ@+D? x x41) @+D* 


Sat +2058 ge f Xe 2 8 
xz+D? x xe) (xt 


=6f das-f yer] (+0? de 


(z+ *" 
= 6 log! x1—log! ee 
Gloglz1—logiz + 11+9=*P—— +e 


= Gloglx!-logix + 11-2 +e 
x+1 


(iv) Let Is pe eteth as 
Put Sires a avisie aed 
tej GttPeGsdel gee Sedeelessis de 
2 z 


2 +3243 28 3 1,3,3 
=f = 3 de=f tata d= f[S+3+5 


afetdersferdera feta 


-3-1" w-) Ger * lv z=@-1) 
sec? x 
(v) Let taal sedans wn) 


Put tanzez = sectxde=de 
eJz 
1 


(2) 
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‘Multiplying both sides by z(z? + 4), we get 


1= A(z? +4) + (Be+C (3) 
Put z= 0 in(3), we get: 1=4A = Ast 
Equating the co-efficients of 2? on both sides of equation (3), we get 
O=A+B > B=-A = Be-i. 
Equating the co-efficients of z on both sides of equation (3), we get 
0=C » C=0 
Substituting the values of A, B and C in equation (2), we have 
3 4 
oO 1 afz 
rae 
weed 2) ate 4 ALE HE 
Ts lana* -I[- i{(sa)e 
ipl, ip_z 
4 a Pea 
=3f2 ae-3] pige [Multiply and divide the second integral by 2] 
z 
1 LP L@ 
log 12? + 41 +e [: lee =ogtfcot+e] 
= Plogltan x!~2 log itant x +41 +6. fs zatans] 
Example 11. Evaluate the following integrals: 
08 8 1-cos@ 
cd 0 | Settee 
tio f winz@+denn 
oo f ene 
sin x (1+ 008 2) 
a " sin @ cos 
Solution. (i) Let od creer ert 
Put cos =z > -sin@dd=de = sinOdd=—de 
2 z 
laced ar hd 
Smee apeen * =a) 
Let ek. A 4B of) 
z ors 
Multiplying both sides by (2 - 2X2 + 1), we get 
-22Alz + 1)+ Be -2) (3) 


INDEFINITE INTEGRAL 


zt1=0 3 z=-1 

2-220 = z=4+2 
Putz =~ 1 in (3), we get 

-CIsAC1+1+BE1-2) = 12-3B = Be-3 
Put z = 2 in (3), we get 

-2=A2+1)+B2-2) = -2=3A = Az-i. 

Substituting the values of A and B in equation (2), we have 

=z -2/3,-1/39_ 2 

@-Ba+D G-2) @+D” %e-2) He+D 


1 
e 
I= | saess ae-Jf 3e-D al 


2 1 1 
-2f[ye-i pee Ploete- BF og lz + 11 +e 
=~ Flogeos0-21~ 5 log loos 0+ 11 +c. Ls 2=008 6] 
. a- adi 
Gi) Let 1-f/oS ne ~) 
Put cos O=z 
cos _ 1-2 
03 0(1+ e086) x1+2) 
Let inn 2A, Be wf2) 


w+z) 2 l+z 
Multiplying both sides by z(1 + z), we get 

L-z=A(l+2)+Be 48) 
Putz = 0 in (3), we get: 1=A(1+0)+0 = A=1 
Put z =~ 1 in (3), we get: 1-(- 1) =Al1+(-D)+BC-1) = 2=-B = B=-2 
Substituting the values of A and B in equation (2), we have 

lez 1, -2 1 2 


Witz) 2) Iez "2 142 


[is = 008 6) 
‘ 1+c08 2A = 2cos? A 
= sec 8— aA 
2Qcoe? & = 1+008 A =2 cos? = 
2 2 
0 sect S 
= sec 0— sec? 5 


is *l mires” = | [isco-set S] a0 


INTEGRATION BY PARTIAL FRACTIONS 


= J secede sec? 3 ao 

tan 6/2 
= i] el- 
log Ise + tan 61 - MOOT? +6 


= log Isec + tan 61 -2tan $ +e. 


(iii) Let 
=f. as 
sin 0-2ein O cos @ 
sf sin® 
sin? 6(1-2cos 6) 
=f sin@ 
(1-cos* @)(1-2.cos 6) 
Put cos =z 
=  -sin@dd=de = sin@de=-de 


Ga) 


1 
tJ a-#)d-22) 
=2 


“J 


a 
(=24) (1-22) 


sin 2A = 2 sin A cos A] 


(Multiply and divided by sin 6] 


sin? A +cos* A=1 
= sin® A=1-cos* A. 


exe) 


B 
tet —__-1__-_A_, B_,_C¢_ lB) 
@-nd+a0-%) G-n* G+ “0-2 M 
Multiplying both sides by (1 - z) (1 +z) (1-22), we get 
— 15 A(1 + 2)(1~-22) + B(1 —2z) (1-22) + C(1-2X1 +z) (3) 
l-z=0 = z=1 
1+z=0 = z=-1 
1-220 3 203 
Putz = 1 in (8), we get 
—1=A(1+ 1X1 -2)+ BO - 141 -2)+CQ-D0+D 
=» -1s-2A => as} 
Lin (8), we get 
-1sA(-14+1 1 -2- D)+Bl-C p11 -2-))+CU-CdIN+- DI 


1 
-126B = B=-— 


INDEFINITE INTEGRAL 


1\(3 3 4 
= -1-0(3)(2) = -1-3¢ = c--$ 
Substituting the values of A, B and C in equation (2), we have 
“1 1/2 |-1/6 | -4/3 1 1 4 


@-9d+2 0-2) * A-2) G+ *G-22) *M-n Ge 3-22) 


-1 =f 1 3 & x ae 
(-20+20- oli 21-z) G@1+z) H%1-2z) 
Bl bertanrd Berta! Brecri 


= Prog it- a~Hiogit + t- fala 24 4g 


[: J 1 lstas +H <} 
ax+b a 


1 1 2 
= Dtogit-a—Liogii+ A+ 2 tog 
5 logit al~ 5 logit + a+ 5 logit 221 +€ 


= Plogtt~cos xt Hog + 000 31+ 2 og it 2008.4 + [> z=0sz] 


1 
tit I=] Sateen 

Jor (Multiply and divided by sin x] 

sin? x (3 +2cos x) m ‘3 sae 

J sinx e *: sin? A+cos* A=1 

(A= cos? x)(3+2cos x) = sin? A =1- cos" A. 


er 
(cos 2) (1+ cos x) (8+ Ze0s =) 
Put cosz=2 = -sinxde=d: = sinxdr=-de 
-1 
tJ Gara ~ 
ae +—B_,_C_ 
(Q=2)(1+2)+22) (1-2) (+2) "(8 +22) 
Multiplying both sides by (1 - 2X1 + 2X3 + 22), we get 
~1= ACL + 2X3 + 22) + BCI 2X8 + 22) + (1 —2)(1 +2) (8) 
l#z220 = 22-1 
1-220 = z=1 


of) 


onl), 


342-0 = %a-3 = 22-3 
Putz = — 1 in (8), we get 
-1=A[+1 4+ DIS + %-D)+BO-C 3 +2-0) 
+Cle1+CM0-CDI 


= -1=BQ\1) = Be-2 


INTEGRATION BY PARTIAL FRACTIONS 361 


Putz = 1in (3), we get 


~1= ACL + 1X8 +2) + BO - 198 +2)+C+DU-D) = -1=10A = asi 


Putz =~ 3 in (3), we get 


-r2alte(-$)o+2l 


Substituting the values of A, B and C in equation (2), we have 


-1 erWl0,-1/2, 4/5  -1 1 | 4 
(1=2)(1+2)(8+2z) (1-2) (1+z)" B+22) 101-2) A1+z) "(8 +22) 


1=f =f 2 
aoamnern “| pan Rien wee | 


oo We 
“pl i Se ikerta ila 


= a2 gg t= Logit ate £28842, 
10 CD 2 


= logit al Plogit+ a+ 2 log 134221 +¢ 
Bi logtt~coe.t~ 2 tog + co a+? log 18 + 208-21 + 6. Ls z=cosx] 
(w) Let T= f—S*— de 
=f 28 -J sin x 
cos x (1+ sin x) 


sin x cos x . 7 
\ateuemea [Multiply and divided by cos x} 
J sin x cos x sin? A+cos* A=1 
“] Gein? 2)(1+sin x) 


=f sin x cos x 
(1=sin x)(1+sin x)* 


INDEFINITE INTEGRAL 


Put sinx=z = cosxde=dz 
z 
ref aan * on 
2 A.B c 
Seu pete 
(-2)(1+2)? 1-2) +2) (+2)? 
Multiplying both sides by (1 — z) (1 + z)*, we get 
z= A(1 +2)? + BO -2X1+2)+CU-2) (8) 
1-220 = z=1 
l+z20 = z=-1 
Putz = 1 in (3), we get 


wl), 


1=A(L+1?+BQL-1X14+14+C0-1) =» 1=4A = ast 


Put z =~ 1 in (3), we get 
-1sA(+CDP+BO-C Dn +-)+C0-C DI 


= -1220 3 ce-} 
‘Equating the constant terms on both sides of equation (3), we have 
1 1 Z. 
O=A+B+C => O= G+B-S => Beq 
Substituting the values of A, B and C in equation (2), we have 
2 A aa ne? a aad 
(Q-2)+2? (1-2) Q+z) (+2)? © 4-2) 40 +2) 201+ 2)? 


i= z den ‘© } Se 1 

Facaee Sia 4+2) 20427 
wt 

"4 = asif l+z 


264 
= lseltaa al Diggit pepster) 


2 eee 
1 
=~ flogtt=at+ Hagin a+ 


az-3 fasaytde 


mea ae 


Pat ae 
pres) 

jin x | 
ayes tt sinx |‘ 20+sina) ~ 


ny 1+sinx 
wit =f SS 


logm-logn=tog(")] 


1 sinx 
2 1* Sraeep * 1! rte 
= I=1,+1, (ay) ol) 


1 
‘sin x (1+ cos x) 


-fat@e [Multiply and divide by sin x) 
sin® x(1+ cos x) 


_— _sns de ‘sin? A+cos* A= 1 
(cos? 2)(1+ e082) a» ia® Aw oaatA 
J—tt 
=) (rece sK1+ coat 
Put cosx=2 => -sinzde=de = sinxd:=-dz 
1 1 
heJ a-aate? care f a-aa+e? © 
A,B oc 
Ned G-na+e 0-9 Gea a 
Multiplying both sides by (1 - 2) (1 + 2), we get 
=1=A(1 +2) +B -2X1+2)+C(-2) (3) 
l-z=0 = z=1,1+z=0 = z=-1 
Put z = 1 in (8), we got, 


(2) 


Lead +0F+BO-1K1+D4Ca-) = -1248 = A=-t 


Put z = — 1 in (3), we get 
U+CDF+BO-CI+Cd+C0-CD) + 


= -1=20 = C=-5 
Equating constant terms on both sides of equation (3), we get 
-12A+B+C 


1 
= Be-7 ° 
Substituting the luce of A, B and C in equation (2), we have 
=i = 1/4 1/4, -1/2 V7 tie. SF 
G-Dase"  G-2*G+0" Gee 40-2) Ms) 20+ o? 


a aa “Se 2 ies -aial* 
=-3f he-df be-jfaote 


Tez 
Llogt-2_ 1 142)" 
a ey ata Cae To 

1 
= 2 logtt- 21-2 log 
qlogti-al Plogit+ ats 2 +e, 


and 


INDEFINITE INTEGRAL 


ten-be-t(2] 


1, | 1-cosx 1 
7 al Leos x |* 2d+e08x) * Le ease 
140082 A =2cos” A 
= 1+ c08 A= 2000? A 
x 
= hetand +e (6) 
‘From equation (1), we have 
I=l,+h, 
=~ cal Fea tating te, [Using (4) and (5)) 
og | 2= cos x 1 = 
= Ts [log | ooez|* ireen ge where c= ¢, +¢). 
Example 4g. Evaluate the following integrals : 
oles 2sin 20-cos® 7) ww oe ge 
6 -cos* 0-4 sin® 5-cos*x-4s8inx 


2(2 sin @ cos 8) —cos @ inh Acct At 
Besa boeet) cont 
6-(1-sin? 6)-4sin@ = 


(4sin @- Deos 8 


do= 


Put sin@=z => cos@d@=dz 


@z-D 
=f Pas 


Since denominator is not factorizable. 


Let sean d [tse ssion 


= (2-1) =M2e-4 4p =) 
= 4z-1=22-4hep 
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‘Equating the co-efficients of like power terms of z and the constant terms on both sides, 


we have 


and 


422 = da2 
<le-4kep > pe-144h=-144Q)=7 = a7 
Equation (1) becomes (42 ~ 1) = 2(22 4) +7 

Ce B47 


£@ 
lr Fig Eo alieilte 


mabe ler eet ela @=4244)+6-4) 
i Add & subtract 4 to the denom. 


4 


ql 2 
: (evermore) 
1 
Pear & 
1-2 


= 2log [22-42 +51+7f 


= 2log Iz?~42 +51 +7. Aten 


ey 1 extant 24 
Plaats 


= Qlog (22-42 +5147 tan! (z-2)+e 
= 2log Isin? 0-4 sin @ +51 +7 tan" (sin @-2)+e. [: z=sin 6] 
(sin x-2) cos x 
5-cos? x-4sinx 


Let T= 


sin’ A +cos* A=1 
= cos* A=1-sin® A. 
(Bsinx—Deoex yy hi 
sin’ x-4sinx+4 
Pot sinx=2 = cosxde=dz 
(32-2) 32-2 
el ee rey tee Eo 
2 A iB 
=, nl) 
(e-2" “@-2) @-2" ” 
Multiplying both sides by (2 - 2), we get 
(@z-2)=AG-2)4+B (3) 
Put z = 2 in (3), we get 
3Q)-2=AQ-2)+B +> 4=B > Ba4 


INDEFINITE INTEGRAL 


Equating the constant terms on both sides of equation (3), we get 
-2=-2A+B = -2=-2A+4 = -2A=-6 = A=3 

‘Substituting the values of A and B in equation (2), we have 

3 4 


tf Sore “SA atel#-9) 5 


pat sate 
C2+D 


de+4f (@-2y%de 


261 


= Blog Iz-21 + +03 log lz-21- 


= 8 log Isin x21 


z=sinx] 


ii) Let I= 
ii) [AR 
saeage Oh sa ea 
cee 
+x4-16 
A) ao 
16 
(4)? +4) 
B 
aI eee of) 
G-OG+H 2-47 244 xe 
Multiplying both sides by (2 - 42 + 4), we get 
16 = A(z + 4) + Biz- 4) 8) 
z4420 9 = 22-42-4200 = 204 
Putz =—4 in (8), we get 


16=A(-4+4)+B-4~4) =» 16=-8B > B=-2 
Pat 2 = 4 in (8), we get 
16=A(4+4)+B4-4) => 16=8A => A=2 
‘Substituting the values of A and B in equation (2), we have 
a ey 
Ge Dard)” z-4 24+4 
16 2.2 
aaa) 4 HE fOr gee 


1=f 16 


} dx [ye By using (4)) 


p 2 
(ivy Let t= f fanz+tan’s 4. f tanz(1+tan’ x) 4, 
1+tan® x 1+tan* x 


2 

tan xsec! sg. 

1+tan® x 

Put tanx=z = sectxdr=dz 
z 

ef re 

We have —=, =—____ 
+29" (1+2)(1-2+2") 
—— 2 A, Bet lB) 
(l+2)(l-z+27) +z (2?-2+D 

‘Multiplying both sides by (1 + 2X1—z + 2*), we get 

z= A*—z+1)+(Be + CX1 +2) (3) 


Lin (3), we get 
-1sA(¢ D?-C D+ 1+ B-D+Cl0+C 0) 


= I= 


fs G3 +68) =(a + bXa*-ab +67) 


Putz = 


= -1sAd4140 3 -1284 = As-3. 

Equating co-efficients of 2? on both sides of equation (3), we get 
O=A+B > B=-A = B--(-3) 2 

Equating the constant terms on both sides of equation (3), we get 


O=A+C = C=-A = C= 


Substituting the values of A, B and C in equation (2), we have 


1 1,3 
z 73.,.37*3 -1_ 1 tl 


= = +2 
Gepd-202)  O+2) G24” Me) 924d 


z -1 (z+ 
1- fe igen 
y 1 1 (+) 
af Te" *3) 3 


dz 


INDEFINITE INTEGRAL 


1 1 1 2z+2 
oa) ter**a) Jessi 
{Multiply and divide the second integral by 2] 
1 1 1p 22-1+3 
=-5 Ferteat | peat (Note this step) 
1 1 1 
=-3) ine ®*6) 3 ae+5 3 


1 ee 
= = logit+ zt 247-240 
glowlie ale § logls* ~ 2+ fn sce 


[r J LE dee togftiee] 
f(x) 
a 


1 oa | 1 
=H j logit al+ 5 log z+ssf z 


1 
+tei-2 
4 4 
‘Add and subtract to the denominator 


ee 
coett.of 2} Z 


=i a 
plogit+at+2 2 togtz seuss 


1 1 
=-i 11+ 21+ = loglz* -2++—.-——~ tan? 
log aoe 2 @ 


=~ Plogi sso dlls? 2+ + tan (255) 


oe 4 2 Aten 
Te flog + tan a+ § log tan? x—tan x+11+ 7 tan 


Example 13. Evaluate the following integrals : 


BS x4 4 4c3 4c? 4B 
win f 2 xt t4x? ~ 4x? + 8x-4 


5 (———_ iy [ sinx 
of Tileg re Tlgze ai | GRE 


re 1 
ara * 6 | Segxestogn * 
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feos x a 
© [ae 00 | rare 


1 


10(og 2 + log x +2) a0) 


Solution. (i) Let I= f 


Put log=z 3 2dxedz 


1 1 
=| oa) ern * 
1 - A,B 
(z+ D(@z+2) z+) Bz+2) 
Multiplying both sides by (22 + 1X32 + 2), we get 
1 = A(3z + 2) + B(2z + 1) 8) 


ol) 


Putz =- 4 in @), we get 


r-a[a(-3}+2]en[2(-2) a] 
= 1-a(2-3) = ls3A = An? 


in (3), we get 


1-af3) 9} ah-3) 


= 1=8(-4+1) > 1s-3B = Bs 


Substituting the values of A and B in equation (2), we have 
1 2-3 2 3 ) 


Qz+DG2+D 2+” S242 ~(e+1 S242 
1 


2 3 
Is arpa *"S[ati-a2a] 
1 1 
od res tated errs toe 
22 lege+ lg loge+  . i 1 ‘opt ] 


3 ax+b a 
= logl22 + 11 —log 132 +21 +¢ 


INTEGRAL CALCULUS MADE EASY 


or 


22+ 
log | 2544 


[: 


tog m ~Iog = log) 


2logx +1) 
=o | Feet |e z= log] 
” sinx 
(ii) LetI = daax 
sin in x 
1 J Seintecoeds 7) 9Osin ene scons 
sin 2A = 2sin A.cos A 


= sin 4A = 2sin 2A cos 2A. 


= | ————_—_ ee =1-2sin? 
Saewxa- “aeata Le cos 2A = 1-2 sin? Al 


-i= ay re wWiaomn& [Multiply and divide by cos x] 


= 


‘s sin?A+cos? A=1 
il aertzers* Seek 
4/ (1-sin? x)(1-2sin? x) = cos* A=1-sin® A 
Putsinx=2 => cosxde=dz 


- amen 


A B 


2 2 
let G-ya-22) * O=yG-2y) O-y) * 0-29) A) Pate <9 
Multiplying both sides by (1 — y) (1 — 2y), we get 
1=A(.-2y)+Bd-y) (8) 
l-yx0 = y=11-2y=0 = ye} 
Put y = 1 in (8), we get 
=A(-2)+BQ-1) 3 1=-A = A=-1 
Puty = 3 in (8), we get 
1 1 1 
=a[1-2(3)]ea[3-3] => 1258 = Ba2 
‘Substituting the values of A and B in equation (2), we have 
1 “1,3 
a-ya-2y) =2y) 
1 2 
@-Fa-22)) G-2)* a-2) gee 


1 1 
=1f—_4__aea- 
47 a-27)(-227) 


bali ats 
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ii) Let T= J 


xh —xt+4x°-4x°+8x-4_ Ar+B | Cx+D | Ex+F 
ad G42? P42) Game GF aD i 
Multiplying both sides by (2? + 2)°, we get 
8 — xt + hed — de? + Be — 4 = (Ax + BX? + 2)? + (Cr + Dx? + 2) 4+ (Ex + FP). 
= (Ax + Bx! + 2x? + 4) + (Cx? + Da? + 20x + D) + (Ex + F) 
= Ax’ + Brt + (4A + Cir? + (4B + Dix? + (4A + 2C + Ex + (4B + 2D + F) 
of) 


Equating the co-efficients of x° on both sides of equation (3), we get 
12A = Awl 
Equating the co-efficients of x* on both sides of equation (3), we get 
-1=B = Bz-1 
Equating the co-efficients of x* on both sides of equation (3), we get 
4edA+C > Cwd-4A = Cud-40) = CHO 
Equating the co-efficients of x* on both sides of equation (3), we get 
=4=4B+D = De-4-4B = D=0 
Equating the co-efficients of x on both sides of equation (3), we get 
8=4A+2C+E = 8=4(1)+20)+E > E=4 
Equating the constant terms on both sides of equation (3), we get 
—4=4B+2D+F = -4=4(-1)+20)+F = F=0 
Substituting the values of A, B, C, D, E and F in equation (2), we have 


xf xt +dx3— de? +8x—4_ x-1 040 | 4rt0 
(+28 xP 42° P42? +28 


372 INTEGRAL CALCULUS MADE EASY 


qa [ Sicettaet 4s? 80-4 -f x-1,_ 4x 
Ga? +2)? 37420 (x7 +2) 


Sea") ener! wie 
2 2x = 
dx — | ———y dx +2 | (x* +2) Ox 
x42 Jae #5 (v2) fot 
(Multiply and divide the first integral by 2] 


1 tan-t_%, gixt+2y"! 
= Fogle? +21- ge +2, 
gions’ + a wr Caen °° 


f f@ae log f(x) +e 


fa) 
1 = tant = 
lr caren 
Z (f(a 
Jrcor par, 
eS vege | Poe te See 
= glogiz? +21 eine aap te 
- 1 
(iv) Let '* | Sogserega * 
Put logx=z = dared 
1 
tJ Fern © (1) 
1 A, B 
2Q+2) 2 Q+a) on(2) 
Multiplying both sides by 2(2 + 2), we get 
1=A(2+2)+4 Be ‘ge 


Putz = 0 in (3), we get 


1=AQ2+0) = a= 
Put 2 = ~2 in (8), we get 


1=A([2+(-2))+B(-2) > 12-2B = B= 


Substituting the values of A and B in equation (2), we have 
12, -1/2 1 1 


2Q+2) 2 @+2)~ 22 W2+2) 


wie 


373 


| eee en 
“S[k saal* 


1 1 1 
—) dew dtogia-1 
de = 5 loglal—5 logl2 +21 +e 


2) 242 
+e [: log tog n= 062 )] 
+e 2 = log x) 

dx [Multiply and divide by sin 2) 


‘sin? A +cos* A =1 
= sin® A =1-cos? A. 
Put cosx=2? = Jeosx =z = -sinxdr=2rdz = sinxde=-2edz 


iz ofett_gcpatet 
12) Gan cman- | Ge ee Gap — Note this step] 


[Add and subtract 1 to the numerator] 


a2 
= Fil 


= + tan (/e052) +6 


ul 


(vi) Let 1=f de 


a —6a"+5 


Put at=z = atlogadr=dz = aden de 


=| cesse (ies) teed Fares 


2 28-6245 


1 

rome or! 

@-D@-5) =2(z~5)- Mz-5) 
=(2- D(e-5) 


374 


INTEGRAL CALCULUS MADE EASY 


1 A |B 
(z-D(z-5) (z2-D (2-5) 
Multiplying both sides by (z — 1Xz ~ 5), we get 
1 =Alz—5)+Biz-1) 
z-120 = z=1,z-5=0 = 255 
Putz = 1 in (3), we get 


Let 


1=AQ-5)+BQ-) = 1l=-4A => az-} 
Put z = 5 in (3), we got 


12A6-5)+B6-1) + 124B + Be} 


Substituting the values of A and B in equation (2), we have 
1-4, 4/4 2d 
@-DG-5 @-) G5) 4e-D 4z-5) 


1 1 1 1 1 
is gal =0G-5 * “ioga basta 


Gite I=] Sa 
Put 
1 
1*| aaa 
22 +8241 
1 2 
1.f—1__ 22? 4224241 
= lane =2x2+ D+ 1+) 
=(2+DQe+D 
ee A, Bc 


H@+D@z+D~ 22412241 
Multiplying both sides by z(z + 1X22 + 1), we get 
L= Ale + 1X2z + 1) + Be(2e + 1) + Cole + D). 
1 


22024120 + z=-1,241=0 = 2-5 
Putz = 0 in (3), we get 
1=A0+1X0+1) => A=l 
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Put z =~ 1 in (3), we get 
1=AGC1+ 1) (2-1) + 1+ B- 1-1) + 1+C-Y-14+11 
= 1sB = Bel 


Putz =~ 3 in), we get 


1/1 1 
* 1=c(-2)(3) = 1s-GC = Ca-4 
Substituting the values of A, B and C in equation (2), we have 
1 14 


2@+DQz+D z re Gre 


| ae “es ze. -aal 


ofpe mae ‘Sa 


tri™ 
slog Iz +og 12 +11 -4 BSIRETH 
fe J 1 ee logs] 
a+b @ 
= log 121 +log 1z +11 —2 log 122+ 11 +e 
T= log le*l + log let + 11-2 log !2e*+ 11 +e le zee] 


= Lax +log let +11 ~2 log I2e*+ 11 +e. Jog ef = fix)] 


5.3 SOME SPECIAL TYPE OF INTEGRALS 


x-1 x41 1 
81 Integral of the Form fo of aa Sei 
where k be any real number. 
‘This type of integrals are evaluated by dividing the numerator and denominator by x? 
and then puting (++2)or(x equal tox. 
Working Rule : 


(@ Divide numerator and denominator by x*. 


(a t(1- 5) oceurin the numerator, then we put (x + 4). 2 because (1-5) d= de. 


4 


u(1+3) occur in the numeratr, then wo put (x) =z, beens (1+ J,) de = de. 
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(iv) These substitutions reduces the integral in one of the following forms : 
Jatne. 

Fa ® 

(v) Then solve by using the appropriate formulae. 
f(x) 
PYQ 


where : P and Q both are linear functions of x. 


5.3.2 Integral of the Form [ ds, 


; 1 ‘ 1 
“ I ier Viimear © i reresn=sy bad 


‘To evaluate this type of integrals, we put 
Q=2 ie, vlinear =2. 


Fix) 

5.3.3 Integrals of the Form { cha 
where : P is a quadratic expression and Q is a linear expression. 

1 1 

Quadratic Jiinear @* lamas 

To evaluate this type of integrals we put, 
Q=2 ie, Jlinear =z. 

Remark. If we have the polynomial of degree greater than or equal to that of rational linear 


factor instead of 1 in numerator then first divide the numerator by the rational linear factor until the 
degree of the remainder is less than that of the rational factor and the proceed further. 


54 Integrals ofthe Form { F> . 


where : P is a linear expression and Q is a quadratic expression, 


F 1 ry 1 
ie, S rear quadratic | ** eer pt eqeer © 
‘To evaluate this type of integrals, we put 


P= ie, linear= 2 
z 2 

535 Int fie) 
tegrals of the Form { £) ds, 


PQ 


where : P and Q both are pure quadratic expression in x. 
: 1 
PEs J Pure quadratic /Purequadratc 


1 
ie, de 
J (ax? +b pat +q 
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‘To evaluate this type of integrals, we put 
1 


x ind then Q = z*, 


x 2 and then in the resulting integral. 
Put /Pure quadratic = 2. 


Remark. Pure quadratic : A quadratic expression of the form ax? + b (i.e., a quadratic expres- 
ssion in which co-efficient of x is zero) is called a Pure Quadratic. 


SOME SOLVED EXAMPLES 


Example 1. Bvaluate the following integrals : 


r ay f 27 t+4 
wf wf aee 
ea x 

win f wo | a 


texte] 
‘Dividing the numerator’ 
and denominator by x? 
2 
+ (estf este des 
4 7 


=|(-3)-}-@-3) 
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Dividing the numerator 
and denominator by x* 


J ( #) dx [Add and subtract 8 to the denominator} 


en) 
~- (Multiply and divided by 2] 


{Add and subtract x? to the numerator] 


: 
val eae 


3 1, (say) AB) 


= 


x4 
where: I= f 2+ atid 


be fa5e|aoge 


1 2-8 
=s5! 
we | 24a |*% 
1 sti 
ee fab 
a ald Ped Bie 
x 


379 


Dividing the numerator 
and denominator by x 


. 
2 (:-2) etstig 
*. x 


= [(e-2} <a] 


1 1 
[: J algae gle 


z-a|, 
xta 
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howsie tacks 
1 
I=5- 
apa a(xt-1 xt-vOx41 
-[a=(z) al- tel SE4 [+>] 


(Using (3) and (4)] 


ae ten{ 251), 2, x?-J0x+1 
7a (Se }ede- i x4 Jae+1| 2% 


= agen (2 5)-dghe gfe +e. 
where c= (36 -}a) 
(iv) Let a ret (1) 
(Multiply and divided by 2] 
[Add and subtract 1 to the numerator] 


= nf) 
Proceed further exactly on the same steps of part (i 
1 x? +1-v2r 1 
Je cdpia St |o0] samen rde 
Example 2, Evaluate the following integrals : 
2 
' x . 
of wri ii) J foot ae 
ss wy) f StL 
(iii) [ Jane ae Go) f Goa. 
Solution. (i) Let I= f =~; noi (1) 
1 2x7 : et 
(Multiply and divided by 21 


2) xtesFal 
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+} Seder =D ae [Add and subtract 1 to the numerator] 


4 #41 a 
“3 Hee 2) xtexPed 


= tedyedy A) 
xt+1 (+3) Dividing the numerator’ 
ware uJ Ferrel T)* and denominator by x? 


Dividing the numerator 
and 


and denominator by x* 
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1 afx?-1).1 xtax+1 
To fe 48 | Fai | 
Gilet I= f Jeote de 
Put fete =2 > coteet = rect? = dee 
2 


() 


wl) 


viding the numerator 
\d denominator by 2? 


wf al say? 


year 2 
ab tent 
a te 


“a= (ez) 


cot x 2) 


Lge ‘(se +6 


[- J pesto Ere 


fae) 


(8) fe z= Joota] 


ep the numerator 


Fa FB) 
Fe eee 
— z-J2z41 i" 1 
= hg se sg | SoBe, fr oeerd] 
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1 | cotz- Bote +1 
=. wd) fir 2= foots] 
” pote rae ora (@ [> == eta] 
From equation (2), we have 
I=-1,-l, 
“a4 (323) 1 sah cotx— Beate +1) 
"= “($5 22 "| cot x+ f2eotx+i1|* 
[Using (8) and (4)) 
a1 tan? 2%2=1)_ 1 gg] cote = sBeotz +1 
a Jeeot x} 202 "| cot + fBeorx +1 
cotx-1 1 cot x- J2 cotx + 
1=- tan? aa 2 
4 $e) ae pee ee re 
where ¢=-¢,—¢y. 
Gi) Let T= f Jian de (D) 
Put franz =2 = tanxo2? = secxde=2ede 
1 2 2z 
den ae at Beet & 
227 2+? 
I=fz {Za)e- aye] [Note this step] 
2 
A CaN ae [Add and subtract 1 to the numerator) 
2+ 2-1 
os Bers tale Dror 
= Ish+l, (say) (2) 
[Proceed further by yourself as in part (i)} 
1 tanx-1 aE tan x- /2tanx+1 
Ans. 2 
[ a 7 (ae tan = wel Sema] 
io Lett= f Stare f 2 aes f 1 
iv) jue (ies Jean a) 
= T=I,+1, (say) (2) 


[Multiply and divided by 4] 
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= T= log tt +11 +6, (8) [: j Oe are logifco1+e] 
1 1p 2 
and 4-Jaqe-3) an*® {Multiply and divided by 2) 
Isl gy 
=a! ane 
@+0-G*-» 


$ z dx [Add and subtract x* to the numerator) 
2 xt 


val ely 1p tei 


Pre tear tiers] 


I, (say) aC) 


<n Dividing numerator 
™ and denominator by x? 
Put 
= 
4 Dividing numerator 
* and denominator by x* 


|= V2x+1) 
alze™ a Rxei|"* 
[Using equations (5) and (6)] 
Lap (2721), 2 1 xt~V2r41| 1 
2a ( a x4 vaxe1| 2% 
1 afxt-1 ~V2x+1 
= team (Seb alec of) 


. From equation (2), we have 


I=1,+1, [Using equations (3) and (7)) 
1 ae x -J2r41 
=D togixt + 11+: tan 
anal rte tas (fe “qa"| See 
1 Vigan t (2-1 x? -J2x41 
T= {logix* +11. tan? - 
3 aelt toe (e)4 aa 8) Fe axvil** 


where ¢ = (c, + ¢9) 
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Example 3. Evaluate the following integrals : 


fae eee 
cose cos" sin + ins 
Solution. (i) Let I = -lantan” 


Dividing the numerator and denominator by cos* @, we have 
1 


(1+ tan? 8) sec? @ 


+ de 
(tan? 6+1) 


Put tan@=z = sec?@d@=dz 
+n Dividing the numerator 
@ape" and denominator by 2? 
1/ 1 
s (: -3) aetegn2 
2 
-(-3) +]-(++3) 
z 
Put 


1 sen-t( 2221 
hitent{ at 
( vez )*° 


(wi | (Stans + feat) ae. 


Put 
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I= 


) 
Isl, 2) 
Dividing the numerator’ 
af x and denominator by x? 


3x 
i erst 


Bey = &drady = xdz=dy 


od ers] 34)-3) Fon? 


Add and subtract 1 tothe denom. 
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ef py aeed tant t 
[+ Sxterendmt ded] 
(2x7 -1 
= y= V3 tan “It? fd) [ey =x] 
:. From equation (2), we have 
IsI+l 
_y(z*-1 Stan” 2x7 -1 
stant |= +e, — V8 tan! | =) eg 
[Using equations (3) and (4)} 
2 a 
tstanr' (22) - ian Bette where ¢ = (c,~¢,) 
fe 24a? Dividing the numerator 
tpt I= 2 al (patuws 
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(iv) Let 


ops the numerator” 


and denominator by x” 


(Let I 


red the numerator ] 


+S tare ean", sin? x and denominator by cos x, 


J metas J or 


“J (+tan? s)see? x 4 ‘s sec* A~tan? A=1 
(tan? x)? - tan? x+1 = sec” A =(1+ tan? A) 
Put tanz=2 = sechxde=dz 


(+27) 2+ 
Is de 
erste rors 


391 


Dividing the numerator 
and denominator by 2 


= ot+2)-(24+5) 


a a eres ee 
[: loans d= Stan? = +6 


baled 


(: z=tanx) 
: 1 tan x+1 
(vi) Let Ua | (fare + te) ae J neo a= J Jans 
Put fiam¥ez = tanzest > xetantt = dee we 
Dividing the numerator 


and denominator by 2” 


Put 


Example 4. Evaluate the following integrals : 


, i - 1 

©) graye forse 
ie 1 r Esl 
wi f Bera) fers * ed rors [avi * 


1 
wf GD fees * 


, 1 
Solution. (i) Let I= J may 
Put f4x+5 =z [Squaring on both sides) 


e 


= teat = at ;4) 9 Adrateds = dea dde 


4 


Wi ee aS ORE Ts 
stantz+e [: J wyresper aa 


= tan" (Jiz+8) +6. [: 2= vies] 
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- 1 
bared =| oaen* 


Put jxviez [Squaring on both sides} 
= xele2 = xa(2-1) = de=2ede 
(22dz) 
sige 
sf ptipaen tog] 222 
ve [ef prtyrtee sit] |e] 
3\*% [ 2=veF7] 
e 1 
Git) Lat Jaa ve 
Put z+ =2 (Squaring on both sides) 
3 x45e22 = xa2t-5 = deadede 
1 
I= f —,+—_— eras =2 
\mraras' J J 


arg! 


2-VT/2 


u fia pee Same OO Pe 
ad ™* 3(7r7ay "| z+ v772|*° [: Jalen |S «| 
1 ve+8-V77/2 
“7 Ee + [- z= ve*5] 
2 
- x 
(iv) Let | Saat Trey hea 
Put J9x+4 =z (Squaring on both sides) 
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Since the degree of numerator is greater PP ere 
than the degree of denominator, therefore by rae a 8 2-13 
long division, we have +et4 
2 2 81 T1327 416 16 
ao ffet-19+s | a 2? + 
1 alc +; | ae 


iffee- af areal — xi at 


3] sss. J tae'( J] re [: Jou L rendu Ese] 


22 26 18, fz 
2 Byatt) o0 


fas 2 _ 26 18 | n-1( [244 
1a Gera g vied +7 tan oe 


aera] 


1 
let =f wales 


Put j2e+3 =2 [Squaring on both sides} 
= M482 = 


"Tea. 


= deo} ads) = deazdz 


(dz) 


=f aap 


ze I, 


zt 


2. 
ne 
= tog| Y2223- 4, 
We S| aerde 5 
Example 5. Evaluate the following integrals : 
’ 1 sible 
| game Eni * wf Soa 
io f Lauer tei fp 
)) Gop ee? io) ) i 
x+2 
© | ample * 
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= 1 
Solution. (i) Let I= J mae & 


Put fe-1=2 {Squaring on both sides) 
= x-lez = xezt+] = deatede 


(22 dz) 


1 
J (2? + 0? - 302? + D+ 2).2 


(1) [Put 2? = y] 


Multiplying both sides by y(y - 1), we get 

1=Aly-1) + By 
Puty = 0, we get 

1=AQ-1) = A=-1 
Put y = 1, we get 

12AQ-1)+B 3 Bel 
Substituting the values of A and B in (1), we have 

1-1 
+ 

wy-D 
— 
227-1) 


or te y=24] 


+ 


yx-1-1 2 
108) fentei|* Jena ** 
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i) Lot 12[ ae =| Sok ye =J Ae ARationalisation] 


Put J/g =z [Squaring on both sides) 
= xem = de=2ede 
2 
lots -(2edz)=2 J yna® 
a2f Zt sll y {Add and subtract 1 to the numerator] 
2+1 
241 1 
= =2fide-2f 4, 
2/54 Py -syl« af Jae 
1 ax 
=22-2tant sf ytydeel tant 
2~2tantz+e [ Jaw tan Se] 
=2Jz-2tan4 fe +e. [- 2-5] 
58) ra 
(iii) Let [oe 
Put fev =2 [Squaring on both sides] 
= xe2e2 = 222-2 = deo ded 
a 
I= Sl beasts - (dz) 
24_2 
va ataaPet bs (@—b))=08~69— Sab (a -8)) 
z 


441027 

f= = Get +1227-8 
we 

Since the degree of numerator is greater than the degree of denominator, therefore by 

long division, we have 


22 fet -a2t ome 2?~3) 2°62" + 122? 8 24 32743 


2 


22 2tde-6f 22de+6f 1.de 


+2f—_, 


HF 


EG | +e 
pra ered 


3 
1 

= +62+2. 

3 et oR he 


x+a 
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= Bea 4 2)? 20042)? + fevB+4 a [- z= Ve#3] 
n 1 

Gv) Let T= f zei* =) 
Put x+i=z {Squaring on both sides) 


=> x¢lez = xe2-1 = dea2edz 


1 
Sarge” 


z 1 

2 oop**| aaa 

1 A B c D 
let Crpt@s dD? z-1°@-0? G+ Gri? 
Multiplying both sides by (2 - 1? ( + 1), we get 

1 = AG = Iz + 1° + Be + 1)? + Cle + 1X2 - 1 + Diz - 1? 3) 

2-120 = z=1,2+1=0 = z=-1 

Put z =— 1 in (3), we get 

1=A[(-1)-1]-1+1?+Bl-1+1P+Cl-1+ -1-1P+D[-1-1P 


= 1=24D = p=i. 
Put z = 1 in (3), we get 
12 A(L~1X1 + 1? + BC + 1? + CC + Dd - + DL -1? 
= 1=4B = Bei 
Equating the co-efficients of z* on both sides of equation (3), we get 
O=A+C > C=-A 
Equating the constant terms on both sides of equation (3), we get 


1s- A+B+C+D ly C=-A) 
> 1=-A+B-A+D 

1a-2a4342 1-20-24 = Ae-4 
= = tie qo ln ge-2A = Aang 

Ce-A = c=} 
Eubettuting the value of A,B,C and D in equation 2, we have 

1 ells 1/4 + 1/4 1/4 
@-P +p? @-D @-? G+) @+D? 
1 1 1 1 


WG-0 4e-P H+ Ge 
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1 1 1 1 1 
= dz=2|/- 
1-2] Sea i a a eT 


1 1 i 1 1 1 
3) eal p> meal ae 
=> Glogte- 1143 Sa 


2 


l@+p 
23D + Logie +e BEX U 24D +e 


1 1 
= + Bogle 11-5 
=1 1 1 
i ie 11, sah 
mR +i- 
«eta 
x+2 
aa 
Put jevi=z [Squaring on both sides) 
= x4l=z2 = r=2-1 = deetde 
22-142 
12 | ST Oe) 
ese rss eked 
m2 +D @+D 
=f =? __ewen 
Ja — 22? 4227-242 cl ay % 


1 
(2 ad 2) - Dividing the numerator 
and the denominator by 2” 
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= Btw 24221 a 
tan (Ea) fe e=Jeri] 
= t - 
V2 tan (ea) 
Example 6. Evaluate the following integrals : 
_ 1 - a 
of Diet * wo J @-ofe * 


aes u it t 
wl ofr * laa 
i i) 4 
Saaa ae wo) Te 
Solution. (i) Let tf a cried 
=i 


Put eat 3 s=(2-1) = den- Jp de 

1-J . = -3e)-Sq T : 
Ey TR 

lonjer Ce)-lee* 


=-Ja-zr"ae 
_ 22 


(C2sajee 


vt 
te [: Jaxer donee oe] 


(ntD.a 


q 
8 
: 
rg 
| 
. 


; 1 

(i) Let Jap reste oA) 
Put jevi=z {Squaring on both sides} 
= g¢lez? = xest-1 3 dradede 


1 
1=f woes 


1 
=2f Feiw4® 
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1 
12) as 
Se a 2 2 
-227-3 y?-2y-38 (y-S)(y+ D Busy 
1 AB ah 


G-9G+D y-3 y+ 
‘Multiplying both sides (y - 3) (y + 1), we get 
1=Ay+1)+By-3) (3) 
y41=0 = y=-1y-3=0 = y=3 
Put y =— 1 in (3), we get 


1=A-14+1)+BC1-3) = 1=-4B = Be-+ 
Puty = 3 in (3), we get 


1=A(3+1)+BG-3) = 1=4A = azi 


‘Substituting the values of A and B in (2), we have 
1 Va -1/4 1 1 


G-DGD 9-3 G+D” G-Man 
e oe ea be yee 


1 1 
= =  & =2| |—- - - 
2) ae Slats weal 


Ape Hedi gly 


x-a 
+a 


“Sate : 
je ria 


Shad sat ~ Fan” (4 ) +e. 


(iii) Let | Sayer verre ta 


Pot @+D=2 = oa = den 


nf 
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1 1 1 1 
valet al 
a 
dere Palee [- Lopeeale 
1 1 1Vi1 1, fi-2e- 
be teed Fs (4)- 2|*or" paalesst yei* |. 
1 
- 
ee oe ¥2+J1-2r-x* 
| arn |** 


e)tet =f 7 ae 
Geyer sat1 

Put xets? = xet-1 = des-tae 
2 z 7 


“OEE R 


[: Sater | 
=-log («-3)} e201 48 


= 
ait 1 1 
7 (4-3) 4) (Ayn 


Tox, [1-G@+D++0? 

= as me rT aad 
ed Eres) 1 +0 

1-x eee 


Ax+D x+1 


(v) Let “Japqe 


1 1 
Put ze2 = des-Gade 


“lpalae lg 


Pul@?+ ay = &deady = rdend dy 


Sgeet 
*e rss 


+e 


+e. 


s-y4+ex- Jy te=-fPsite te 


1 
ao Jatite 
Fa 


Vive? a 
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F 1 é . sa 
(vi) Let “Sgn«-laeae [Multiply and divided by e*] 


Put /2e"-1 =2 (Squaring on both sides) 


mat 
2 Wale = e-( ) 
= Detde=Qed2 => ede=zde 


=2 tan! (veer=2) +e. 


Example 7. Evaluate the following integrals : 


1 a 
0) (i) dx 
las x? 4d la 


” 1 a f vita? 
ww Ja aye Gv) f Pa 
1 x 
de (vi) dx 
m4 (2x? +3) 3x" -1 = lana 


13 
(eit) f 42 as. 


1 
elation, Lat = f dx 
(r+ Dyx? +1 


mu ested oe xe(2ea) Fa 


“gy 


ty 
ete ~W Ea 


lex | P41 


1 
=~ "*|50+0° Barn|** 


: s 
aotates (x? 44) yx? +1 


Put jx*+1=52 (Squaring on both sides) 
= tele = te2t-1 = Udeedede = xdrezde 


1 
1s | —=—— de) 
Ja a Py Wheel 


= fur'(Z)+< [> J phpreenduawt Ee] 
3~(& pry 


INTEGRATION BY PARTIAL FRACTIONS 405 


-fo~' (FS) 


7 1 
Gilet 1=f eapn* 


Put zat = deep ae 


“gage 


-J Z dz 
a-) jive 


Put jive =y (Squaring on both sides) 
=> l+2ay = 2ay?-1 = Uwdendydy = zdeaydy 


1 pf 
Sree lary? 
ry 


=-gRke Bt [- Jotpe-gde a +] 
inn tig B+ fivF| 
2a |B fieet 


B+ fet 
= tytn we oo [- J] 


pee ee W2+ MP4 ye, 
a B-JPei 
(iv) Let oe wee de A) 


[Rationalisation) 


«(EE vies 
Vee 
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2 
— deaf 2202 ie [Note this step] 
(1-27) fl+2? a- oe 
=f dx-j —O=20__ (-x*) 
mane a-. = 1+x? 


1 
=f capes te = 


= I=21,-I, (say) (2) 


1 
wel ae 


Put cut wp dew eae 
2 7 


“ear 
)- lama * 


Put J27+1 =» (Squaring on both sides) 
= 4ley? = 2ay?-1 = Bde=2ydy = zdz=ydy 


1 
£-.= | 
i- | Gaye 


Teel ar* 


to =F 


+ 


on -v2| 
VFeie a|" 


1 
“25% 

1 

aa 

1 tog iene a +e, [r sa 
RE iptv 
ae 
jere 


fre vx (8) 
as 06| Fivs™ + Jas| 
wd sf [- J apg thee Ios 
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= Ty=bog | x+ fie" | +e, mc) 
From equation (2), we have 
1=21,-1, 
1 Vive? - Vix ; ] 
22|-—e1 —[tog| x+ Vi 
: iad N rece ha [log] + +s |tee 


[Using equations (3) and (4)} 


Jom EEE. dey lg] x ft |= 


Vir? - V2: 
-¥ ia mlog| z+ J142"|+0. where c= (2e, cy) 


(tet =f de 
apes 


1 
put xa? = dea 
z 2 


x 1 
ae ae 
1 = 
~J ==) 3- mye) Saas 3 moe 


Put ¥3-27 =y {Squaring on both sides} 
= B-ztay? = 8-year = -2edradydy = -zdenydy 


1 
1s fF} —— 
J ease Yo. rhe 


‘Jia? fee -r) od Ga” 


+e ee 


1 Vii/3+y 
=> log 
3°2Jn/3 i/3-y 


eee et REL CEE a M173 + 3-2 
Exc vil/3 3 - 3- Pa 


1. |va7s+ys-3 : 
tog] ——‘ =" | 4 [ 23] 


“888 7s — Jo 4 & 
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Vii, Yax?-1 

tog| 8d ge 
238 al 
FS 


ae” Viix + fox*-3 
Vilx- aI" 


(vi)Let T= dx 

Put /x7+0 =z [Squaring on both sides] 
= tebe = at-b? = Oedeadede = xdr=zdz 
1 1 

tf FF raz -tedey= f FO =e 


‘Now, the following cases arises : 
Case I: When a?>6? = b?-a?<0 


ar 


1 z-y6*-a* 1 1 yo #-2 
“ace | Sate Jay Syed 7 Non] Ee 
1a eee log! vat +b* ~Vor- atl |. [- 20 (+8 
aoa [x* +b? +b? -a? f 
(vit) Let T= us” dz rc) 


Put oraz = zax = de=Setde 
148% 
t= { #20 a22ae) 
J 1+2° 
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yur) ree 


a+z4) 


2 
=» easel [Cs @? +68) =(a +) (a?-ab +64) 
(r2)(l-z+2z 


po P+) A, Be+0) 
(+2)(1-2424) (+2) " 1-242") 
Multiplying both sides by (1 + 21-2 + 2), we get 
24 1=A(1-2 +2") + (Be +cX1 +2) 
Put z = - 1 in equation (3), we get 
(61? + N=AN-CI+C D+ BE)+C)/N+-0) 


2) 


= 223A = A=2 


Equating the co-efficients of 2? on both sides of equation (3), we get 
1 


1=A+B > 1-248 => B= 


Equating the constant terms on both sides of equation (3), we get 
2 1 
1sA+C = 1=54C = C4 
‘Substituting the values of A, B and C in equation (2), we have 


1 1 
ztei 2/3 | 3?*3 2 1(_z+1 
(14 2)(=242) (1+2) " -2427) © W142) 8 (27-241 
z+1 2 1(_z+1 
1-3 de=3 +2 a 
rer rrercr a) J Bd+2) 3\ 27-241 
1 z+1 
efit] sae 
+1 
= 2log +2i + f = 
Blog a+zt + f =A 
1p 2242, ; ; 
= Blog 42t+ 5 f aot (Multiply and divide by 2) 
1p 2z-1+3 
= Blog Itz +5 ae [Add and subtract 1 to the numerator] 
1 3 
si a dex 
Blog +2145) sai®*3 


410 


=2log 11 +214 j= 


Ze a 


=2log I1 +21 + Phogiz? - -20ue Stan (24) +6 


=2log W1+2081 + Logie? — 219 ++ V8 tan” 
ges] 


Example 8. Evaluate the following integrals : 


sist 
@ 
errs) -_ ry hd 


ae 


y ay a 


wf ze tof ptt 


Dividing the numerator 
and the denominator by x” 


ant 


Dividing the numerator 
and the denominator by x* 


z+ 


1a 
sales. mc) 
“fice! 
Py ax+1 


(iii) Let od creecret 
=} waged att (Multiply and divided by 2] 
aly Giev-Gt-y 
22 xt43x7 +1 
val x41 1 

Peres tea 


de [Add and subtract x* to the numerator] 


of) 


412 4 


x41 


wore he ta 
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Dividing the numerator 
and the denominator by x” 


Dividing the numerator 
and the denominator by x” 


INTEGRATION BY PARTIAL FRACTIONS 413 


2 
bec (EI 
> 1, = tan (eS +e (3) 
From equation (1), we have 


1 1 
I=3h-3h 


tan-'(22=2 


Vex }* 
ee 


toy Latt = f A a 
verse 
iJ 2x+4 
ie +2045 
wt fesse 


(Note this step] 
Veteaxe . 


of 218 weed 2 ae 
fsaxre5 2) et voeee 
= Df teres ereadef ar 


vay et 
(x2 425450 [fcr «| 


1 1 . 
oo de |v J[fGI f'@)de 
po -fea ‘lam [ fire ntl 


de (Multiply and divided by 2) 
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Completing the square in the 
second integral by adding & 


ae +2045 +) L dx 2 
Yetv2s+D+6-D subtract cout of x) kent 


nF +f oe [: J gpg teehee lo] 
= 42245 +og| (e+ 0+ e+ D*+2? | +0 
= fe? 4 2246 +log| e+ 0+ Ye 52x48 | +e. 


Example 9. Evaluate the following integrals : 


1 
@ de i) de 
loa +5246 ar +6247 
i | 424. wf Ez 
On) Gadel io J dies 


Solution. (i) Let I= f u ds 
G+ D iat +5r46 


“pcb 
~Sgehme al 


aa iJ 3.,9) (1 
2 Gees 


INTEGRATION BY PARTIAL FRACTIONS 415 
alle Ded 
[> fqptgeaenme| en =H Io 


ofa 439) ES 


+e 


+e 


1 ax+7 fx? +5246 


\4a+0* Barn 


ee es 
(x4 2)¥x? +6r+7 


+e 


Gite =f 
Put +2)04 = satis = den de 
Is 1 ~ta 
0) eee 
= 1 (fae 
J L444 81047 F ) 
Parsee 
1 
SiG) le a 
ar 
1 
leat 


‘Add and subtract 1 to the denom. 


1 
=- de 2 
lear errrerery v (Jov-ett.o¢«) sl 
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“J rear J 
wnari(t) oe 


9 g(-2-4 
ee (ge5) oe 
x? 42x43 
(e+ Dyx*+1 


Git) Let t= f 


2 
af & Ste D eae {Note this step} 
(+d 


=f area a= fe (2) ie axs2f 


1 
a 
(+d eae 


pie ee Birr = 


= a1, +1,+2ly (2) 


= 
where uJ Eu® 
-i[ ae (Multiply and divided by 2] 
2 Ve +1 
1 
a5] +i ande 


17+ 


esr tran" 
3 Cia) + [: Jue rear a «| 
= =e eiey (3) 
and wl 
= wei oto |e J hapten eo RFI o] 
and =] —— 


+) 
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47 


1 1 1 
Put(@+Del 9 re 5-1 9 dee-Gde 


carry 


Sal 


1) |ae-1 


l-x 


lex 


1,=- tog 
a 

From equation (2), we have 

I=1,+1, +21, 


2d+0* 


1 
2 = 
2 2 VP -F3 
1 
1 ef 
Ast 
2 


ve +1 


20+9° 8q+D 


= 

1 1 1 
-(4)s2] +6 

4) (A) . 


2-24 D4ie+ 


Ax+ 1 


[- J qpleg ce | + e+e 


yx? +a? 


+5 


hi genes 
errs 


+e5 


+e (6) 


= VF 1 +e, +log| 2+ 27 +1] +e4 


dex, ve 4 vg 
204%) Jae+0|" 


[Using equation (3), (4) and (5)) 


+2) 
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i+ 
a *ea+n|* 


where ¢ = (c, + ¢,—2cg) 


=e Ve? +1 +og| 2+ fo? +1|- - V2 log 


(iv) Let tf See 


See 7s [Rationalisation] 
=f piste anf Be 
x Jd+nd-) Hie 


‘Iyer la 


aatg 2+F=1|-sintzve 
| [: J qtr =H 


= log 2 5-3|- int xee [r 3] 


| uy yi-2 
= 


| =~ log 


|-sinseee 


EXERCISE FOR PRACTICE 


Integrate the following functions war. x: 

7 Qe 2x-1 

eared GDF +D 
1 


£ 
% eB +e 


419 


17. 


17. 


19. 


a, ett Dh? +2) 
(roe 4) 


1 
ok 
1 16: xe. 
Vere Fates 
5 me ee 
exsvrery) 20 aah) * 
Answers 
4 log Ix +21 ~2log Ix+ ll +e Flog ta —11~ Flog ts + 1+ 3 log —at +6 
log +e 4D pogiz—u- togix? + 4142 tant +0 
x-1|"z-1 3 10 a 2 
+ log (1 +6) ~2 log (1 +26) +6 
1 
TOE (+ cos? x)—log teow x1 +6 
1 (53) 1 x-V2041 
tan is 
16 yr ae) 2 | se eo |** 


6 


Definite Integral as the Limit of a Sum 


6.1, DEFINITION : DEFINITE INTEGRAL AS THE LIMIT OF A SUM 


If fix) is a continuous and single-valued function in the closed interval a, 6), then 
jim hifia) + fla +h) + fla + 2h) +... + fla +n—1h)) 


ha dre 


where : 5 or th=b-a 
is called the definite integral of fix) between the limits a and 6 and is written as : 
[rma 
Thus: fi flx)de=lim Alfa) + fla + h)+ fla +28) + ann. + fla n= TAI) 
where :nh = b=a 
et 
Or [raratim F Afla + rh) 
td a0 


where :h > 0,n->=,nh=b-a 
‘Note 1. The above method of evaluating [rover 


+ 
ie, [feods= tim, hifla) + fla +h) + fla + 2h) +... +fla+n=1h 


where : nh=b-a 
is called integration by summation or integration from definition or integration from first principles or 
integration by ab-nitio. 

Note 2. Proceed to the limit as h -+ 0 only after putting nh = b-a. 


6.2, DEFINITION : WALLI’S FORMULA 


If Ax) be a function such that : 

(@ fix) is continuous function defined on fa, 6] and 

(Gi) fix) does not change its sign on [a, 5). 

Then, —_lim (r= 1) (la).a + flar). ar + flar®). ar? + 


b 


+ Alar!) art) 


where : r* = — ,(a #0) 
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‘This definition is useful to integrate the functions of the form fe ds. 


where : n is a positive integer. 

Remark : The value of the definite integral of a function over any particular interval depends on 
the function and the interval, but not on the variable of integration that we choose to represent the 
independent variable. 

If the independent variable is denoted by ¢ or w or y instead of x, we simply write the integral as 


flmeraeor Pruetu orf tyr dy instead of ffx) de. Hence the valve of integration iclled a dummy 


variable. 


6.3. SOME USEFUL RESULTS HELPFUL FOR THE EVALUATION OF INTEGRALS 
1Y SUMMATION 


4 Pata ste ata Mat DGatd 


6 
2 
5. 1942945844 (n= PO =] 
4 2 
265+ 0? 
fag? a 3_ Ma+0? [n+ D 
6. 184284384. + 3 : 
7. atartart+ + aret = a wrelr>l. 


8. sina +sin(a+h)+sin(a + 2h) + 


_sefeo(2s en) 


ole 5 )a]sin(™) : 


6.4. IMPORTANT NOTE 
A check on the answer : 


If fix) is positive in the interval (a, 6), then [in de is also positive. 


422 INTEGRAL CALCULUS MADE EASY 


frear=tim hifla) + fla + h) + fla + 2h) 


where : nh = b-a. 
‘Now, each term of the series on the R.HLS. of above equation is positive. 
‘Therefore their sum and therefore the limit of their sum is also positive. 


+ fla +(n-1)h}) 


Similarly, if lx) is negative in the interval (a, 6), then fire dx is also negative. 


The above note enables us to say whether the value of a definite integral should be 
positive or negative and, therefore, serves as a check on the answer. 


SOME SOLVED EXAMPLES 


Example 1. Evaluate the following definite integrals as limit of sums : 


@ fixae Gi fara 
Gi fPxae Go) Fas Dae 
2 1 
() fpestne (vi) [eroe 
(vit) Gx-9 dx (viii [fae dx. 


Solution. ()) Let I= f'xdz 

Comparing I with ffx) de, we got :a = 1,6 =2, fiz)=x 

Let ae oe a 1 4. shutjzeN 
Ts Jim Alfa) + fla +h) + fla + 2h) + 0. + fla + (n- DAI] 
= fim, MAD) + AL +h) + AL + 2h) + AL + (n= DAI 
= Jim All + (1 +h) + (1+ 2h) + +{L+(n-DA)) 

D+hll+2+3+.. (n-1))) 


= fim Al +1+1+.. 


= fim An + Al +243 +... +(n— Di 


= jim ann. 22] (142434... +n~ j= 22=) 
= fin [mas A=) 
a) 2 
10-h) 
=a [+ 2 | (te nhet} 
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Wet I= Parade 


Comparing I with ffx) ds, we get :a = 0,6 =3,fiz)=x+4 


Ts lim Alfla) + fla +h) + fla + 2h) +. + fla +(n— 1) hI) 


= Jim ALO) + 0 +A) + AO + 2h) + nn + 0 + (n~ 1A ty a=0) 
= Jim Alf0) + 0A) + 2h) + on. + Ala = DAN 


+i(n-Wh+4l) 


fix) = (+ 4)) 


= fim Al(O +4) +(h +4)+(2h +4) + 
+4) 4h + 2h +. + (n= DA} 


= lim Al4+4444 
nao 


= lim Alan +All +2434 +(n-D)) 


= tim aon AB] 
mm 


2 


= jim [anh « R=) be mh =3] 
rer} 2 
21242, 8 
elite = 2° 
Giy et 1 Pras 
Comparing I with ffx) dz, we got :a = a,b =b, fiz) =x 
Let A we = mh=b-a,neN. 
Te Jim hla) + la +h) + fla + 28) + sone + fla +(n 1) 
+la+(n-DAll le fed 
+(n-D)) 
[: [142434 stn myn?) 
= lim [e ~aja+ b= aah] nh =(b-a)] 
fs) = 
= a(b—a) + C= axb= a) 


2 
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: 
=b-a)[a+P=e].6-abre) b 


Woytet I= [oes dae 
‘Comparing I with [fo ds, wo got:a= 0,625, fis)=x +1. 


Let he = nh=5,neN. 


+fa+(n- DAI) 
= fim AIAO) + AO +h) +04 2h) + ne + AO# (DAI 


T= lim hifla) + la + h) + fla + 2h) + 


a=0) 


= fim HIAO) + Ah) + AA) + oa + fl = 1) ADD 


+n-Dhei) 


= Jim AlO+ 1) +(h + +h + D+ 


= fim Al + 1+ d+ + 1)+th+2h+.. 
= lim Aln +All +2434. 
ie, 

-) 
= fim [nen +(n- Dio ‘| 
Ao 2 
= jim nn MAD) Ie nh=65) 
fa 2 

25 _ 35 
25+ 3.8 


(let Is eee Dde 


‘Comparing I with fli dx, we get sa = 0,0 =2, x)= (e+ Dd. 


Let hw 2295202 LS phe 
reer) 


I= lim hifla) + fla +h) + fla + 2h) + 


+fla+(n-Whi) 


= jim AIO) + RO + A) + AO + 2h) + nn +O +(n— WAI] 


a=0) 


= fim AlAO) + lh) + AA) +... + An — WAN 


+ (2n-Dh+ Ud 
Iv Aix)=(2e+D) 


= fim Al12(0) + 1) + (2h + 1) + (22h) + UI +. 


= fim AUL+ (2A + 1) + 4h ++ 2hin—- D4) 


+1) +21 +2+3+......(2-DI) 


= fim AI + 141+ 


DEFINITE INTEGRAL AS THE LIMIT OF A SUM 425 


= jim an ran ] s (1+2+3+ stn w=? 
ir) 2 
= fim [nh + nhinh — A} 
= jim [2+ 22- A) 224426. [enh = 2) 
(vi) Let Ts fiessrde 
B 
Comparing I with fx) ds, we get: =~ 1, = 1,fix)=x+3, 
ia Ke D2 2, mhedneNn. 
a on 7 
Ts fim Alfa) + fa + h)+ fla + 2h) + aoe + fla + (n=) hd 
= fim AYL=1) + 1+ A) += 1428) + on EL 4 (= DAN 
te a=-0) 
= fim A(-143)+C1+h+9)+142h43)4 use Len-DA+ aI) 
fix)=x43) 
= lim Al2 + (h + 2)+ (2h +2) + +Mn-1h+2)) 
= +2)+h(1+24+3+.....+(2- Di 
F ] 2 F248 t= De » 
= fm [znn + »| 
mm 2 
= jim [aa + 22-0) nh = 2) 
=44(2-0)=6, 
a 
(wit) Let T= J (6x—-9) de 
Lb 
Comparing I with [°/ix) dz, we get: a= 2,6 =7, fx) = 5x -9. 
Let 2.5 + nh=5,neN. 
an 
1 fim hifi) + fla + A) + fla + 28) + oo + fla + (nD) A 
= fim AU/2) + A2-+ A) + 2+ 2h) + nn + AB+ (n= DAN ts a=2] 


= jim A{5(2) - 9) + (5(2 + h)—9) + (5(2 + 2h)—9) +... + (5(2 + (n ~ 1) h) 9] 


te fix) = (5x -9)) 
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= jim Al1 + (Gh + 1)+ (0h +1) +... + (52 — Dh + Ui) 


= fim Al. +1414 nn. ++ 5AI1 +2434... 4(0- DI) 


= fim anon 22) [: [142434 
hv 2 
ah pl = fim 5+ S860 al 
125 _ 135 
a8e A 


(vit Let t= [25 dx 


Comparing I with ffx) dx, we get sa =0,b = 4, fix) = 2 


be 4-0 


Leth= = nhe4neN. 


2 1 Lig Ata) «fa +8)+ fa 24) 6 fs (2— DI 


= Jim AIO) + RO-+ h) + 0+ 2h) +...... +0 + (n— DAI 
= Jim AlA0) + fh) + fi2h) +. + filn - Ai] 

= Fim Alt2(0) + 2) + QZ) + one. + (n — 1) 2h) 

= fim A2h(1 +2+3+.. 


~+(2-D)) 


ses +(n- Y= 4] 
(enh = 5) 

t: a=0) 

Ce fiz) = 22] 

seneee +n myn EY) 
(» nh=4] 


“ » 
= fim a[an. nan [ (+2434 
captors 
= 4(4-0)] = 16. 
Example 2. Evaluate the following integrals as limit of sums : 
© fern W [fe-aer 
(ii) eas + 9) de (io) fi@s+ vax 
© farade i) f{@x— ae. 


Solution. (i) Let I= [e+ 3) de 


Comparing Iwith ffi) ds, we get :0.=0,6=2,fiz)=x+3. 


b-a_2-0_2 


Leth = = nh=2,neN. 


ry 
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Is 


Jim hifla) + fla +h) + fla + 2h) +... + fla + (n- hi) 


= lim AlfO) + AO +) + 0+ 2h) +... +10 + (nm — DAN] ts @=0] 


= Jim AAO) + 0h) + fA) + one + fla — A) 


= fim ALB + 0h + 8)+ (2h +8) + an + Kim + 3 

= fim AUS +948 + e+ 8)4 UR + Bh toon (n= DAM 

= Jim Ain + AIL +2434 n+ (n= DI) 

n(n et) 
2 


sfx) = (x +3) 


we t(n-D= 


i Jim aaah. an=9) 


7 tn [ann « 6 bs nh=2) 
fay 
=6+2=8, 


Gitett= ['e-nae 


Comparing I with ffx) ds, we get: a=3, 


b-a_5-3_2 
nm oR om 
I= lim hifla) + fla +h) + fla + 2h) +..... + la +(n- Dall 


= lim AIRS) + 3 +h) + AB + 2h) + ....+ 3 +(n— DA] te a=3] 
+ (2-8 +(n— DANI] 
bs f)=Q-2) 


=5,fix)=(2-2). 


Leth = 


=> nh=2,neN 


= jim Al(2-3) + (2-(3 +h) + 12-B+ 2h) + 


= fim Al-1 + 1-A) +(- 1-28) +e #1 (2D Al] 
= fim Al 1-1-1... 1)- th + 2h + 3h + sseeee +(n-DAIl 
= Jim Al-n Al +248 + an + (n—DAl) 


= fim af-n a. 22) +en- 9-22] 

hwo 2 

= Jim [mn MA= OY) (nha) 
how | 2 

=-2-2=-4. 


(ii) Let t= fe +3) de 


Comparing I with fie ds, we get:a=1,6=2, x)= (2x +9). 
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= nh=lneN 


+fla+in-WDAj} 


1 lim Alfla) + fla + h) + fla + 2h) + 
= lim ALL) + Al +h) + Al + 2h) +... + AL +(n— DAI) fv a=) 


= fim Alt2(1) + 31 + (201 +A) +3) + (201 + 2h) +3) + 


+ fl2(1 + (n = DA) + 31) 
fe fiz) = (2e+3)) 


= fim AU5 + (5 + 2h) +(5 + 4h) + one + 15 + 2in — DAI} 


im £5 +5 + 8 + ne #B)+ DA + AN + sn + 20M = 1) A] 
= Him AlSn + 2A(1 + 249-4 oon #6 DI) 

= jim A[a 2a. 2) [: 142434. 
f=) 2 


= lim (6nh + nh(nh —A)) = lim [5 + 101 - A) 
=54+126, 


(io) Let I= fae + Dae 
h 

Comparing I with f° ix) dx, we got :a = 1, b= 9, fix) = (2x +. 

Let h= O=@ -3-1_2 

7 oR 

T= lim hffa) + fla +) + fla + 2h) + 

= Him Alf) + (0. + h) +f + 2h) + 


= nh=2,neN 


+fla+in-Wh)) 


+fil+(n— DAI) 


2) 
+ (21 +(n— DA) + Ui) 
te flz)= (2x + D) 


= Jim, AltQ(1) + 1) + (21 + A) + 1) + 1201 + 2h) + +. 


= jim AlS +B + 2h) + (3 + 4h) + 


= jim AUG +343 +.....+3)+ (2h+ 4h +. 


= fim Algn + 2h. +2434... + (n- DI 


- fim h [an +20 2D) 
ie 2 


= lim [3nh + nh(nh —h)] = lim (3(2) + 2(2~ A) 
=6+4=10. 
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(Latt= ['ee+ dds. 


Comparing 1 with ffx) dr, we get :a=0,6=2,Ax) =x +4). 


tat ha 28.2202 
n 


=> mh=2,neN. 

Ts Jim Alfa) + fla +) + fla + 2h) + on + fla + (n ~ 1) Ad 

= fim ALAO) + AO +h) + AO + 2h) +... + M10 + (n— DAI) ts a=0) 
fim AIAO) + fh) + ADA) + on + fl — WAN) 

= fim AICO + 4) + (h + 4) + (2h + 4) +{(n- Dh +4)) fe fix)=@+4)) 
= fim AUG +444 +..044) + 1h + 2h + Sh + +(n— DAI 

= im Aldn + AIL +2434... 4(n—DIl 


= fim a[an-en. [ [14243+.....4(0- De al 
= fi [ann « A= 22» [enh =2} 
i, 2 


=8+2=10. 
(wi tatt= [@e- Dd 
Comparing I with J” fx) de, we got: a= 2,6 =4, fz) =(2x-D). 
Let h = 2 = mh=2,neN. 
= Jim hIfla) + fa + A) + fla + 2h) + nn + fla + (n— WDA) 
= kim ALA2) + 2 +h) + [2 + 2h) + ...... +/12 + (n— DAI) ty a=2) 


firm Al(22) ~ 1) + (202 + A) — 1) + (22 + Bh) — 1 + sane + 122 + (VA) ~ 
Ls fix) =(2e- 0) 


= fim, AIS + (8+ 2h) + (9 + 4h) +n. + 19 + Bir — DAI] 


+2n- AN) 


= jim AIG +3 +3 +..... +8) + (2h + 4h +. 


= fim AlGn + 2Al1 +243 +..... +(n— DAN] 
nin=v) 


s] 
2 
= lim [3nh + nh(nh - h)] = Jim (32) + 22— hy] (v nh =2) 
—- =6+4=10. 


= jim h[an-+ 2h. mn 
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Example 3. Evaluate the following integrals as the limit of sums : 


@ [ede Gi Pear 
Uti) [262+ 9) dx (io) fe + 50) dx 
(0) fet +60 ds. 


Solution. (i) Let I 


Comparing I with fires, we got sa =a, b=, fx) = 23, 


Leth = 2-2 = nh=b-a,neN 
n 


T= lim Alfla) + fla +h) + fla + 2h) + +fla+(n- Whi) 
= jim Ala? + (a +h? + (a + 2hP + + (a + (nD AVY fe fix)= 27) 
= Jim hla? + (a? +h? + 2ah) + (a? + (2h? + dah) + .. 


+ la? + (n — 1A? + Qain - DAI] 
ene + (0 ~ 1? AY} 


+ (ah + dah +. 
= fim Alna® + A? (1? + 2? +... +(n— 1 + 2ah (142+ 


= fig Ana? on? MEDEA D agg =D) 


2a(n = DAI) 
+(n- DI) 


f 


6 2 


+ 142434. 
U9 42487 an man wees) 
= im [inher AAA Mn)? 5 anninn —10] 
bs) 6 
= fin[o-on? + C=O A= WIMO= 2M 9G gy- ah) 
nh =(b~a)) 
= [b-ant 4 O80 2120-8) 59 ay6-0)] 
- [b-2r? + 0-07 +00-0)?] = Oo (a? + (6-a)? + Sab -a)] 
= 228 (ao? + ba? Dab + dab — Ba" = oo (a? +.0b +b?) 
s j (8-0). fs (a?- 6%) =(a-bXa? + ab + 5%) 
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2 
(ii) Let = f 2dr 


Comparing I with [ite ds, we get :0=1,6=2, fx) <2 


Leth = O=% =) mhalneN. 
nnn 


Ie lim Alfa) + fla +h) + fla + 2h) +.....+fla+(n— 1) hI) 


= fim AIAD) + (OL +A) + A+ 2K) + on + fll + (n — DA) ty a=) 
= fim ALI? + (1 + AP + (1+ DAP + ne + UL + (DAP) fx=x) 
= lim ACL + (1 + 48+ 2h) + (1+ (2H) + 48) + oa + 11+ (a — DPA? + An ~ Dhl] 


+ D+ P+ (QAP + + (n— 1P A 


= jim Ald +1+1+.. 


$128 4A a 4 2K DAI) 

= Fim fn + WA? + 284 3 + ln — D+ A + A so + BN DA] 
= Him Bln + RAGE + 28+ BP ln D4 DAML #24 B+ oo + (= DI) 
crim alnea? .M&=W@n-D 9, min-D 
= is amar} a3 

D428 tenet (n= Die MOP 

U2 422438 +t (n— De = MA MOD 
=i ph» PAA Ar. ahink m)] ts nh= 1) 


1 34+1+3_7 
eltgtle 35. 


ii) Let = fa? + 9) de 


Comparing I with ffx) dx, we get :a = 0, 6 = 2, fts)= (22+ 3). 


- 4-93-08 
2 non 
Te lim Alfa) + fa +h) + fla +28) + wow + fla +(n—1)AI) 


= lim Alf0) + AO +A) + AO + 2A) +... +10 + (nm — 10h} fv @=0) 
= Jim AIO) + Ah) + 2A) +... + fn — DAI] 


Let h nh=2,neN. 


INTEGRAL CALCULUS MADE EASY 


= fim AICO +3) + (A? +3)+ (2A +31 +.....+ ((n—DAP+3)) fe fix) = G7 +8)] 


0 +8) + 2 + (QAP + ones + (0 — DP AP] 


= jim AG +3+3+. 
= jim Alan + A? (1? +2? + 3? +... +n 1F] 


= Jim [an on? eel 
6 
[: 094294394. D> onan 9) 
|= pn [2c + 2 oh) ( nh=2) 
22- wet 0) & 26 
264 22 Bae 
+ =6+ =6+8 3 
pintiefeaarian 
h 
Comparing I with f° fx) dx, we get : = 1,5 = 3, fz) = (2x? + Bx). 
Let 
I= lim hifla) + fa +h) + fla + 2h) + 
= him AA1) + Al +h) + fil + 2h) + (. a=1) 


= Jim, Al{2(1)? + 5(2)} + (201 + A)? + 5( + A) + (201 + 2h)? + 51 + 2h)) 


+ (2( + (n- Dh}? + 5(1 + (n - DA))) 
(Ce fix) = (2x? + x) 

= Him ALT + (2(1 + A? + 2h) + 5 + 5A) + 12(1 + (2KP + 22h) +5 + OA) + 
+ (21 + (n— 17h? + in - Dh +5 + 5m - Dhl) 

= firm A(T + (7+ 2h? + 9h) + (7 + 22h)? + 18h} + +(7+2(n- 1A? + Wn DAI) 


fim AUT +7 +7 + one + 1) + QHD? + 2 + 


+ 


(2-1 
FOWL + Z + soe (n= DI) 


v 142434... 


(1? +27 +37 + 


= jim [7 +202 2! Ls +942 =?) 

ho 6 2 

= Jim [tan + RA edn 9 Bah-0) 2 anah 0] 
h0) 3 2 
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ts nh=2) 
(Let T= fe? +5) de. 
A 
Comparing I with f° fx) ds, we got:a = 1, =, fle) = (x? + 52) 
Let he Ores So} 2 => mh=2neN. 
= Him Alfa) + fa + A) + fla + 2h) + oo + fla + (n= 1) AI) 
= fim AAD + AL + A) + AL + 2h) + + lL + (n— DAl] te et] 


= Jim A{lL + SCD) + (CL + AP + BCL + AD) + (CL + 24F + 51 + 2h) + 


nee +11 + @~ Dh? + (1 + (2 — DA) 
[es fix) = (+ 82) 
= Jim AIG + (1 +h? + 2h +6 + 5h) + (1 + (2h)? + 22h) +5 + 10h) + 
sone #114 (a — LPH? + Qn — Dh +5 + 5m — DAI] 
= Him A(6 + (6 +h? + Th) + (6 + (2h? + 14h) +... + 16 + (9-1? AF + Hn — VA] 


+6) +(h? + (2hP +... + (n- DP AY) 


= jim All6+6+6+ 


+ITh+ 14h +... + Hn DAN 
= fim {Gn +h? (1? + 22 +. + (2-171 + TAIL $2 + woe 4 (8 DI) 
= lim h[en +n? 22 D2n-D 7, men-D 
nao 7 6 a) 
1 142434.04(n- DMD 
11422438 + act (n= D8 = MA VND 
= lim [enn + 2A = AX2nh — A) nee 
mm 6 2 
= fi, [oes 22-22) , 2202-0) fs nh=2 
Ao 6 2 
2124 8414=26+ 8.848 86 | 


3 
Example 4. Evaluate the following integrals as the limit of sums : 
@ Lae+ade i) f'e-nde 
1 


(ii) 228 + 5) ae (io) [G+ a0 de 
( Per +s)ds (i) Pe+nds. 


INTEGRAL CALCULUS MADE EASY 


Solution. () Let I= [' +2) dx 


Comparing I with ffx) dx, we get:a=0,6 =2, fix)= (xt +2). 


Let hw 22822502 hatin eN. 
7 A 
Te fim Alfa) + fa + A) + fla + 28) + anu + fla +(n ~All 
= Jim A{AO) + 0+) + AO + 2A) + von + 10-4 (n— 1) Ad] Ls a=0) 


= fim AlAO) + ih) + A2h) +... + flr — 1) A) 
Fim AU +2) + 22 + 2) + (BAP + 2) + oan + Min 1? + 2) 
te fix) = (7 + 2)) 


fim AQ +2 + 2 ns #2) 4 URE + DAP + sone + (= DEH] 
= fim Aldn + AY? + 2? + 3? + 0 +n 1) 


= tim h[an +A? Me=Wen= 
iT) ° 6 


[- Ut +2 430 ttn Dt AE DAD 


{+ nh=2) 


Gi Let t= fc? ax 


Comparing I with ffx) ds, we get: a= 1,6 = 2, ix) =(x!~1), 
=1 = mhalneN. 
” n 
I fim Alfla) + fla +h) + fla + 2h) +... + fla +(n— WA] 
= fim AIA) + U1 + A) + 1+ 2h) + nn + AL + (n= DAN ts a=1} 
= Jim Al? ~1) + (+ AP - 1 + (1 + 2hP - 1) + 0 + + (2 - DAP 1) 
te fid 262-0] 


Let A 


= fim AlO + (1 + A? + 2h 1) + [1 + (2h + 22h)— 1) + 


«+ {1+ 1P A? + Qn - Da- 1) 
= fim Ah? + 2h) + (2h + 202A) +... + Min — 1? A? + Bin — Dh) 


fim ALIA? + AR? + on + (n— DPR + 2K + 22K) + ne + 2 — DANI 
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= fim Ath? (1? + 2? +... + (n— 1) + DAl1 + 2+ 


a lim al A? M@a1X2n—D , 2h.nin- 1 
Tho ‘ 6 2 


+(n-D)) 


vv [14+2+3+.. 
U1? +27 +37 + 
«lin [ee Meehan nhinh = | 
fm, é 
= pin PAM 1am] ts nhe 


(ii) Lot T= f 22 +5) de 
Comparing I with f/x) ds, we got:0-= 1, = 3, fix) = (20? +5) 


Let n= O=G 8-112  nheanen. 
non oR 


Ie lim Alfla) + fla +h) + fla + 2h) +... + fla + (n— DA) 
im Alf(l) + fil +h)+fll+2h)+ +fll+(n- hj) {- a=1) 


=) 


= fim Alt2(1)* + 51 + (2(1 +A)? + 51 + (2(1 + 2h)" +5) +... + (2(1 + (n— DAY? + BI) 


fy fix) = (2x? +5) 


= fim, AUT + (201 + A? + 2h) + 5) + (21 + 2h? + 22h) + 5) + 
+ (2 + (n~ 1)? A? + Bn - Dh) + 5H] 
= Jim, AUT +(7 + 2h? + 4h) + (7 + 2(2h) + 8h) + .. 


+ (7+ 2in—DBAB + An — DAI] 
+n - 17 4) 

$18 + Bh + one + Mn ~ DAI] 
+ (R= DP AAI + 24 se + (= DN 


+7) + (2K? + 22K? + 


= jim A(T +7+7+. 


= jim AlTn + 2h? (1? + 2? +.. 


= lim A[taan? R= MOA—D gy, 
ho 6 
wv 1+24+3+ 
(7 +27 +37 +... 
[tan + RHA ADA—® « aarinh 79] 


INTEGRAL CALCULUS MADE EASY 


ee eee | [y nh=2) 
229418 _ 66+16 _ 82 
=u 38 B48 22+ 3 cher ta 3 


eee fuses 


Comparing I with ffx) ds, we get :a = 1, b= 4, fix) = (22 + 


Let h= fea =e 1.8 = nh=3,neN. 


I Jim hfe) + fa +) + fa +26) «+ fla +(n- WAI 
= Jim AD) + 1 +A) + 1 + 2h) +n + UL + (DAN te a=) 
= fim ALI? + SCD) + (CL + A)? + 9CL + A) + (+ 28)? + 301 + 2h) + 


oe + (1+ (n- Ih} + 301 + (n- DAD!) 
[ye fl) = (2? + 3x)) 
= Jim AIA + (14 A? + 2h +3 + 3h) + (1 + (QAP + 22h) +3 + 6h) + 


ores + {1+ (2- 1h? + An- Dh +3 + 3(n- DAH] 
= fim Ald + (4+ A? + 5K) + (4+ Qh + 10K) +... + 4 + (n— PHP + Bin — VAI] 


= fim AIG +4 +4 +. +4) + Uh + QAP +. + (nT) + 


woe + (5A + 10h + on. + 5. = DAI 
= jim Aldn + A? (18 +2? +... + (2-1) + SAIL +2 +... +(n— DI] 


. pm h[ Ann? ME MERA D gy, nin D) 
ho 6 2 


42484. (n= B= RAD 
(7427487 +...4(2- DA nina Wen) 
oie [ooh Hah Attn, Saad) 
be} ely ae 
“Ble seh) Le nheal 


45 _42+45_ 87 
a1249+ S-m+S~ = z 
wl I= Pat+ade 


Comparing I with f° x) ds, we get : a = 0, b = 9, fix) = (2s + 3). 
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I= lim Alfla) + fla +h) + fla + 2h) + sn + fla +(n 1) Al] 
= Jim Alf) + AO +h) + AO + 2h) +... +O+ (a —IAN 
= fim, AIO) + 0h) + R2A) +... + An) AN) 
= Jim Al{2{0) + 3} + (2h? + 3) + (22h? + 3) + .. 


a=0) 


+ 12(n- Dh? + 3)) 
fe lx) = (e+ 3) 


= jim A[S + (2h? + 3) + 124h*) + 3) +... + (2(n — 1)? A? +31) 
= Fim AUB +848 + +B) + QR + 28+ nn (0-1 


= lim h[an +24? 22 = Wen =D 
bax) . 6 


[: ti? +2% +3? + (n= i] = = Hn | 
= i nn 4 SAA va) 
bet) 3 
= fim [9a « 98-M2s— | (. nh=3) 
=9+18=27. 


(Let I= fends 


Comparing I with [[feds, we get sa = 1,523, fix) = (22 +2). 


tet ha S22 8-122 § mheanen. 
a oR oR 
I= Jim hifla) + fa +h) + fla + 2h) + ne + fla + (n ~ DAN 
= Fim AIA) + 01 +A) + AL + 24) + se + UL + (re DAI] f a=] 
= fim AIG? + 1) + (1 + AP + (1 + Ad) + {C1 + 2hF + (1 + 2h + 
ae + (1 +(n- Dh? +14 (n~ DA) 
fe Ax) = G8 +x) 


= fim AIZ+ (1+ AP + 2h + 1+ A) + (1 + 4h? + 22h) +14 2h) + 


sence + (14 (n= DPAP + An = Dh + 1 + (n= DAI) 
= fim Al2 + (2 + AY + Bh) + (2+ 4h? + 6h) + on + (2 + (n - DPA? + B(n- Dhl] 


= lim A[2+2+2+.. 
nao 


coven + Bin = DAI] 
= fim Al2n + A? (1? +28 + 3% +... + (2-1) + BAIL +243 +. + (A DN) 


INTEGRAL CALCULUS MADE EASY 


. tim h[an +a ME D2—D «ap, 
™ 6 


vy 142484... +(n- vj BAD 


(1? +2? +37 +.....+(n= 


oe [au + in =hianh—W , Sanh) 


= jim [nm « 2222-1 , 822-1) Ly nh=2) 


2448462104 8.9048 _ 38, 
3 3 


3 
Example 5, Evaluate the following integrals as the limit of sums : 


0 f'@-vde Gi Pater+ ode 
(iio Pots Dae Gio) fx dx 
©) fist +224 Dar. 


Solution. ()) Let I= [‘G2-2)dx 
Comparing I with f° Ax) dz, we get :@= 1, b= 4, fe) = 4». 


Leth = 9-224-1.3 5 nhasneNn. 
n 


n 7 
I= lim Alfla) + fla + h) + fla + 2h) + nu. + fla +(n DAI] 
= fim AIA) +f +h) + Al + 2h) + oo +fll+(n- Dail t. a=1) 


= Tim A{A)? — 1) + (CL + AP — C1 + AD) + (C1 + 2h? ~(1 + 24d) + 


+ (1 +(n- Day =(1 + (n= DAI) 
L. Az)= G22) 
= fim AIO + (1 + A? + 2h—1—h) + (1 + (2hY + 22h) 1-2) + 


sone + UL + (n= UPA? + Qn - Dh = 1 (n= DAI) 
= fim Al? + A) + (2h? + 2h) +... + n~ LP A? + (mn - DAN 


= fim Al? + (2A? +... + (n— UP A + th + 2h +... +n — Dal] 
= Jim ALA 7 +2? +. + MW + AML + 2+... += DI 
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se tim a[n? MO MEn—D | min D) 
hao 6 2 


y F2F BH H(n~ ya 2OB 


(7428437 +...4n D1 
in| teh Anh ~A2nh—h) , nhinh— al 


= aac ses =i A), 38 - 2-4) ts nh=3) 
fo) 2 
18+! ° 2 
=9 -—. 
+ 2° 2 
Gilet t= fat +x+ 9dr 
h 
Comparing Lith ffx) dx, we get = 1,6 =9, ix) =x" +3 +9). 
Let h=O=923-1_2 = nha2neN. 
" n 
I= lim hifla) + fla +h) + fla + 2h) +..... + fla +(n- Dhl] 
= lim A{fL) + AL +A) +All + 2h) + +L + (2 DA} ts a=) 


= Jim AlQU? + 1+ 9} + (20 + AP + +A) + 9) + (20+ 2h + + 2h) + 9) + 
ae + (2. + (n- Dh} + (1 + (n- Dh) + 9) 
te fiz) = (2% +249) 
= fim A(12 + (201 +A? + 2h) 4+ 14h +9) + (21 + 4h? + 22h) + 1+ 2h + 9+ 
nes + (201 + (n ~ IPA? + 20 — Dh) +1 + (2 — Dh +9) 
= fim h[12 + (12 + 2h? + 5h) + (12 + 22h)? + 10h) + 
soos + (12 + 2 — 1? A? + Bin DAI] 
= firm AE12 + 12412 + sone + 12)+ (2K + AP + rn + Bie — DP AA 
+ 16h +10h +... + 5(n - Al] 
+ (n= 1} + BAIL +2 +. 


y2 Mn W2n-D 5, nin 1) 
6 a) 


= fim A(22n + 2h? (1? + 2 + 


= fim h[ 100-2 
bet) 


(. nh =2) 
ous 18 18.19 hy 18 _102+16 118 
3 3 
canoe 
Comparing I with ffs) ds, we get :a = 0, b= 2, ix) = (2? + 1). 
Let hw nO 2-02 © nhadneN. 
a RR 
Is fim hifla) + fla + h) + fla + 2h) + on + fla + (n= 1) hi) 
= Him AIA 0) + AO + A) + AO-+ 2h) + wae + fl0+ (n— DAI) (ty a=0) 
= im A[fO) + th) + A2K) +... + fll ~1) AI 
& fim Al(O + 1) + (A? + 1) + (2h? + Uh +... + in — 1P A? + 1) 
fix) = G+ 1) 
= fim AU + 141+... +1) + th? + Qh? +... + (2-1? AI] 
= Jim, in + A? 0? +2 +... +n - DF) 
= fim a[ns a? 2B—BBe— 2) 
p=) 6 
[: UP +28 43%... +0] 8E BED 
= fim [na A= a — WD) 
f=) G 
= jim [2+ 22-he2-h) Ls nh=2) 
fe) 6 
(2-0X4-0) 5, 8_6+8 14 
NT RS Tae a 
(io) Let t= fs de 
Comparing Iwith ffs) ds, we get sa = 1, b= 2, fx) =3°. 
Let e282 td os nhetnen. 
4 1 Bim if) fla +) + la + 2h) fla +(n-1)A)) 
= im AIA) + 11 + A) + (01 + 28) + one + ML + (DA) te a=) 
= jim ALL +(1 + A) + (1+ 2h)? +...... + (1+ (2 - DAN) te fix)=x3) 


fer) 
= Him All + (1+ 8h + 3h* + A®) + (1 + 6h + 12h? + 8h) + 


—_ +A Me— Dh ean TM + (a Tl) 
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+1) + [3h +6h +...... + in — DA} 


+ (3h? + 12h? + ...... + 3(m — 1)? AY} + (h3 + BAP + 
2 Fim Al + SAUL + 2+ won + (8 — D+ SAU? $2? + ee + (TPL 


slim Ald + 141+ 
+(n—1P AA] 


+ AMD + 29 + ane + (2 DD 
elim ln 49h 2@ =P 4 gy? Ma— Wan -D 43 niin—v? 
et) naa} . 6 aay} 
R484 tn Dia MEP 
(2 +28 497 +t (n= De = MA BAND 
24 = y? 
(8 +29 +98 + (n-GaN 
= tim| na-+ 32a - A), nhlnh ~ hN2nh ~h) | n*h*nh ~ hy? 
h=0| 2 2 4 
= lim |14. 0 0 -hX2-A) , I-A? 
ia) 2 
214 3020) | d-012-0) | 0-0 


2 2 4 


3 5, 3 1_8+6+1_15 
wl+—+1+—=24+—-+—=——— =—.. 
hiee nek of ay wae 


(let fas? +24 Dede 


Let ha PnP 1-01 nhetnen. 


soe + fla + (n= 1) Al] 
+f0+(n- DAI 


= jim A{A0) + AO + h) + (0 + 2h) + 
= fim RURO) + (0) + 2K) + ose + An — DAD 
= fim A{(3(0)? + 2(0) + 1) + (9h + 2h + 11 + (3(2HP + 22h) + + 


+ (Sn = 1)? A? + An - Dh + UN 
fix) = (Bx? + 2e + DI 
+3(n- 1) A) + 

+ (2h + 2(2h) + ...... + An - DAI] 
+(n- 1?) + 2hil+2+.. @-p) 


+ 1) + (3h? + 3(2h} +... 


= jim Al +1+1+. 


= lim Aln + 3h? (1? +2? +... 
nao 


442 INTEGRAL CALCULUS MADE EASY 


n(n~ 1) 
st(n- Da 


+2743? +...... +(n— t= MA End 


shah chao 


vial 


+nkint -1)] 

1028020 o-] bs nh=n) 
21414123, 

Example 6. Evaluate by summation, the definite integral : 


@ Pear Go fleas 
(iti) fever (iv) flea. 
Solution. (i) Let I= fee. 


Comparing I with f° Az) de, we get :a = 0,6 =b, fiz) =e. 


Let ha 2828 S nhab-aneN. 
Te lim hifi) + la +h) + fla + 2h) + anu. + fla +(n— Al} 
= Him er + eh + eh gg ent] Ly Adee 


Since e% + eth + e+ + ...... + 4" is a G.P. (of n-terms), where first term is e" and 
common ratio is e*. 

_, ar" =) 

"rel 


nh = (b-a)) 


ere 
Sum = 2-2 


be 
= lim hi | ow tim | Me =4) 


(e-e) 


seb—e, 


Gilet Is feds 
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Comparing I with ffx) ds, we get: a=, b= 4 fx) =e 


tet hw 2824-04 OS nhedneN. 
nnn 


Te lim Alfia) + fla +h) + fla + 2h) + nn. + fla+(n— DAI) 


= him Alf) +0 + h) + AO + 2h) +... + 0 + (n~ DAI} fy a=) 
= Fim Alf) + A) + 2A) + ne + Al ~ 1) I) 


= fim Ale? +e +e + a. eM) 
“) 
= jim “02? 2 -e%). tim "5 
Aad 1-e! AO (1-e") 
=(1-e4). lim zit xd atv, 


(iii) Let Is feta 


Comparing I with f” fiz) de, we get :@ = 0, 6 =5, ix) =e 


5-05 
n 
I lim hifia) + fla +h) + fla + 2h) + won + fla +(n—1) AI) 


= Jim AIRO) + 0+ h) +O + 2h) +. +10 +m — DAI) 
= Fim Alf) + (A) + A2h) + ne + An — 1) AN) 
= fim Ale? +e HEM + ne HEREIN te fee 


= nh=5,neN. 


ah Oh 4 (e-2h) 
jim Al. +e +(eMPe 


INTEGRAL CALCULUS MADE EASY 


GoyLet T= Peds 
Comparing I with f" fx) ds, we get :0.=0, 6 = 2, fs) =e! 


Let hw O79 22-02 , gheaneNn. 


nn oR 
Tx Jim Alfla)+ fla + h) + fla + 2h) +... + fla +(n— Al] 
= jim AIf0) + AO +h) + AO + 2h) +..... +0 +(n- DAI] 
= Him AIR0) + fh) + 2A) +... + Alm — DAI] 

= fim ble +e +e +n HTH] 


s-px teen. 
Example 7. Evaluate by summation, the definite integral : 
© [leds Gi Peae 
Gi [lem de wo) [{ere ds. 
Solution. () Let I= f et dx 


Comparing I with f° A) de, we get :@=—1,b=1,fx)=e. 
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Let ho Ste CO2 , phoaneN. 
_ RR 


Ts Him Alfa) + a +h) + fla + 2h) + wn + fla +(n~ 1) Al] 
im AIR~ 1) + A 1 +h) +f 1+ 2h) + on + fl + (0 DA] a=-1) 
= Him let +N) +P) + ane (CMM) : fix)zet] 
& fim Ble + Ne + + coe + EM] 
= jim het +h +e + eh) 
am 2{ cet" -2]_ 5, hfe —1 ab 
= gS] - nt ForaG.P.,S, = © 
im 2[e?7=2 
[5S] by nh=2) 
ip Let t= fede 
Comparing I with f° fle) ds, we get : a=, b = b, fix) =e, 
= nh=b-a,neN. 
I= Jim hlfla) + fla +h)+ a+ 2h) +... +fla+(n— 1) Al] 
= Jim fe + eer) 4 ler 4... 4 elewe-ty] Le flz)= el] 


lim Ale* +e. e* +e eM+..... +08. CePA) 
a Get) 


gif 
4 (eis) 1) tna) 


= 4 [bo 1), Jim az {Multiply and divided by A) 
| xa 
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= (2 -e), ad (et 2, 


pay 


(iy Let T= fet a 


Comparing I with f° fix) dx, we get :a = 0,5 = 1, lx) me? 


220.1 2 nhetnen. 
Paar ar | 


Le Jim Alfta) + fla + h) + fla + 2h) + wun + fla (nL) Al} 
= Jim hIf0) +0 +h) + AO + 2h) + nun + 10-# (nD) Al t a=0) 
= fim (flO) + 0h) + \2A) + ane + fn — 1) AN) 

Hi hfe? +e 4 e929) + 0. HMM] fe fix) = ce?) 
= Him Ale? +e? +e? e+... He? eHe IM] 
= lim hell +e +e +. 


Let a= 


teeth) 


" 2fe™y- 
“inte 


ES 


= lim he” 

Ear} 

=e inal 
nao fe 


=(e1-e). lim | 
im 


é 


ele). 


Goytet I= ['erede 


Comparing Iwith [C+ e% ds, we get :0.=0,6=4,fix) =x +68. 
tet he 2224-064 8 heagnen 
reer 
Te lim Alfla) + fla + h) + fla + 28) + un + fla + (n—1) Al) 
= lim AUf0) + AO +h) + AO + 2h) +... + 10+ (nD AI 
= Jim AIA) + 0h) + DA) + ne + fla — 1) AL 
= Jim ALCO + €°) + (h +e) + 12h + 7) +... + ((n— Dh + e2™-] 


fot) 
fy fxd =@+e) 


a=0) 
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= Fim AltA + 2h + ne + (8 — Dhl + (1 +e + 0 + + eM] 


= lim h ] [r 1142434....4(n=D]= 2% 

Ea 

lim 

ab 
= jim, [nh =4l 
- 8 (Multiply and divided by 2] 


=8+ 2 —ve 
sacs nt aS cipal os bala 
@ feta Gi ffeax Gi) [Le + Das. 


= nh=b-a,neN. 


I jim Alfa) + fla +h) + fla + 2h) +... + fla+(n— DAI 
= jim Bhar? 4 Oot g ert gg gr ery) tv fix) =e} 


= Jim Ale +e* eh +e eh +. bee. emt] 


[fy nh =(b-a)) 


se*(1-e%*). lim 


nol T 
set—er. 
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Gott 1s fade 


Comparing I with f° fx) de, we got :0.= 2,6 = 4, fiz) = 2, 
6 


2 oy nh=2neN. 


Let he 
n 
.. + fla+(n-WA)) 


n 7 
Ts lim Alfa) + fla + h) + fla + 2h) + .. 


s Him, AAD) + 2 + A) + 2 + 2A) + ane + MB + (n- DA} o=2) 
fim (2? + 24 + 20%. « pte) be Aya 24 
= fim Al? +2? 2h 422.2% +... + 2%, 20-1] 
nh =2 
a ed 
[ inom] 
Giptet Ts fers ddr 
Comparing I with [” fiz) dx, we get :0 = 0,6 = 1, fx) =(e+ D. 
tet he PBL etre. 
7 nn 
Te Jim Alfie) + a+ h) + fla + 2h) +n + fla +(n— WAI] 
= Him A{AO) + 0 + A) + AO+ 2A) + wm + 0-4 (n ~ 1) Al] ty a=0) 


= Jim ALfO) + Ah) + R28) + one + ln = 1) AL 
= fim AU + D4(A+ D+ C4 D+ a OMG] Le fix) = (+ DI) 


FD FH Heh + MM] 


nh 
nh + Hze’ 
1 


| 


nh = 1) 
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= 1+(1-e) lim (_1_) = 1+(e-Dlim 
nao | Toh far) 


h 


=(1+(e-1). Ise. 
Example 9. Evaluate the following as limit of sum : 


i) [sin x dx id FP con x de 
Uti) [cos x de io) [sin xe 
w pla wi Pax 
win f° re (vi) f sin? xd. 
Solution. () Lat I= f sin x de 


Comparing I with f° x) de, we got :a =a, 6 =6, x)= sin x. 


n 
= Jim Alfa) + fla + h) + fla + 2h) +... +fla+(n- DAI] 
+sin fa +(n— AI] 


im Asin a + sin(a +h) + sin(a + 2h) + 
[ty fiz) =sinx) 


= lit 
» 


rf 
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ee ee 


-m{ 2} mnom(-S) mC) 
wn alt!) ann a9) [ttt 
aye ote cad ae 2 sin A sin B = cos (A - B) - cos (A + B)) 


Gi) Let t= fos ede 


Comparing I with f° Ax) ds, we get :a = a,b = b, fx) = cos. 


teth=2=2 = nh=(b-a),neN. 


Le fix) = 008 x] 
‘y [008 a + cos(a +h) +cos(a + 2h) +......+cos(a +n = 1h)] 


sett 


Ah 
“| 2 Ip (-2-sa(a] [Multiply and divided by 2) 


sil fopemtetttietie] ee 
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2 lim | cos! 


"2 


nao 


in (D+ a+b-a b+a 
~( 2 )-sa( 
[+ 200s Asin B = sin (A + B) 


(A-B)) 
=sinb-sina. 


(iii) Let Te [em de 
Comparing I with f° Ax), we got: = 0, b= fix) = cos. 


Proceed as part (ii), we get 
I=sinb-sina 


x 
Put a =0,b=9 


T=sin 5 ~sin0=1-0=1. 


(io) Let t= fo" sin xde 


Comparing I with f° fx) ds, we get: = 0,5 = 


Proceed as part (i), we get 
I= cos a —cos b 


it =0,b=" 
Pul a=0,b=> 


x 
T= cos 0 ~cos = 
2 

=1-0=1 


wit ts [Lar x) 


Lz 
Comparing I with f° fx) ds, we get :a=0,6=b,fix)= tandr=® ano 
By Walli’s Formula, 
[reas = lim (r= 1) fafa) + arflar) + ar%far®) + sou + ar*Hfiar*) 


ir 1 ae ee | 
I= lim (r fe ear Astor aH 
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slim (6 —1)1+14 1+ nn + 


= Talim =D. (2) 
Nw a2 
a 


Taking logon both sides, log r* = log = nog r= tog (2) 


= nage (8) 
Substituting this value of n in equation (2), we get 
-vtog(*) 
I= lim — a 
rat r 
Put r=1+h = h-0asr1 
b) ja, Uh 6) tim —* 
1=toe(2)- fig SRS tog (2). tim A 


m2) 88 eal 
log (2) 1-109 50g 0. 
(ip Lett= fA ae 


Comparing I with [lreras, we get:a=0,b=0,fix)= and = & 
. By Walli’s Formula, 


[roae-tim (r= 1) afta) + arflar) + ar*far*) + ...... + ar". flar?!)) 


" 1 1 1 
I=timte~v[0.25 tor. tar ay + 


[: InaG.P,,sumS, = 


a(r" =) 
r= 
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secrete] bel 


Aaunshees fa we get:a=a,b= abfdez, sand r= & 
. By Walli’s Formula, 


f f(x) de = lim (7 — 1) fafa) + arflar) + ar*far*) + ...... +ar-Yflar)) 


‘ 1 1 
tetintr-nle. fever. oar, 


= tim (r= [Ye + Var + Yar® + ut Var?) 


nf 1)(vF-1) 
=a 


eer] 


= in (+i) We-[ B-] 
=(+ » fi [SF] -2(6- 6). 


an in? i = oe ey = 2 si 
(viii) Let Te f sin sdcei fra cos 2x) de fs 1-008 2A = 2 sin® A] 


Comparing I with [° fx) ds, we get :a =a, b= b, fx) = (1 ~ cos 2x) 
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Let na be = nh=(b-a)neN. 


1 Jim 4 (fla) + fla +h) + fla + 2h) + nn + fla +(n— DAI] 


= fim, * [1a eos 20)+ (1 cos 21a + A)1+...u+{1~ cos 2(a+n=1A)}] 
(- Ax) = (1-008 2x)) 
+ 1)~ {c08 20 + 608 2(4 +) +... 6082 (a += 1A] 


A 
= fim Sfasaea+ 


sp ee] 


sinh 


po jfa teen 


sinh 


(: nh =(b-a) 


i 
oy 
+ 


e 
T 
& 


i a] 


tole role mole 


[6-2-3 2e06+0)sin ea] [Multiply and divided by 2 


[0-2 Lin +a+b-2)-sinb+a-b+0)] 


[+ 2cos A sin B = sin (A + B)~sin(A-B)) 


1 ts ‘ 
= 3[@-a)- 3 win2b-sin 201] 
= f[e-0-Ji2sinb cond ~2sinacosal] (. sin 2A = 2sin A cos A] 


= HO -0)-F (win a cos asin cos). 


EXERCISE FOR PRACTICE 
Evaluate the following integrals as the limit of a sum : 
1 fervae 2fa-ne 
s florea + flea 


& Paend @ fends 
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a 
1 Perera a [sacar 
® ferme 10. frevae 
2 
1 fiernae 12, flat—ae 
Answers 

1 > 3.8 4et-et 
5 = 2848 8.1 

7 2 


9 12 


7 


Definite Integral by Using Indefinite Integral 


7. 


‘The concept of definite integrals links the area to other important concepts such as 
lengths, graphs of the different curves, volume, density, probability and work ete. Definite 
integral is very useful in calculating areas bounded by curves, arc length, volumes, velocity, 
Jength, work, moment of inertia etc. 

We will also see that the Indefinite Integral and the Definite Integral are closely related 
to each other. 


7.2. FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS 


Statement. If fx) is a continuous function defined on closed interval a, 5], and if F(x) 
be the primitive or antiderivative of fiz) i.e., a {F(z)} =flx), then the definite integral of fix) 


over a, 6] is denoted by J fx) ds and is equal to [F(6)- Fia)). 


ie, 


f(z) dx =[F(x)}, = IF) - Fa). 

Here, a and b are called the limits of integration, ‘a’ is called the lower limit an 
called the upper limit. 

‘The interval (a, 6] is called the interval of integration. 

‘Theorem 1. /f ffx) is a continuous and single valued function of x in the interval [a, b] 
where a and b are finite and a <b, then 


Him Alfla) + fla + h) + fla + 2h) + won. + fla + (n~ I)h}) = F(b) ~ Fla). 


ie, [rwar= Fe) -Fa. 

Proof. Let AB be the graph of the curve y = fix). LA and MB are the ordinates x = a, 
xab. 

Then, S = area ALMB 


= F)- F(a) w() 
where PQ) = fix). 
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Divide LM into n equal parts, each equal to h such that 
nh = LM = OM-OL 
=b-a. 
by means of points N,, Np,» Nyy and through these points draw N,P,, N,P,, 
perpendiculars to x-axis meeting the curve in points P,, P,, . 


ei? 


¥ 


uy MX 
Complete the two sets of rectangles AN,, P,N,, ....., P,_,M and LP,, N,P,, 
Abscissae of the points A, P,, P,,.. 
4,0 +h,a +2, a +(n— What nh =b {By using equation (2)] 
‘Their respective ordinates are 
LA = fla), N,P, = fla + h), NP, = fla + 2h) 

snsoey Ny Py. = fla + 21h), MB = fla + nh) 
Now sum of the areas of inscribed rectangles AN,, P,N,, 
=hfla)+h fia +h) +h fla +2h) +. 


=h (fla) + fla +h) + fla + 2h) + 


+fla+n-1h)) 
=S, (say) (8) 


‘Sum of the areas of circumscribed rectangles LP,, N,P», 
sh fla +h) +h fla + 2h) + ue +h fla +nh) 
sh fla +h) + fla + 2h) + sou + fla + nh)} 
=hIfla +h) + fla + 2h) +... + fla + n= 1 h)} +h fla + nh) 
=h (fla) + fla +h) + fla + 2h) +.....+fla+n-1h)) +h fla + nh)—h fla) 
[Add and subtract & fla)] 
+ flat n-1h)+h [fib)—fla)) 
ly nh=b-a = a+nh=6) 
=, +h [fb)—fo)] (4) {By using equation (3)) 


=h (fla) + fla +h) + fla + 2h) +... 
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and circumscribed 
S lies between S, and S, + h (fb) - fa)] 
Ash—+0 S= lims, = fp de. 


= lim h (fia) + fla +h) + fla + 2h) + nn + fla + n-1h)) AB) 


From equations (1) and (5) ; 
Equating the two values of & ic., area ALMB, we get 


fim fa) + Ra +h) + fla + 2h) + nn. + fla + n= 1A) = F(b) ~ Fla). 


From the fig, it is obvious that area ALMB lies between the sum of the areas of inscribed 
ibed rectangles. 


ie, [[roae=PO)-Fe). 
where FP) = fix). 


Hemark 1. In the f° s) dr it doce not matter which antiderivative ia used to evaluate definite 


integral, because : 
Let us take F(x) + c instead of Fix) as the antiderivative of fix) 


[roan treret 
= (FO) +¢]- (Pte) +e 
=F)- Fa). 


‘As the constant of intogration disappears so [° Ax) ds has a definite value [F(®) ~ Fo) 

In other words, to evaluate the definite integral there is no need to keep constant of integration. 

Remark 2. This theorem is very useful, because it gives us « method of calculating the definite 
integral more easily, without calculating the limit of a sum. Though the fundamental theorem of inte- 
gral calculus has eased the process of evaluating definite integrals, but this has involved the search of 
‘a function, whose derivative is the integrand in the given definite integral. In other words, we shall find 
the definite integral of a function by first finding its indefinite integral. 


7.3. EVALUATION OF DEFINITE INTEGRAL BY CHANGING LIMITS AFTER SUB- 
STITUTION 


Method to evaluate [° fx) dx by the substitution x = gt). 


In the integrand put z= g(z) => dr=g/(e)de 
when x= a and x= 6, Then find the corresponding values of z say g(a) and g(b), 


ively. 

Note. While evaluating the definite integral by substitution, the limits of integration must also 
be changed. 

Remember 1. It is a common mistake of not changing the limits of integration while evaluating 
the integral in z between the old limits a and } which are the values of x and not of y. 


Remember 2. The new limits g(a) and g(6) in evaluating the definite integral [rm azoy 


substituting x = (2) must be taken in such a manner that as x increases continuously from a to b, z 
increases from g(a) to g(b) or decreases from g(a) to g{b) continuously. 
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SOME SOLVED EXAMPLES 


Example 1. Evaluate the following definite integrals : 


@ [irae 


tity fF ae 


©) fixas 


(i) fz dx 
Go) tae 


i) ffG2 +0 de. 


1 
1 
Solution. () Let I= f-'2 dre [/2ae~ [log 
le 


(i) Let 


(iv) Let 


(v) Let 


= log 111 —log: 141 = log 1 - log 4 
= 0—log 4 =—log 4. [slog 1 =0) 


I= fess fee[2] 


OF _@e _ 125 1 
“3s 3. 38 3 
ae 


=. 
1s fae 

Lx 
= feet] toe 91 -te 121 = og 3 — log 2 


=log 3. [ log-log n= ()] 


2] 6? 5? 
= raee[E hr rer al 
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(vi) Let Is Prod 
fiat space [6,6] [oto 
2 4 2 
36 
4 
625 25 625 + 50-24 a 
a +> -6= go 
Example 2. Evaluate the following deint integrale 
of oe Gi fern de 
Gi fit ae (iv) [Fe 2) de 
2 
Pa? ae (i [f(@-2+24) dz. 


Solution. (i) Let I= fx 


ire eee a 


= 3 log 1201) - 31 —log 1200) - 31) 


= 3 flog t~ 11 —tog 1-31) = 3 flog 1 — tog 3} 
1 1 
g (0- log 3) =— 5 log 3. te log1=0) 


(i) Let Is fiaende 


~fiaradee[eeZ] » [po] [- D+ | 
so}. -EC) 


(ii) Let 1s [is de 


s 
#9 ge-|2°_| [22] 23 
= fe de=|5—| =e] = 5 @r- 0% 
3 3 
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3 3 3 
= g (2-0) = & [28] = 5 x 256 
= 96. 


(iv) Let Is Perera 


bhy iin 3 Le 49? = (2) = 25 = 32) 
Let 1s fEo8E+2 ae 
¥ 
a(x? Sx 2 a1 3.2 
-[(6-9-3)@-[(g-3-3)e 


= flet-aet sary dee[ 


x 1,3 2) 
+22_| =[-1,3,- 
-3), [3+ 3s", 
3 


ered 
22)? 3(2)* 1 2? 3D" 


Heats ESC 


=-5,1.-4 
6 24° 
(ci) Let Ts ['(e-20+24) de 


“ 
a 

= ['(e-20¢0*)den| 2-2 
fe +?) Ra 273 


INTEGRAL CALCULUS MADE EASY 


Fad 2 _ (4)? +. e 
a (4) 4) (0-0+ 
[z- eek 27-4? +2 | 0-040) 
218) _ 16 | 64 ae 
bal a amen) 
2 
3 
Example 3, Evaluate the following definite integrals : 
s x 
( J) Ax? 6x" + 6x + 9) de (ii) [sin ae 
Saee* (iv) f°" (ain x + cos 3) de 
Jo Ji+x+Vx 
(©) ff cos xde (ci) [2 cos 2 a. 


Solution. (i) Let I= f° (4x? ~ 522 + 6x + 9) dx 


= [deat sere de 


-[# ~§28+32 +0) 


h 
= [a ~ Zev +302 +9]-[co* -8 2 (p38 49007 + zal 


40 5 40 
=/16-4 -f1-5 - Po 1343 <33-8 
[6 ©. 12+15] [i Seas9]= = 46-5 3+ 5-33 ® 


Gi) Let 


(iii) Let toe 


ite - Ve nailed 
Jone BE [Rationalization] 


1 
i 

Bee ars H| =[Jassr— 3 

a 1 3 s 


-[2a aat iF a+0% -20%] 


2 
21ar? - 11-2 (1-o}= = (22) 
4 
= 4 (4-1). 


(iv) Lat Te [Ginx + cos 2) de 
= [Gein x +008 2)de=[- cos x+sin x] 


~[-eoe$+sin Z]-t-coe 0+ sin o}=(04 0-140) 


al+l=2. 
(e) Let I= [cos x dx 
= [[oesde-fsins] esinx-sino sin 180° = 0] 
=0. 
wa 
(vi) Let =f cos 2x dx 


= [meen] 


Example 4. Evaluate the following definite integrals : 


aay (¥* 
(ii) [P" sin 22 de 


©) fret ae 


464 
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Solution. () Let I= f“"sin* xde 


Gi) Let 


(ii) Let 


(iv) Let 


ese 


1-cos 2A 
ae Srcoe BA 


1-cos 2A =2sin® A 
sin? A 


sin x= sin 180° = 0] 


=-01-2)=1 


Te [sin 2x de 


e-5 1-1. [+ cos x = cos 180" =~ 1) 


(W) Let Is Pear 
= fie az=[eff-e-e 
aet(e-D). 

(vi) Lot 1= aon 


af sins aes sins 1+ ¢08 2A eet 
Yivcosx locos? = 14008 A = 2cos? 3 
2 


sa wa Pein 58S sin 2A =2sin A cos A 
v2 xs 2 = sin A=24in 4 cos 


Example 5 Fuluate the flowing definite integrals 
» ("ein xa 1 
of ‘sin x sin 2x de (i) eek 


Gi Ph ae re! 


ae sin? x 

ofwye wo reer 

Solution. () Let I= [sin x sin 2 dx (Multiply and divided by 2) 
3 [072 sin 2x sin de 


or [cos (2x ~ x) — cos (2x + x)} de 
fi: 2 sin A sin B= cos (A~B)cos (A+ B)] 
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1 1 1 
= 31-3 »|-2 (0-0) 


ME 
e-tay -1 
als 
-3fs]-2. 
7 1 
i)Let I= "1 ae 
fo +x? 
" 1 1 x 
1 7 eA tant 2. 
=f etree] [: J eheaeduwtése 


={tan-X1)-tan-¥oy) = 2-0-2. 
{tan-41) — tan"4(0)} 7°°4 


2 
Gilet 1 fs 


= Hf (352}-toe(24)] = Sne(2)-me(2)] 


= flee (3)-toe(3)]=3 te 3 5) [: Jog m ~Iogn=tog() 


(iv) Let ae recta 
od ool 9 


= sin! (1)~sin“! (0) = 3 -0 


me! 
212) 


x-2 
x+2 


x-a 
z+a 


[ne 


DL: Steno 


4 


DEFINITE INTEGRAL BY USING = 


log n= 
wt gin? x ane 
(vi) Let T= areca *-L Taress) & 

‘gin 2A =2sin Acos A’ 

2sin* cos) Pactan ont 

=f 22) a tt 

| 205? = 14008 2A = 2c0s" A 

: = Lt cos A =2e00? A 
bs sec? A—tan? A = 1) 


Bxample 6, Evaluate the following definite integrals: 
a) [fant x de (ii) [cost x ax 
inn [ns 7 Gon [in 
ara 
Ol rd Mpegs 
2 
aoe sated 
be sect A—tan? A = 1] 


= ff tooct x de 


[tan ¥=ten45r= 3] 
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(i) Let eae 


[ese] 


1+ 008 2A 
2 


= 2 [as cnn de= 3h; + fin 


GF )--7) 


=T 


sin x = sin 180" = 0) 


wt 
(iit) Let = [cost x de 


= [os? stan fee de 


1 
= E+ costar + 2008 20) dx 


| ten ,| 


14008 2A=2cos* A 
+2e0028) de = 14008 4A = 20s? 2A 


1a. ay 
=2 Ls 5+ J ooedes2eee2s) dew 2 (342 +4 cos 4x +2008 2x) dx 
4 Or Sel 


P alse” af] 


ee es 


= E+ Z0- o+2 0- 0) 


oy tet I= fi sintxde = ["in? 2)? de 


ra 


*: 1-cos 2A =2sin? A 
~ (3) 


=sin? A 
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23 [C+ cost 22-2 008 28) de 
abo 


14008 2A = 2cos* A 


= [fie ttt reer dx = 14008 4A =2.c08? 2A 
~ Sar 2A 


af eded +3 cos 4x - oom] d= iG +5 cos 4x ~2 cos 2x | dx 


apie ff coo ts de} [cos 2x de 


“A fsingey* 


-3-Zo- o-4 a-o 


(vi) Let Te [cos x cos 2x dx 

=F ff" 2 co ac con de [Multiply and divided by 2] 
1 

= 3 ftom ae + 3) + cos 2x9) de 


[+ 208 A cos B= cos (A + B) 
+ cos (A—B)] 
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1 yes 
=5f (cos 3x + cos x) dx 


a 1 
=gll-ol+> 


2486 
“2 12 
Example 7. Evaluate the following definite integrals : 
(i cast xe 


wom) 


Solution. (i) Let I= [" sin’ x dx 
 sin3A=3sin A-4sin? A 
= [4 asin sin geld = 4sin® A=Ssin A-sin 3A 
= sin? A=219sin A~sin 3A 


cos 3x]* 


ff¢sinx—sin andr = + ~Seosx+ 


= [ome (om0- 


4 
nape Saba) 
Afy_4)_1f-9+1 19-1 2 - 
"al sl ala J"4 
2,2.4 
“33 3° 
(ii) Lat T= [cost de 

+s 088A = 4083 A -Beos A 
= °3 (cos 8¢ +3 cos x1 dr = 400s A = cos 3A +3cos A 

= cos! A= [0s 3A+3008 Al 
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1 
=F [eos ae +3 0080) de 


(iiyLet T= [Psintede = [int x? de 
#13 1- cos 2x? 
CR) « 


nn 
- if (1 + cos? 2x ~ 2 cos 2x) de 
ato 


+r 1+008 2A = 2cos? A 
2oos 2x) dz = 14008 4A = 200s? 24. 


= cos? 2A 


1 ach 
=} 1 de Zen dx— 200025) de = 3 (8 +3 Jeotde—2oon2n) de 


~ (ee) 


eT eel aT 
“ii-bal 


ax 
= Hs F00- -o-F10- 0} 
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(iv) Let I [f(sin? 3 ~co? 2) ae 


= [i(amrz cos? 3) ae ff coe nas 


= ffeoexax 


x] = - [sin x- sin 0") =- [0-0] 


=0. 
Example 8. Evaluate the following definite integrals : 
i) [2 tant sds 


(io) [07 iran dx 


fice 
2 ae, 
wo 


inet S “ . 
-f 4 (Bein x sin Se] de 
+ sin3A=3sinA-4sin* A 


#3 [sin s—sinande = 4sin’ A=3sin A~sin 3A 
= sin? A= 2 (sin A-sin3A\ 


coe 3x7"? 
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iy Lot T= f"2tant eden? [tan x. tants dz 
22 [tan x (eect x-D de [es sec? A= tan? A= 1) 


=2 [tan xs0ct xde—2 [tan x de 
ws ‘ fa 
[2s] -2[ieie] [: futon rende= Le 6} 


(hore 


= 1-2 log JZ +0=1-2log /2 = 1-log (v2)" [is mlog n= log n™) 
= 1-log 2. 


(iy Let 1= [rains ae 


= [iran ts ax = [eos x cin 2 Bein vens ade 


‘cos? A+sin? A=1 
sin 2A =2sin A.cos A. 


7 
= [O Mecos z= sin 3 de 


oy 
-f (cos x - sin x) dx 


a4 
= [in x +008 =f 


= {{sin$+em $) (cin or+con09] 


= (Hr q)-om Ho = 8-1 
(iv) Let 1s [firing de = ["Jirsing ae 


‘ cos* A+sin® A=1 


= cos? Ay sin? Ani 
C 32,432,902 a02 2 : 
=f" (cos? E+ sin? Z + 25inZ cos 2) ae sin 2A =2sin A cos A 


‘ nA cow 
= sin A=2sin > cos > 
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faked gk Y Perey 
= {7 [emgoondy eee [fen eund) ce 
Peer ane 
-ajecage fai [SH] 
2 2 


sagem} me 


-2[4-9]-2[5-3] 
= V2-J2 +2=2. 
(v) Let 1 [cosee x dx 


= [Cemecsdee[lgtnee sets)” 

[sel i-¢[-[ali-- fl 

slog | J2 -11-log 12-3 1 

sin #31 Ir log —Iogn=toe(%)] 


Alternative Method : 


lus 
1__cox|]"* | 1-cos x 
= [he a= = [Pe sin x [. 
1-06 * 1-008 * 
= log | ——4 | - tog] ——8 
cary 6 
ps a 
A ae 
= log | — 2 | tog] —2 | = 10g | JB -1|-10g|2- V5 | 
a 2 
= log| 22-2 
wel [+ torm-ten=toe(%)] 
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if tx 
(vi) Let I= ee” 


ae de 
x+l x+1 


=- [2] +2[leie+ i] 


=— (1-0) + 2 flog (1 + 1) log (0+ 0} 


=~ 142 log 2-2 log 1 {+ log 1=0) 
=-1+2 log 2 =~ 1+ log (2)? im log n = log n”™] 
=-1+log 4. 
Example 9. Evaluate the following definite integrals : 
n/2 
[tian ds ax Gi [iro ax 
2 is m 
(ii) J cot x de (io) f° Ji= ain ae 
a 2 
[Vrain ae (vi) [0" = eos 8 ae. 


Solution. (i) Let I= Gi itsin 2x dx 
aia 


cos? A+sin? A=1 


22 
< ia csin? a4 Bai 
[ie leost a+ sin? x+2sin x 00s x dx Aas! 


= [icons + sin oF de = [cos x + sin 2) de 
es le 
= [cos xdz-+ "sin x dx 
vs es 
a a 
« [ns] of-oms] 
ls lus 
= [xin sin 4] - cos con 8] = 1-+)-(o- 
2 4 2 4 z ry 
1 1 
wl. gag 
(iter I= [Tree ae 


aft? 2x ° 
=f yee? ae = 1408 A= 20s? & 
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see lf tea 


ii) Let T= [cot de 


= [Metsde=[ingteins = [sn x) 


1 
= [inet] =0—og 272 =-(-2) tog 2 bn log m = log m") 
1 
= J log 2. 
(iv) Let I= [O fiveinae dx 

= [Ei eos? x+ sin? x-2sin xeoex dx 

= [i Meesz—sin oF dz = f°" eos x—sin xl de [> Pets] 
+ eoszcsins for bex<d 


os is 2 
= [i -(oonx-sin 2) de +, coax —sinx <0 
“A = |oos x ~sin x1 =~ (cos x~sin x) 


‘cos? A+sin? A=1 
sin 2A = 2sin A cos A_ 


~ [fava 
goa ap aetna | 
thal 
=/2-1. 

(v) Let 1s [“irsinde de 


‘cos? A+sin? A=1 
sin 2A =2sin A cos A. 


alt > 
= PP Veos! x + sin? x+2ain xeon de 
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= i [cos x + sin x)* dee [osx + sins) de 

: [fSsoucdes 'amede=[sins] ofp)” 

sel fot-m (5-4 
"EE 41a. 

(oi Let I= [iene dz 


= [O asin? de = [sin ate [1-008 2A = 2 sin? A] 
wn en 
=a[-eoe]"=—afeors] =~ Valeo ono] 
=~ /2l0-11= 5. 
Example 10. Evaluate the following definite integrals : 
ft fs es 
© fee Gi) sin 2 sin 30 ds 
iy ("4 4 
Le Tesin 
- iw / 
Solution. (i) Let I= [° 
-f 1_ losing ge (Rationalization) 
l+sinx 1-sinx 
= [288 dee [SE ae (s cost A+ sin? A= 1) 
Insin? cos? x 


iy 1 sinx 1 of 
“[(ge- ay) te [feet stan oe de 


= [feectede~ [tan x ecx de 


« [mma] [mes] «tans-tan0y- (ne x= 0809 


=(-0)-C1-1)=-(2) 
22 


Gi tat Te [sin 2esin ards 
2sin 3x sin 2x dx (Multiply and divided by 2) 
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1 pes ~y 2sin A sin B= cos (A - BY 
=3f [eos (8x — 2x) — cos (Bx + 2x)) de — cos (A+B), 


J 
= ff coszar-3 “cos Bx dx = 3 sin a] ~ 


(Rationalization) 


a(t sinx 


a on 
de = J" sect xdx— f°" seextanxde 
cos? = cos? = |e jase 


Ler eraeay beta 


(1-0) - [v2 - v2] =141- 2+ V2 
=2. 


Example 11. (0 If f° 545 d=, find the value ofa 
a 2 
(ii If Px dx = 0 and fx? de = 2 then find the values ofa and b. 


(iii) yf feast +2x+ 1) dx = 11, find the value of m. 


2x43 
fo Bx? +1 


(iv) Evaluate : 


Solution. (i) Let I= [ de 


1 
2+ 8x? 
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E44] 
a 
= 7.2 feant 
ele ial 2 tan | 
= 2} tant 2a -tan0| = 2 tan 22. 
4 4 2 
‘die x 
Since it is given that I= 75 
antag 2% 
Fa 
1 2¢ = * 
= tan“! 2a 4 
x 1 
- teatan(S) = 22-1 = ond. 
(i Let Le fee 
xt lf 
-(E[2¢1- Bat} 
Since, it is given that, I, = 0 
1 
qt-al=0 = 
= b-at=0 
= (6? - a?) (6? +a") =0 
= (b-a)(b +0) (6? +a") =0 oD) 
Let I= fae 
fie ac-]= ie 2 wa 
“he ol ee) al a ti 
ac 2 
Alto, iti given that :1, = 3 « 
legs 93}=2 ale: 
ge-el=5 = Baata2 (2) 


‘Now, from equation (1), we have 
(b-a)=0 = b8-a' #2 


- 2) = 
(b-a) (6 +0)(6? +02) =0 tsa! 40) 


INTEGRAL CALCULUS MADE EASY 


5 
= #[3-2]- 2(2) tan 5 =tan 30"= 7 
Wls 6) vale mtceseresl 
(iii) Let 
(Multiply and divided by 2] 
, PLO 
= gllete? +i, [: Fay Pa belflre 
= 1 
= 5 [low * + 1 log (2? + 0] = 5 Mog 10 — log 51 
lige (20) 2 a ee 
= ploe(p ge [: Jog m log n. vog(=) 
(iv) Let 12 [23 ae 


(_2_,_ 3 1 ae 1 

“ee ale Pelee 

De ee Multiply and divide 

a! weit sh 2,(1 Fa lesan cna 
Ze 


= tflnise oa] +3[ Agta zal, 


2 [fae 
et J Fay = Pelf@l+e 


lop zdr=AtantZ+e 
a+ a 
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= J oe 6+ Dlg 0- + 3 [tn Ve] 

1 3 Teen “ 

= log 6 log 11+ 7 [tan V6 ~tan“* o} 

ai 3 tant js log 1 = 0) 
poe8+ tan 5. b> log 1 = 0) 


(v) Let 1. ft 
¥ 


a Bx 1 2x met 
“ewa)elsaelsne 
2 ny ‘Multiply and divide ] 
BH ey, +4 asf +2? the first integral by 2. 


yf FP arn togifinite 


2 
= Slots +a] +[Fean ie 
2 2 2 fotipaee dare 
mee @ 
= 5 [logti2? + 41—1ogo+ 4i]+ 2[tan-* 2 tanto 
“2 2 2 
= 5 (tog 8 — og 41+ 2 (tan 1-0} 
= 3 flog 8—log 41+ 3 (tant 1 
“lg n=bg™ 
ma()30) rey 
S284) 24 tan = =tan 45*=1 
4 


5 5 
= Siog2+E 
i tat Te [vere + 2 +2) de 


22 [exes [8 ae 2 fa 
“eT A 

“safe game] 3 --]-a[5--] 
220-04 1135 -]o5 ane BoE 


=e eae 
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Example 14. Evaluate the following : 

2 1 my I 
© lien * © | era? 
ions £8 I A I 
wf rs o Cores 


21 F 1 
Sa Toor * 0 dx, 


1 


Solution. (i) Lat I= f° zae= ft 


+x-x 


4-(?-x) 


| [- Jip pice 


de 


dx 


‘Add and subtract + to the ica 
) 1 


atx 


- 


a-x 
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VI7+3 i) 1 PESrSE S| 


pes = 
“Fee EY Yaz | 47-3Na7 - Va +3. 


1 20+4V17)_ 4(5+V17) 
- Fes BSE) - as 6-37) 


1 vo EE} 
* ai" \5- Vaz)" 
n f 1 a 1 
wre tel arene oh Coa * 


‘Add and subtract 1 to the denom. 


-Coeatra* — | leone} 
lea ere 
el [: 


r 21 
(iii) Let \ | Eres * 
2 1 
“fi [arvarvasa-n 
[- J is de=log| x+ yx? =a" |+0 


i, Re 
“S Ye+o?=1 = ena 
= [loe| e+ 2+ Je+2"=1 f= [logics + Ve raeea |p 
h h 
= flog 1(2+2)+ J4O45 | log 101 +2)4 JIv4931) 


‘Add and subtract 4 to the denom. 
1 2 
s (Jeoettot x) =4 


INTEGRAL CALCULUS MADE EASY 


= log (4+ V15)— log (3+ V8) 


=e (S23). [: tog m log n= og () 


iv) Let = laa 
-[————« 
Vets2e+D+8-D 


Ceara? [ee 
= [es cone faut of |] log |e + 0+ YFeaes8 | 


= [log (4+ D+ J16+8+3 I log (0+ + f0+04311 
= Mog (5 + /27)—log (1+ /3)1 


(5235) 


5+3V31-V3 poke 
wie (5229 4) (Rationalization) 


oS 


= log (2+ V3). 
ae & va 1 
out Ie fa el ae * 
1 
me F . eae = i 
ned -[e-2+}-3] : (Jeoettot x) =} 
“fn ’ 


ier a 


‘Add and subtract 1 to the denom. 
| ‘ 
: (Gooett or 2) -1 


de= log | + fe? +a? |re 


[: log m —log n= log. (2) 


DEFINITE INTEGRAL BY USING INDEFINITE INTEGRAL 


Put x = 0 in (2), we get 
1=B0+1) = B=1 
Put x =~ 1 in (2), we get 
1=A(-1)(-14+1)+B-1+1+C-1* 
= 1=C = Cal 
| Comparing the co-efficients of x on both sides of equation (2), we have 
O=A+B = As-B = Az=-1. 
| ‘Substituting the values of A, B and C in equation (1), we have 
peiee ial rae Ure 
| exe) or xt xed 


1 1 
fade IE ra 4] 


ao Phas Petacs ft de 


ee [cis] cel +foses sp 


=the tog 11-1 [2] + tog 13411 log 11411) 
xh 


=-loga-[2- ] oe 4-105 21 


1 


=~ log + 2 +1og($) 


=~ log 3+ 2 + og? 

258 

= + log 2. 

3783 

a 

(x? + a®)(x? +57) 

1 1 A B 


(ii) Let I = f 
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Jog log n= og )] 


Let = =A Be) Pate) 
Gea? +b%) (eea%y(e+b%) (eta) (2+) : ml 

Multiplying both sides by (z + a2) (2 + 6%), we get 
1 = Alz + b*) + Bez +a) oul) 


in (2), we get 


1=AC a? +b%)+Be-a?+a*) = 1=A(b -a%) 


6? in (2), we get 
12ACb?+6)+BUb+a%) = 1=Bia?-) = B 
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Substituting the values of A and B in (1), we have 


1 1 
1 Ce = 1 7 1 
(e+a*\@+b) +a") +b%) BF -a*)(e+a*) (6? a") (+b) 
1 1 ee | . i 
aE ae er rey ase 


Fae = “Le =a 
“ria[latee Cote] 

wall-e] 
[- 


Bian t=—Htan*o")-(tan*=—2 
(( a _ i chan 6 


[E-)-G-9)-5lE-& 


___(b-a) 
2ab(b — a) (b+a) 
1 AB 
Let Gide seized e() 
Multiplying both sides by (x + 1Xx + 2), we get 
L= Ate +2)+Be+1) onl) 


Put x =— 1 in (2), we get 
1=A(-1+2)+B-1+1) = 1=A = A=1 
Put x = —2 in (2), we get 
1=A(-2+2)+B-2+1) = 1=-B = Be=-1 
Substituting the values of A and B in (1), we have 
1 anak 1 
GFDG+D x41 242 
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— 
x43 


=f] Sonal ~Sfietxeatf 


=512—11+ $ flog 12+ 11 tog 11 4111-2 (log 12 +31 —log 11+ 31) 


=5+5 (og 3 log 21- % flog 5 - log 4] fr log log n= og ()] 


Example 16, Evaluate the following : 


2 
@ ["__ss= dz wm f= 44 

(1+ sin x)(2+sin x) 12 (2x+ Dz? -) 

z opt 
—ae ) [ Jx=x) de 
rere a ee 

1 
reste 
Solution. (i) Let I= [”*__o8= _ 

Ursin 2+sin wD 

Put sinz=2 = cosxdr=dz 
When x=0 = z=sin0*=0 and whenz=n2 = z=sinw2=1. 


(iii) 


(v) 


"lamas 
o_o 
(+z)(2+2) 

‘Multiplying both sides by (1 +z) (2 +2), we get 

1=A(Q+2)+B(l+2) v2) 
Put z =~ 1 in (2), we get 

1=Al2+(-D)+Bll+(-))] = 1sA = Awl 
Putz =—2 in (2), we get 

1=A[2 + (—2)) + Bil+(-2)] = 1=-B = B=-1. 
‘Substituting the values of A and B in equation (1), we have 

1 _ 1 1 

(+z)(2+2) l+z. 2+2 


of) 
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»[ecn +a rete 


= log 11+ 1! ~log 11 +01) —flog 12+ 11 + log 12 +01) 


= (og 2 — log 1)~ (log 3 ~log 2) flog 1 =0) 
= log 2— log 3 + log 2 = 2 log 2-log 3 
= log (2)? = log 3 (+ log m = log m"] 
4 ‘ m 
= og 4—1og 3 = og 4. [: log m -logn = og(2)] 
a x41 
@) Lat tf oe= | asa aaTD 


Es pA Bi SC 
@x4DG-DG+D Qr+D* @-D*E+D 
Multiplying both sides by (2x + 1) (x - 1) + 1), we get 
2241 = Ae 1Xe + 1) + Be + 1x + 1) + Ce + Ihe - 1) (2) 
Put x = 1 in (2), we get 
1+12AQ-10+)+B2+ ++ 2+ NN-1) 


ef) 


= 2=6B > B= 


Put x =~ 1 in (2), we get 

(08+ =A 1- 1-14 1) + B+ 141+ C+ NE-1-)) 
= 2=C-1X-2) = 2520 = Cal 
Comparing the co-efficients of 2? on both sides of equation (2), we have 


3 


1=A+2B+20 = 1=A+2(3) +2 


2 
= 1-2- Fea = -1-20a 3 An $ 
Substituting the values of A, B and C in equation (1), we have 


x74+1 25/8 8, 1 8 dd 
Qx+De-De+D QreD x-1 xel” We+)  He-) x41 


3 x41 5 1 1 
aot bets ata] 


1 1 1 1 
Cane shaelae 
Fi 
== Sf tT Afiete-tf lots if 


== 3 og 128) + 11 — tog 1202)+ 111+ 2 og 13-11 ~og 12-11] 
+ Mog 13 +11 — log 12+ 11] 


INTEGRAL CALCULUS MADE EASY. 


Put x = 0 in equation (2), we got 
1=A(1+0)+(B0+0).0 = A=1 
‘Comparing co-efficients of x* on both sides of equation (2), we have 
0=A+B = Bs-A = Be-1 
‘Comparing co-efficients of x on both sides of equation (2), we have 
0=C = CxO 
Substituting the values of A, B and C in equation (1), we have 
—1,-14= 
xdtx#) x0 1+ 


ae afd tittle 
Lane ele fie tae 


2) 1p 2x [eet eae ata) 
Se*-3 h ies? second integral by 2 
2 
1 a fe) 
=|logtz!] -4) logit + x*1 + [fae 
[se 1 3 fhe cal [ Sie* logit] 


= llog 2—1og 11- 3 flog 11+ 221 —Iog 11+ 111 


=log2— 3 fog 5 —log 23 


=log2— 210 8. log logn= te (2)] 
Example 17. Evaluate the following : 
@ re(E nt) és Gi fi xerde 
lus” (T=coes lo 
wy lad oy (Plog x 
iid) [tant xe io) f ae de 


w fre cos 2x dx. 


+s gin 2A = 2in A.coe A’ 

s A A 

= sin A =2sin —cos— 

« 2 2 
1-cos 2A =2sin? A 

= 1-cosA=2ein? A 


1 2sin cos = 

«Ce -—22 
2 |osin?= — 2ein? = 
2 
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“Le [bom jae 


499 


[v Jee+rende=et fare] 


=[-et cot vet? cot] 


sloseti-e, 
Is [izerde 
Let xetde=f ze" de 
Integrating by parts, we have 
Jretdens. fetde-f{[2u.fet ax} 
sxet—fl.ede - 
sree 


(ii) Let 


[sedeafee 


1 

[<a -2 

=i 

(iii) Let Te tant ed 

Let f tan“txds = f 1.tan x de 
ran 

Integrating by parts, we have 


J tan“tde stants. f 1.de-J {gant sf Las} de 


1 
In fitan-t ade [stants Logins <>] 
o 


= [tan 1-Ftog 1+ v]-[0- Fog a+0)] 


(Taking unity as the second function) 


{Multiply and divided by 2] 


- 1 £@) 
extant x5 flog I(1+2%)1 . 
x = 5 log IC J [ Fis) 


de logit) '+e} 
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ote sinae [: oes2e) fy 20820 ge] 
2 
= pat sin e+ 3 xeon 2e— 3 { cos ede 
aiye | _ 1 sin 2x 
= at sin e+ | xcos2x 2a 


= hat sinde+ } reo 2e~ 1 sin 2x 


a 

T= ["75* cos zed [fstsinze+ 3 con2s— 4 sin2e] 

= J [ee sin 2x+2¢c082x -sin 2s), * 
1[,(xP 2n ® 

= i [2 (5) sn (2.$)+ Semele.) -an 


[yn o ‘ 
= tfa sanerour-os]-0 


x)\|_1 ; 
j)|-te+0-san 


= F0+n-v-01--4 


Example 18. If ['/= dr=2a [ sin? x ds, find the value of f”"'x. ds. 


1 
1a 
2 
Solution. Let i= [ve dc=|F— 
5 i 
= haze (2) 
Let I= 20 f° sin? xdz 8) 


 sin3A=3sin A-4sin’ A 
=20 "2 = (8 sin x ~sin 3x] de = 4sin’ A=3sin A-sin 3A 
= sin? A=12{9sin A~sin 3A] 


6a (v2. 2a (v, 
a re 


a 


wl) 


DEFINITE INTEGRAL BY USING INDEFINITE INTEGRAL 
Example 20, Evaluate the following : 
of “et sin + Jas 
ii) ie xsinxdx 

2 

(0) JP" cos 2x lg sin x de 

yf? loa 
(ii) fas de 

‘ an (2.8 
Solution. (i) Let I= fe"? sin x42 ae 
2? gin( Ea 
vefete(feta 
i 


Integrating by parts, we have 


wo fee 4x 
oy sapere 
(vi) [F728 win Bx dx 


(iii) fie xdx. 


Let 


noe fan(ie Sefer fan(Ses)a « 
-o[-Fll faa 
some (FG else) 


Integrating by parts again, we have 
1yn-2ertoon(E + s).[e. foa(E« 


-sem(pahfefl 
Paved 
ge t)esera( fot 
5 4t)sner™ in(Z4%) 
o=(§+4)-ao(§+4)] 


=-e7(0)-(0)=0. 


ae 
Wo tatt= [GAA de 


Let I= f (x? +2).(2e40"? de 
; t 0 


Integrating by parts, we have 


I= +x). f Qe+v de-J {Leten.farsvy ax} de 


[: Joax+br ae»! 


= (x43) (Bee I-f e+ e+ VM de 


= (+x) \Bevi-f e+ de 


3 
4 
2 
=G2+x) gir oatmeal 


[5+ 


2 
f mee) de-[at +0 si-leers os] 
rest 5 L 


jax +b)" 


ain +1) 
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= [jw +4) 2041 ~ ia w]e +2) (2241 - 220+ we] 
. [209 - ? or] -[s6 3 wo] 


re [s <0" 
=~ (200-783) 616 + O 


(3)° = 243 
5 [ee =(65) 


(3125 = J625 x5 = 25V5 


= 60-788 _ 66 +545 


300-243 57 
= ee V5 = 2-6. 
5 4 5 % 


iiyLet T= [x sin x de 
let =f x.sin x de 
Integrating by parts, we have 
: a 
I=. f sinzds-J {ge 


sin xs} 
=(-0082)- f 1. -c0sx)de=—x0c08x+ [ cos zde=—xcosx+sinx 
Te [O"xsin ede=[- x e0sx+sin aff? 

b 


~[-foe$ sain g]-L-ossinor 


x 
g For] (0+0 


#1, 
Gio) Let T= [02 + 30% os ar dx 
Let I= J @+3x*) cos 3x de 
fie 
Integrating by parts, we have 
1, =(@4+8:%), f cosdrde-J {4 12+90%) f cosdeas} de 
=(249%), SinSx_f g, sin de ge 
is 3 fox 3 
= dia+se)sinae-2f x sin de de 
3 ou 
Integrating again by parts, we have 
l= Farsasinae—2[s.f sin aedz—f {caf sin ds} | 


m Jeaese)sinde—2[x.(- conse) _f 1{-23*) a5] 
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7 
3 
1 2) gi 2 2 
= 5 2t8e pain tx 2 xeon de— 2 


1 Pan ng 
= 5 2+S2")sin Sx+ 2 x cos x — 5 J cos ax dx 


“2 


= }@+Se") sin x4 F xcosdx—F sin Be 
= 306+ 92" —2)sin x + 2 00s Se 


= Jos + ysinds + 2x con 3 


a es A ws 
i (24224 contede [3092 +4sin3s+2 coma] 


-[{o(G) +s}an tt 3) aes -[J(0+4sinor +0] 


2 
[Es bs% +16). 
(Let Te J" 00s 25 tog (sin 2 ae 
Let I= J coos log sin 2) de 
Integrating by parts, we have 

slog in). [ cos aede— J {2 tog sin. f oo 2e as} 


= log (sin x). sade -J ie BE ae 

[sin 2A = 2 sin A cos A) 
cos 
sinz 


Flog ein 2). sinae-} -2sin x cos xde 


14008 2A =2.c0s? A 
= F108 2A) = cos? A 


= Flog (sn 2) sin 2e~ feos? x dx 


1 . A 1 
= 5 low (sin 2).8in 2e—5 f (1+ c08 2x) dx 
= log sin 2). nin 20-3 ++ Haze] 


sn2s] 
2 


= Aloe in) sin 2x-2- 


DEFINITE INTEGRAL BY USING INDEFINITE INTEGRAL 


I= [leo ac tog cin 21d = 2 [log sin) .sin 2x x8 


-spetesiong) 2-H) 


(a)-t-4] 


(vi) Let 12" ‘xtsin 3x dx 
let = xf sins dx 
Integrating by parts, we have 
1=2, f singxde- iif 2). J sinaeas} ax 
wat, 88H) f ng OB ge 
c-frorted| peice 
Integrating by parts again, we have 


ay” 
2 See 


Ie- dstomare 2s J cosaxde-f{2.f con xa} de] 


a-heteetee fet 


sin3x _f 1.sin3e 
[pea] 
lie 
=-37 Ge cetj lee 
1 2 cos 3x 
sis # cose + 2 xsin de 2(- 282) 
2 


a- $2? costes 2 xsindr+ % cos de 
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= peor +2)euse += x sin ax 


1 fe faa Vitec eaty 
[at ole) fom SSE) a] Leet] 
-fovzea)-2 » exo) -ca(+3)=0 


x 1 
2-2-2 xem 

(wi) Let t= f? 18, ae AD) 
M(x + 1) 

Let Y= J loge. +0? dx (2) 


Integrating by parts, we get 
T=loge. [c+ 07 de- ig (og 0. f +97 de} de 
Geet pl went 
bee oe Je C24 
logx | 1 
x+l') xed 
2B c) 


nf) 


at 
‘Muliplying both sides by x(x + 1), we have 
1=Ate+D+Be (6) 
Put x = 0 in equation (6), we get 
1=A0+1)+0 > A= 
Put x =~1 in equation (5), we get 
1=A-1+D+B-1) = 1=-B = Be-1 
Substituting the values of A and B in equation (4), we have 
1 1, -1 
~ soil 
x@+D x’ x4i 
From equation (3), we get 


log x 
Far Er pag t hele l-logts +11 
sagt betel logs + 


fe log m — log n= log! (| 


DEFINITE INTEGRAL BY USING INDEFINITE INTEGRAL 511 


Slog x log (x) 
dx 
Rees, G+p 


M8 (2, Wet mel) 
voe(f)-[ovmm(3) 


=~ flog 3 + log 3~ log 4 ~ {log 1 —log 21 


1} tog 3 log 4 + log 2 [: logm—Iogn = ng") 
= 3 log 3 2 log 2 + log 2 Le Tog 4 = log 2? = 2 log 21 
= 3 tog 3 — tog 2 

(viii) Let T= fog 2.x 

Let Le] Llogs (Taking unity as the second function] 


Integrating by parts, we have 
slog. J 1dr-J {Zoe f Las} dx 
=logx.x- J 2 sxdr=xlogx—f 1. de 
=xlogx-x 
. 2 
i logde [stops] 


= (2 log 2 -2)~[1 log 1-1) 
= 2log2-2-0+1=2 log 2-1 [en log m = log m") 
= log 2-1 = log 41 
=- 1+ log 4. 
Example 21. /f fix) is of the form : 
fix) =a + bx + 0x? 


Show that : [frae=2]ro+ar(3)=n0] 


Solution. It is given that 
fix) sex? + br +a oD) 


[reode= [let +6240) de 


se [ixtde+b fixdr+af'1-d 
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ei) 
= ifs] 


 } 
= J Mog 1271 — log 1511 [ logm—Iogn = og )] 
1 17 
=gles 
(w) Let Is fiseyb-2? dx 
Put S-x*sz = -2rdr=dz = rdre-}de 
When x=1,z=5-(1 =5-1=4 and when =2,z=5-(2=5-4=1 


Isa ve. (-34)--3 f= 20? de 


1 
1 

a 

T 

Thy 

al, 


=- (9? - 47] =- [1-8] =7. 


3 (y= (278? = (2? = 8) 


(vi) Let ai ; 
+2 


Pot az 3 &tdredr = Adeaide 
When x= 0,z=0 and when x =1,z=(1 =1 


eaGeilaee [Seeder] 


w Aft = Fea 10 fr tan =tan 45*=1] 


3 
1(x_o).% 
“alt \- 
Example 23. Evaluate the following integrals : 
of; 2 de o [fa 
+e Jo 1+e* 
24x° 2 ox 
Wirea kal to fare 


©) [[xlI-# ae (oi) ff x - 29 dx. 


(iii) 
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Solution. (i) Let = |) —* ~ de 
+e 


Put Vx=z = x02? = dea2ede 
When =x =0,2=0and whenx=1,2= Ji =1 


[Add and subtract 1 to the numerator] 


afz941 01 1241 aoa 
=2 -——|dz=2 - —& 
(Ele fStefsh 
‘Remember. If the integrand is a rational function whose numerator and denominator are poly- 
‘nomials and degree of numerator is greater than or equal to that of the denominator, first divide the 
numerator by the denominator and then use the result : 


Numerator " Remainder 
Denominator" estent + | 
By actual division ; 
1 so 
=2 [\G*-2+Dde-2[ ae z+D241 (2t-241 
1 1 
- +2] -2fhetesst] 
1a -2-z 
=2[2-24 1-0] 20g + 1)-tg (04-01 ++ 
9 808 +241 
=2[ a ]=20to¢ 2-106 11 atl 


= 52 log. pea ae 


(ii) Let 12 f 


l+e* 
Put =z = etdr=dz 
When x=0 =» z=e?=landwhenx=1 = z=else 


1 
fae 
- a - 1 
= [10 al [: js 


= {tan e~tan-! 1}=tante~* 
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1 24x® 1 12x? 2x 
(ey ho +3?) 
Put (l+x%=2 = 2rdeade 

When x=0,2=(0+1)=1and whenx=1,z=(1+1%)=2 


(iii) Let 1 


de (Note this step] 


foley alata] 


(iv) Let 


Put t-1=2 3 Wede=de = aede=de 
When x= 1,2 = 9(1)?- 1=9-1=8 and when x = 2,2 = 42? -1=9(4)-1=36-1=35 


ie ea te 


1 1 
ba ‘ficial’ -2 Mog 35 — log 8) 


1 35 m 
ate 8, log m =I (2) 
ary [ log m ~ log n= log | = 
(lett = f'xVi-a ae 
Put lester > -28dred: = rdre-dde 
When x=0,z=1-0=1andwhen x=1,2=1-(1)=1-150 
2 1? 
ear 2) ah? = 
1 
am 
w-Ajz?_| 21 ,2[32 
2 alr hb 
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® k 
=(§+0)-o+n-% 21; 


(ii) Let T= [° 8% de 
[* 

Put logr=2 + deade 

When 


x=a,z = loga and when x =, 2 =logb 
+ pay 
Te fre-(E- $ log by? — dog a1 


3 venmeneie( 


1 
= 3 [log b + log a) (og b — log a) tog m - 1g n= log (2) 
= Fog bao (2). 

2 a 


(iti) Let T= [7 Sinz 008% ay 
l+sin‘ x 


1 
Put sintx=z = 2sinzesxdr=de = sinxcosx= 5 de 


When = 0,2=sin?0=Oand when z= 5 ,z=sin? 5 =(1?=1 
y 3 1 

= fae 

F Sel 


: 
=3f=] [> fqhpaeduantive 


2 ttant 1- tan -3(5-0) 
m= giten™1- tn" O)=5 ° 


5 
(iv) Let 1 fix [5z=2 de 


Put f9x-2 =z = (8x-2)=27 = Br=27+2 = Sdr=2ede = den? ede 


When = x= 1,2 = J%1)-2=y1 = 1 and whenx=2,2= /9(2)-2= (6-2-4 =2. 
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- 


3 


2(96+80) 2/3+10 38-2 -2[9=3] 
( 15 \-s 15 )-5 15 15) 9L 15 


2 2[@ 20°] 2a 
91 5 3 91 5 


22 16 
aol + 
6 3 


Put costx=z = x=cosz = dx=-sinzdz 
When x=0,cosz=0 = z=n2andwhenx=1,cosz=1 = 2=0 


[igesinedey=-fP zsinz de 


Let sf zsinzede 
Integrating by parts, we have 
1=2.f sinzde~f {£).f sinzde} de 
=2(-c082)- f 1.(-cos.2)de=-z0082+ [ coeds 
=-zcosz+sinz 


~ ff zsin ede =—[-20082+sin 2], 


(vi) Let 
Put cosx=z => -sinxdr=dz = sinxdx=-dz 
When 20,7 0080" = Land whens = 5 ,z=008 5 =0 


sie= Dian tite 
a 


=~ [tan 0- tant us-(0-2)-2. 


520 INTEGRAL CALCULUS MADE EASY 


Example 25. Evaluate the following integrals : 


(@ ff" sin 2 tant (sin 3) ds ii)" feos sin® oo 
l, 
(iy [°° Join 8 cos? 8d G0) fF cae? 0 (xin 091/440 
1 int (2 
) fai (B)a= 


02 
Solution. (i) Let I= [sin 2x tan (sin x) dx 


= Le f'2sinxcos x tant (sin x) de (sin 2A.=2 sin A.cos Al 


Put sinx=z => cosxdx=dz 


When x=0,2=sin 0" =0andwhens=5,z=sin 5 =1 


Te foe (tant 2)de=2 fz tants de 


3 
Let =f een 2d 


Integrating by parts, we get 


tant 2-124) tort 
pe tant 2-524) tants 


| = FlGt+ Dian 2-21 


1 1 
[tet pean e—ai] «flat emean tse] 
| = ((1 + 1) tam 1-1) -((0 + 1) tan 0-0) 

| = (2 tan 1-1) tan! 0.2 4-1-0 


Tea f'ztantzde= 


T= [°" feos -sin® odo 


= f° eos «sin? 0 sin 0d [Note this step] 
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= [f° eos (1 cos? 0). sin 80 Ls sin A+ cos? A = 1) 
Put cos@=2 => -sin@dd=dz = sin@dd=—de 
When 0=0,2=0050°= Land when @= 7 ,z=cos 5 =0 


Ts fe a -29-de)= [V2 Gade fe - 2 de 


(iii) Let I i (sin . cos* 6 do 
= [Vain « (os? 0? . os co [Note this step] 


= [Vain .c-sin? 9 cos ede Le cos? A+ sin? A= 1) 
Put sin@=2 = cos@d0=dz 


When @=0,z=sin 0° = 0 and when @= 


Is [ive 0-2¥de 


= [Le eet 22% de te 


= fare 2 ae 


7 cy 5 

at! 37! ati 

2 yz 4 2 qyiv2_4 ye 2242-4 
Bo +o - Fa ]-10+0-01 cay 


cia bt 
er 231° 
(iv) Let T= [cos 8 (sin @)“* do 


= [sein 6). cost 0 cos 88 (Note this step] 
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= [C"cein 0)". ~ sin# 6). cos 8d 
Put sin@=z — cos@d0=de 


sin? A + cos? A = 1) 


x 
37 


When 0=0,2= sin 0°=Oand when @= 5,2 = sin 1 


1s foma-zrdee fem) ae 


1 
-£e4] 
is° |, 


4 


134]_fo- 
ried } {0-0} 


Put = -x=tan@ = dx=sec?@de 


When =0,tan®=0 = @=Oandwhenx=1,tan@=1 = o=% 


['="(tt) ve 


1+tan?@ 


= [sir (sin 20) sect 0 a 


= T= (20sec? odo =2 [0 sec? 8 do 
Let y= 8 sect od8 
Integrating by parts, we get 


=0. f sect odo—f {Zo 


1., tan 6 d@ = @ tan @— log Isec 01 
m4 
= [otano-tog acca] 


(se * ~2 {0 log (sec 0°)) 


sec? eae} ao 
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= 5 2lon V2 = 7% tog (v2)° fi: log 1=0 ] 


mlogn=logn™ 
= 5-182. 
Example 26. Evaluate the following integrals : 


ofr 
(ity 1008 ae 


(0) [C1 cos 30) sin 38.40 


Solution. (i) Let ieee 
la? + x 


Put ja? +x7 =z = @evazr = Awdretde = xdr=zdz 

When x=0,2= Ja? +0=Va® =aand whens =a,2= a? +a? = 2a" =\2 a 
Is ct Az.dz)= i l.de= FL = (v2 - 
=a( V2 -1). 


(ia) Let =f oa 


Put = x=asin@ = dx=acos0d8 
When x=0,asin@=0 = sin@=0 = 6=0 


and when x=a,asinO=a = sin@=1 = 0= 3. 
2 oteint® 
Is -acos 6d6 
Tetnatcin?o 
2 a8 sin‘ 0088 yp _ {*/2a° sin‘ Ocos@ in? 
(ysin? A+ cos* A= 1) 
“f Yo? (= sin? @) anf ays’ 78 
= ant = jin? 
a ['sintodo=a [°"‘sin® o de 
in? 
24 1~co0 20\* 1-cos 2A =2sin? A’ 
os oor 108 2 nt 4 
2 


‘ 
=f [701+ cost 20-2 ens 28) 


524 


(iii) Let 
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2 14008 2A = 200s A 
=> 14008 4A =2cos? 2A 


> 3 (1+ c084A)= cos? 2A 


‘ 
[F [as Fea+cons0)-2c0n29] 


4 


‘ 
a 
“of (2+ 1+ cos 48-4 cos 20) de 


= = 3ff"1.d0+ [om 40 d0 4 f"con28 40] 


“eH eT 1) 


a , ae 
< ~sino’) -2(sin2E sino" 
“je = +F0-0-20-0) 
8 2 

_ Sate 

“16 

_ fi coslog x) 

T= fee? ae 


Put logx=z = dana 


When x=1,z=log1 = z=Oandwhenx=3,2=log3 = z=log3. 
12 [° coszde 
3 
-[v-[" = [sin (log 3) — sin 0°] = sin (log 3) -0 
= sin (log 3). 
tan"! x xtan tx 
(uyLet I= f= 
ast a (+x*) J1+x? 
Put tantzsz = x=tanz = civ eed 


When 


xeO,tanz=0 = z=Oandwhenz=1,tanz=1 = z=7. 


1 i sine 
i+ tan’ re 


ee [2B a (+ sec? A~ tan? A= 1] 


DEFINITE INTEGRAL BY USING INDEFINITE INTEGRAL $25 
wit 4 
=f. sing 1 ges [2 sin ede 
cosz’ 1 
cos = 


Let Y= J zsinz de 
Integrating by parts, we get 
lez foinede—f {20.f sin de} de 
=2(-cos z)- J 1.(-008 2) dz 


ekawase | cus eveleces sins 
in ae 
-[-feorGrenf]-osnore(-4(G) a} 
“pala 


(v) Let =f" ‘(1 —cos 38) sin 30 de 


Put cos38=z => -3sin3ed8=dz = sin90d@=-<= dz 


3 


When 0 =0,z=cos0 = z= Land when 0 = ,2 = eos = zxcos Tuo 


; (Mt fiveez gy. (iron 
(oo tet 1m fe ae= acon? a ESE ae 


(Rationalization) 


ss anf a » sin? A+ cos? A = 1] 


de 
ees ‘8 (1—cos x)° 


2 sinx 
/e'3 (1 cos x)” 


527 


[y sec? A-tan® A= 1) 


tan 0 sec? @.d0 


Let 
Integrating by parts, we get 
1-0. f tanosectoae-j{2@.f tan osect oda} do 
~o.ame pr fant? ap [: fircor fre as= “4 


Otan*@ Afar nde [> sec? A-tan® A = 1) 
6 


Jotan? @ -2f sec*ode+}f 1.do=5 pOtan? @ -Ftano+ 5 
: . om 
Ta 2a [7% 8. tan @ sec’ od0~20[ ttan 6- tan oS 


4 
=2a. j[emmte- sanoea) wol[ Stat E-tan fo 3 )- @- tan or+0)] 


oof t)-9]-eE-| 


an 
aoa 


2 
io et xteinx’ dx 
Put Ser > Stdeeds = xtde= te 


a 
2 
saat 


When +=0.2-0*=0andwhens=(3)".2={(3)"] =k 


te [sing (2ae)=2 [sin 2 de 
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e984 = (97) = (8)? 
= (0 ~()*4} = [ont = (V3) 
=93 
= (9v3-1). 
(iii) Let Ts ff 2c eos! stde 
Put az = &dreds 
When #20, 2=(0)?=Oandwhenx=1, 2=(1)?=1 
1 fico! zde 
1 
‘lL: ahs a vi 4,| 
(iv) Let 
Put 


-2sin2edo=dz = sin2ed0=-+de 


2 
@=0, z= o03 0° = Land when @= =, == 0002 


= 
G 
2 3 
1=f/ @& «) 


ES. -Quer 


2h 


a 
[4— y=3, 
tla #3 qenang 


(Let I= tk Toe 


Put sint=z = cosxdxadz 


0, zsin 0° =O and whenz= 5, zasin= al 


1 Laat 
[: J ahrae-dtant Eee 


a+x 
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ne 
(vi) Let 1-[/ wz cos? (2) de 


Put az = $etded = fede= Fae 
When x=0, z= (0)? =Oandwhenx=(n7), 0 z= (x) =x 


I [cot «(2.de)=2 [costs de 
i adast 
2ezetfamme [NEAT] 


= tessa] . 3[(=+232)-(0-%87)] = Hn-0)-0+ 0 
® 


Example 29. Evaluate the following integrals : 


© feos x? de wo fae *. 
a (_2e spy [TZ gasee cot x 
Gi) tan (25 s Je (Wo) (oe Grama? s 


cna? 


ro) sins dx (ei [F“tan? + tant @ a0, 
Solution. (i) Let I= [! (cos 2) dx 

Put cos!x=8 > x=080 = de 
Whenx=0, cos@=0 = @=Zandwhenx=1, cond=1 => 0=0. 


in 8d 


Ts ff Csin odo) =- f? ein odo 
Let I= J 6 sino de 
Integrating by parts, we have 
1,=0°. J sino.do- J{Zer.f sneas} ao 
= & 008 8)— f 28. (cos 0) de 
== 0en80+2 f 8 caso do 
Integrating by parts again, we have 
he emoe2[o.f cos0 do — f {Zo oon oas} co] 
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= [ftan (tan 20) sec? 0 d@ + tanza = 24nd 
1-tan* A. 
= [20 sce? odo ~2 ["0 sec? ode 
Let I= JQ sect odo 


Integrating by parts, we have 
1,20.) vect odo {4 c0.f sect oda} do 


=@tan0~ [ 1. tan @d@= 6 tan log !see 01 


122 [“0s0c? od0= tand-lgteeo] 
, 


nln teet-2 emer 


22{(§ 1.2) -0-tg3 E_ 20g VB 


2 


ae v2 = 
=p Plog (a= 5 


25 log? [vm log n = log n™] 
= 5 bee. 
cosee eoot x 4 
Ins 1+ cosec* x 
Put coseex=z => —coseexcotxdr=dz = cosecxcotxdr =—dz 
® © 


(iv) Let I 


When x=3, zxcosec) = z=landwhenx= 2, zecoecy = 222 
14 1 
tf arce Le ve: a 
y 1 1 
oe eee i tant = 
[ Al [ J eta Sean +4] 


== (a) tan 2) =| ¥-ean 2] 
etant2-* 
tanta %. 

(v) Let =f) saint dee i) x) oxtsinsd de 


Put az = atdesd = Barrie 
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When x =0, 2200? <0andwhenz = (3), “(7 


ts [rsine(2de)=2 [esinede 
Let I, = J zsinzde 
Integrating by parts, we have 


haz. fsinzde~J {Zie.f sin eas} 


=2(-0082)~ J 1.(-cosz)dz =—z 082+ f cosz de 


zcosz+sinz 


1 pt nedeed eal, 
i 24] sc003+ 
§ [ssinede=2)—200s2+sin 2 


ROOK 
fh TaN2 0°)| = {0+ 9-(0+0) 
eos Z+sin3) - (O+sin Isa 


(wi) Let T= [“(ean? 0+ tant) d0= [~“tan? 0.1 + tan® 0) d0 


Ts [[tan? 6 sec? 0.48 sec? A~ tan? A = 1] 
Put tan@=z = sec*?@d@=dz 


When =0, z=tan0*=Oandwhen@=%, z=tan 7 =1 


4 
124-12) eT 
Ie fe ae[3] 3 tl F 1a? -0F) 
i 
\ =fa-o-3. 
| Example 30, Evaluate the following definite integrals : 
' ( [+ 304) cos de dx i fistog(1+2) ae 
(iii) f xtant x dx (iv) 5 
(oy ff" (tans + Joot) dx oo 


26 
Solution. (i) Let I= [""(2+3x*)cos 3x de 
badhoar 
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Integrating by parts, we have 
in 3x ease i088 
- —(2+ dx 
- t fg Seasasty nde 
1 5) 5 4 ; 
=} fess vainae] 3 f eesin ar de 
2 a+a(z) sin ** - (2+ 0)sin0*|-2 [""x sins de 
3 6 6 vn 
Integrating again by parts, we have 


I= [e +3x*) 


ae 


-8_n'+16 
S 


(ii) Let ta fixtn(os 3) 
Integrating by paris, we have 
rfl 1+$ (143 )z]- [4 {io ( (163 5) = ae 


See neienl 


INTEGRAL CALCULUS MADE EASY 


1 
1,03 1/2? 

= foe} -4[ 5-2 4tgte at] 

1,,3_1[(? 

= foe § 4] -20rearogiis2i-0-0-4g10+21 
1 3 1f1 

= Flo} 3 [F-2+4 tos s-sog2] 

1 3 1f_3 3 1 3.3 3 
splocgcal ating] aiege 265 


[: 


tog log =e] 


iiytet T= [x tant de 
rea 
Integrating by parts, we have 


er 
Oe ( pree  ots Ses eod 
r= [tan =<] tn ve 


q 2 
Lf 2 antz] 22 
=3[¢ tan at hit de 


littan? a 
= plttan*1-01-5 [S 


“ali allto-e)* 


“lL df=] 


A 1ex?-1 “Add and subtract 
= 1 to the numerator 


= E21 -0)42 feat tant oye 2-1 4.1[8_ 
gg Ol+5 (tan 1-tan' Ole F-54515 
x_1_x-2 

1 dead 
eer 


Whenx=0, tanz=0 => z=Oandwhenz==, tanze= 3 z= 5 
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I= Alar de 
-a(e4 


iding the numerator and 
the denominator by cos® x 


Put 
When 


3 tant 
We" We 
2 2 


12 1 - . 
“t5[ FH 2 7g aw tart} 


=. [§-o]- x 
25 2 we” 
Example 31. Evaluate the following integrals : 


1 
(iv) [7 —___1 __ae 
io) CS Fanavens 


wi [ae 
7+2sinx 


INTEGRAL CALCULUS MADE EASY 


1+AB 
= 2 tant 
gtn'3- 
a 
(tat If thet 
x yee? 
Put = zatan$ = dex 5oecS de 
= ds = (1 tan? Z 3) ae = jag tends Ls see? A-tan? A = 1] 
2 
1-tan? = 
Now cosx= ———2 = cosx= 
Attan? > 


When = x=0, z=tan0°=0and whenx 


x 5 
gr zetang=l 


et 2 -f 1+2? 2 
(8+82? +2-22%) 142? 


(iii) Let ef" 1_ as 
6-cosx 


= Lege 
Put zetan5 = de= Seec a“ 


= ade = (1+ tan? 2) dx = deeds [e sec? A-tan? A= 1] 
2. a 
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1-tan?~ oer 
Now cos x= 2 osx re 
1+ tan? = ite 

2 


When =0, 2=tan0*=Oandwhenz= 5, z=tan=1. 


tea? 2 
6+62*-1+2" 1427 


Ly sec? A~ tan? A = 1) 


Now 


= 
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eel 


= hf hog | 2=2=78 |_ top| 9-2=¥8 
BL 1-2 0-248 


=4 [$2.8 =2) = 


[Rationalization] 
HE tog (-2- V3)1 
B 
Let t= fr) _ ae 
om “h Te2sinx 
= J sec? = 
Put zetanZ = dew bec Ede 
= dds = (14 tan? 2) de way ends (see? A= tan? A = 1] 


Whenx=0, z=tan0°=Oandwhenx= 7, z=tan T=1 
e L+2? ve 


4 2 1 
ef 22 pet liane 
7+2{ =. 


ez 


7) *49 7 7 
1 
2}4 bard 1 
alte Tae [ Jz eds j tan Aaa 
7 7 
2224 [tao 2523] (22) tan?(242) 
ae El V5 “Jal 3) 3v6 


3 


- Fels)" ee 


3 2 
--2 1|_J5 3v5 eat aaen i psuat{ A=8 
“7 | ra He [> st Ata Btn TAB 
5 35 


2 (M6 
“5 ° 
os 1 
(vii) Let I= Beoox+Seinz 
Put zetan 5 = de = 3 sect = de 
> dden(ivtant2) de > 225 donde (see? A~tan? A = 1] 
+2 


x=0, z= tan 0° = Oand when x= 5, retan at 


L+2? 1 
ae 
~ 52" +62" 142 


Add and subtract 2. tothe denom, 


+ fl y_9 
: (Jevett ot 2} -$ 


take 

er = 
3443 
lel 

aol #:| 
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dzedz [fy sec? A-tan? A = 1) 


When x=0, z= tan 0° =O and when x = 5, zetan[=1 
14 2 
12 [ ——- re 
4sa{ =) l+z 
Lez 


1 +2? 1 1 
=f 444274102 142? aaa] Fee SY Sala 
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= ade = (1+ tan? 2) ae > jlydende > sec? A= tan? A= 1] 


1 
2?-42-1 
1 1 ‘Add and subtract 4 to the denom. 
Fa) ee i 
loreracere (Jovetr ot 2) =4 


a | 
~- Casa" 


oy ar iJ 


wad gl V6+2-2 
‘2b | | e—242 


1) hog! v5+1-2 
“a6 | | We-142 
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ree 5-V6+2v5-2] 1 log 3+ V5 
26° |5+v5-215-2| 5 v5 
1 3+V5 3+ V6 ‘ ‘ 
sak i 
Be | 3—ve “338 {Rationalization} 
1 jog] 9+ 3¥5 +3v5 +5] _ 1 14+6V5 
25 "8|— 9-6 ]-ae% 
1 joy (7+ 345 
“362 ). 
Example 32. Evaluate the following integrals : 
% 10 5+ 4 cosx 
os 
. (con 5+ ain 5 
2 2 
(o) [sect x dx. 
Solution. (i) Let I 
Put zetand = de= 
= ie = (1+ tn? 2) = sec? A~ tan? A = 1] 
1-tan® 2 
Now  cosx= sie 
Tetan?= 142 
When x=0, z=tan0*=Oandwhenx=x, z=tan ==, 


2 


1+27 1 
dz= dz 
) nF 2 Cae 2+ 4= 427 1427 


DEFINITE INTEGRAL BY USING INDEFINITE INTEGRAL 


1 
Solution. (i) Let I= fx (tan“* x)* dx 
it 
Integrating by parts, we have 
2 
stan tar. 2 ~ [Ean a 


[Zeer] - [emo x. 4 Zac 


~[feu w-o]-f 2 tantzds 
2 1+x? 


(ote this step] 
+e 


“sGa}-L0- 


=E_feant zdr+[} + 


=3(s) -p tantxde 


tan? xde 


tantxdr 


fo 14x? 
Pes ie oa at ~ 
-S+[ jem zdz~[1.(antade 

4 

[> frre rede -o| 


2 -1 927! 

art tier ade [Integrating by parts} 
j 

A ttan* v? ~(tan"* 0}- -{[jtaos. 2} -[ Sant. +d] 


Er Hecate 


4 


[Multiply and divided by 2] 


. [ £@ 
[: Stae logins] 


wor 1 
ten ng 982 log 11 
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Example 34. Evaluate the following integrals : 


OY Ww i 
Te4einz rs 
a) f° 2 
(i I Sareea oD aren sante 
Solution, (i) Let I = Ta 
zi 3 4c0sx a aot, 
4 
ips. pete a [Multiply and divided by 4] 
+ [Lean 
=} [lsctae sina [: Poke tog i7091+<] 


=} oe] 9+ nin |—togi-+4sino] 


7 ox{aea. 4). sg(9+0)] = fine (2+208)- log 3] 


1 3. 
~fe38) [:menent( 2) 
ry 
22 
Gite t= [ae 
Tr eos x +8in = 
Put zetan5 = dew 5 eee? = de 
= die = (1+tan* 2) de = ae sec? A—tan? A= 1] 
+ 
2tan> 1-tan? = 
Now sinz= Ly con = — 
1+ tan? = 1+ tan’ 


When x20, z=tan0*=Oandwhenx=%, z=tant=1 


2 1-2? 1 
- =2 : a& 
) na ® pry rer or 1+2* 


(G-2X1+2) 


e+ D142") = 


560 INTEGRAL CALCULUS MADE EASY 


Jira as ane 
[ Feos sin’ oreoso"]> f sin‘ @ cos 8. cos 048 
==10- 0145 [sin 0 os? do 


#5 ["sint 9. (1 -sin® 0) d0 sin? A + cos? A = 1] 


25 fsinte do—5 [aint 0 do 
25 [sint 9 do—51 [By using equation (1)] 


2 a= [sin oda 


Is 8 [int oao. 


Example 36. Evaluate the following integrals : 


w@ (7? —_ 4 ei ii [77 SE cosz 
p Gaestbeinz (sana? 
ie z 
i) Go) ("1 __ ax 
i) etree 00 Saar 
() ie (vay [goose 
lo F908? = B+ losin ds 


1 
acosx+bainz 
Put a= rcos 8b =rsin® 
Squaring and adding, we get 

a? + 6? = 7° (cos? @ + sin? 6) 


= at+btet = r= (tae 


Solution. (i) Let I= 1 


wipe? 
ro cos(x-8) 


1 2 
“Fal see (x8) do 


{cos (AB) = cos A cos B + sin A sin B) 


1 


2 
\ = peg [beter etance—on] 


| ae [ise 
| Yo? +8? 


see(J-0) +tan(§-8)|-oginc (0-0) tan 0-0] 
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= pe Mog Icosee 8 + cot 81 —log Isec @~ tan 61) 
Voto 
s see(Z~A) = cosee A 
tan(Z~A) cota 
sec (~ 0) = 0e6, tan (~@)=— tan & 


= = Mog Icosec 0 + cot 01 - log Isec © — tan 01] 
Yate? 


= ig [| Se an] 


~s cosec* A-cot? A=1 
= cosec? A=1+cot A 
= cosec A= 1+cot? A 
sec? A-tan? A=1 
= sec? A=1+tan*A 


= secA=\1+tan® A 
| 
[ 


log Ja? +8? -5 


= log 


butane = S=c0t0 
a ’ 


| 


frie=terne) 


ee | fog| Vere +2, a 
Jerre 6 Verse 6 
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“14008 2A =2co8 A 

ny 20087 = = Leos A= 2000? A 
apart 1-cos2A=2in? A 
2sin® ‘K 

= 1- cos A=2 sin? 


-f dz 
9 a2 sin® 5 


x 


Put sin5ez = eoe% deeds => cos <de=2de 


3 3 2 


w8 1 ua 
rae F2d)=3 /™ de 


af oe 4 ay 
2|-s+i|,,  8lz*he 


Gi) Let I= fe} 


Put saz = Oedead: = xdeade 
When x=0, z=(0)=Oandwhenx=1, 2=(1?=1 


ieee 


=z 


Ti x, # [Rationalization] 
. if va-2" Ainz 
Joma” “5 fi-z* 


oo, 
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ipl ip 
ah poe etal cma -artae 
[Multiply and divide the second integral by 21 
am 
’ pais te 


Ja ssin 


iv) Let i= [1 
we rs 
ing the numerator and 
* the denominator by cos? x 
2 sec* x 
to Qsec? x+16 
ad sec* x 
—— a A-tan?A= 1 
Oar tan? 2) ri6 Bee Ar tate K3) 
‘2 sect x 
“to Stan? x+25 
Put tanx=z = sectxdx=de 
When x=0, z=tan0’=0 and when x= 3, zetan D0 
1 =} 1 
lans* ee eth oy 
3 


wD gant 
Slats al 
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v4 sin x 


oe ee 


=0- 0" og Fe =n et log ay =e (2) tog 2 


= [oxi Bet? ~tog(sin De) ——. cos x.e’ drt fet cotxde 


= det log 2. 
us 
(Lett [fanz ae wD) 
Put fiany =z = tanxe2? = sectxdr=2ede 
=> (1+ tan?) de = 22 de Iv sec? A- tan? A = 1) 


= (l+2)dretede = de=y aide 


When x=0, z= \tan@=J0 =0 and aes ze ftan% = Ji #1. 


1 222 142? ‘ 
“(nef a de [Note this step] 
~foeeate [Add and subtract 1 to the numerator] 
a 
M2241 nat-1 
oD Nr and Nore td 
= I=1, +1 (ay) (2) 
a ies jitte. Dividing the numerator and 
= 241 the denominator by z* 
rt (e-)ay = eis (-3)- 
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“$I (-3] z eae $33) [log 1=0) 


#1, 4- ‘) (Rationalization) 


“TE aa (ey Ba 


“th emt i] 


= gt ay 22-1) bes m log n = og n™) 
rid 
= Sgt eh). 
Example 38, If p and q are non-zero integers, prove that : 
© [Foor pecosqedr=0 ifpeq Ui) [sin pesingxds=0 ifpeq 
5 itp=a. =5 ip=a. 
Solution. (i) If p #q ; Let I= [cos pr cos gx dx 
=F ff 2.cos px cos gx de (Multiply and divided by 2] 
= 3 [feos + aie + 0s p-aisl dx 
[208 A cos B = cos (A + B) + cos (A -B)] 


sin(p+ 2s] [saw =] 
lo lb 


“ 1 
[ove sonde+ fonie-oear]=3| ore oe 


lain p+ amin 1+ [sin (p - qn - sin 0°] 


: sinnn=0,neZ 
(p+ ag(p-geZ, 


1 1 
= xprg Ot apg On al=0 


“nee 


(1+ 00s 2A =2cos” A 
= cos” A 


~ (os) 


. if. sin px ain gx dx (Multiply and divided by 2) 


1 
= 5 Lf leon @ ~ abe ~ con i» + asi de 


wa aft 1 
idiaer jliige 


| 


[. 2sin A sin B = cos (A -B)—cos (A + B)) 


i sine oT 
b 2L pte J 


1 . a 
= Rpg ine ae- sin l- appa eran sin 0] 
1 1 
ao l-0)- (0-0) =0. 
B= 9 apg =° 
If p=qi 


ae 


“PL Heel 


2p 


= 2 ie-0)-0-0) 
® 


(eset 


EXERCISE FOR PRACTICE 


Evaluate the following definite integrals : (1—16) 


ro. 
foe [iicoexde 
we 3 mid 
3. ——. de = 
f Tr e008 4 [ir cootr ae 
a sk 
5. [Pe +a020a¢ 6. [aint s de 


hog = 
1 pez de 8 ae 
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871 


22 


ax 
S24 


1 
10. 5 log 6 


Bagg t 
14. tn 


ole 


2 243 
a ers 


w2sinx 
wa (8s ae 
Tees 


ae 1 
uf 5+4cosx 


1 xsin tx 
«eye 


Answers 


a 


3a 
8, {log 3 ~ log 2 


8 


Properties of Definite Integrals 


PROPERTIES OF DEFINITE INTEGRALS 


Property 1. Prove that f° /(a) de = 
Proof. Let f f(x) ds = Fix) 


= Jfe@d=Fe 
LHS. = [te ea[re] =Fb)-Fia) A) 
1 


RHS. = 


fl2)dz -fref = F()- Fla) (2) 
From equations (1) and (2), we have 


[ree = fre dz 


‘The value of a definite integral remains unchanged if the variable is changed, provided 
the function and limits of integration remain the same. 


Property 2. Prove that [? tx) de =- [ft2) dx 
Proof. Let [ f(x) dx = Fix) 


. LHS. = fro dx -[ro] = F\b)- Fla) w() 


+" 
RHS. = [[rerde=- [reo] = - (F(a) - F(b)] = F(b) - a) wed) 
:. From equations (1) and (2), we have 
freee =-[fwde 
An interchange of the limits of integration only changes the sign of the integral. 
Property 3. Prove that [reac fadds+ [fede where a<e<b. 


872 
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=[re+nde 


= [rear ly flatn=fl 
= the first integral on R.H.S. of equation (1). 
Now, take the third integral on the R.HLS. of equation (1), we have 


Let l= [rade 
Put xsa+z = dredz 
When x=2a, z+a=2a0 = z=a and whenr=3a, z+a=3a = z=2 


Ys Prades [Flos 2de= [Pre+nde [r fired fine ar| 


= [reves ly fla+x)= Ax] 


= the socond integral on R.H.S. of equation (1) 
= the first integral on R.H.S. of equation (1). 
Similarly, every integral on R.H.S. of equation (1) is equal to the first integral on R.H.S. 
of equation (1). 


[revde= [rare Pperdes [rear saan n times. 
=n [fdr 


8.2. DEFINITION 


Even Function 
A function fix) is said to be an even function of x if f(-x) = f(x). 


Odd Function 
A function fix) is said to be odd funetion of x if f (- x) = - f(x). 


Property 8. Prove that : 
@ If fe) isan even function of x, then J" f(x)de=2 [°F (x) dx 


i) If fs) in an odd function of x, then J” f(x) dx = 0. 
Proof. Since firme 7 [rears Pras, acceb 


‘fides [pads () 
low, take the first integral in the R.H.S. of equation (1), we have 


-z=0 = z=0 
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wl) 


[ frar=[ra-2) ae 


wone+sine ca 
Adding equations (1) and (2), we get 
ate [%?__sinz dss osx 
sin x + cos x 0 cosx+sinx 
Cees 
sin x +cos x * cosx+sinz 
(ii) Let AD 
fr [reve Pre-made] 
eae | 2) 
cooxtsinz 
Adding equations (1) and (2), we get 
ale cos x a sins 
Ms anseens sh nanae 


“f” dra [7PEtHINE ay 
Sinx +c0sx * cosx+sinx cos x+sin = 


“fae 


(1) 
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= wes) de + Prerdrs [ra-xde 
Poet” b fmekennel 
I= eet ds of) 


‘Adding equation (1) and (2), we get 
af” cos x des _sin.x 


cosrteing sin x + 08 x 
=f" cos x sinx -f" conx+sinx] 4. 
cosx+ainz* sin x + cos x cos x +sin x. 

Dl Se 
ixe« 
O34 
(iv) Let 1 00s = AD 
lass fear 


=f : iG) - od [- [fred fre-mds] 


1. [" vsin = a) 
Adding equations (1) and (2), we get 
at font 22 fain 
a Sass eer 2° eres * 


Jinx eos x + Jains 


Cees ete] + + 
Ciel 


Is r veins _ ae (1) 
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Example 2. Evaluate the following integrals : 


of? Jeot _y 
OO) lot x + tan x 
on (" Jian x 


erie 
wf 
es 
Solution. () Let = f°" 2° de aD) 
Jeot x + tan = 


jeune 


nf) 
Adding equations (1) and (2), we get 
af" some ace f* sans 5, 
lo Jeotx + tans tan z + Jootz 


“Cp Ser ee EE 


AL) 
= x)+ fix) 


. fla+b-x) de 
I, fla+b-(a+b-x))+ flavb—x) 


[> Brera finerb-9 as 


fla+b-x) 42) 


, Fixd+ fla+b-x) 
‘Adding equations (1) and (2), we get 
fix) ‘+ fla+b-x) 
Je flarb-xi+ fix) "de fixd+ flatb-2) 


-ff fix) ~_flarb-») ] 


fla+b=x)+ fix)” fixi+ fla+b-x)| 


Qe 
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fl2)+flatu-x, =P =B- 
“Treefasi=s 3 ae [Laeabsh = ‘I 


Ie 0- a). 


i ete dz wD) 
F re sin(5 x} # [: ffear=['a-x ar 


Ie ——_—— a Bd 


Adding equations (1) and (2), we get 


ae (Oe ee 
ins eos 
«(se ay 


Jsin x + Joos x 


aie Ota 


ol) 


[r [irnac= f'ra- nas] 


wA2) 
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Example 3. Evaluate the following integrals : 
«) [%2_Jeot x ay (7. rf 

de ( dx 
ly Ts Jeore ie Te tame 


ny: ve iw) 21 
tin Ce * wf Tan® 


cit sin st 
(w) [80 = de (vi) un 
lo Sin® x+c08" x Tetan® x 


jane 
Solution. (i) Let I= {" Metz de = [*”Vein= 
I 


+ Jeot x 1 foosx 


sinx 
I= tie de AD) 
Proceed as in example (iv). . 
[ine Using [°70)= [Fa | [ane s] 


= a4 “81 
(ii) Let Cer * Deer 


lcos a) 
36 


Ie wa 
rye ies & 2 
‘Adding equations (1) and (2), we get 

toil feos x is sin x 
anf, iar eiaee Te Rass our 
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“Cee ee 
- |= 


Ciellpas 


ii) Let Ie late de et) 
“Ce es ax lr [frends [rasa] 


te [ee ae 1A) 
‘Adding equations (1) and (2), we get 
a- (pe (SS 
5 re ria = 
12 


tie c= eank e+ fe-z 


= [ne-[T =la-0)=a 
; " a4 
(iv) Let ef Frerione | PR rh 


rf? Jinx 
Vaar+ leur” 


Proceed as in example 1(v). 


[Hine, Using [[7ta) de = [°fla-) as [ans % 
(oy Let 1. (ss sin" = de oD) 
Sin” x+ 


= Co de 


Te [ots _ 
cos" x+sin" x 
Adding equations (1) and (2), we get 


ie Peers 
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oA) 


eo(1) 


[ [rma 2 fre -2) a] 


onl) 


PROPERTIES OF DEFINITE INTEGRALS 587 


Example 4. Evaluate the following integrals : 


(@ [tog tan x) dx Gi) fF tag (cot 2) ae 
an ft A ‘abd 
(ii) fx ~20" de (iv) JP" tog (1 + tan x) dx 
st v2 
(0) Show that : [°" gain x) dx = [°" g(cos x) de 
.) f! log (1+ x) 
toi) [EO a 
Solution. (i) Let T= ["" tog tan x) dx a) 
b 
x2 A 
-[ to tan(Z-=)] a [: [frear- [a-e] 
a 
=f” log (cot x) dx wl) 


Adding equations (1) and (2), we get 
2 22 
a= [0 tog (tan 2) de + |" log cot x) dx 


-“f log (tan x) + log (cot x)] dz 


= [P" tog tan x cot 2) de 


tog m + log n = log (m.n)] 


= [tog 1 de = [""0.de <0 [> log = 0} 

3 T=0. 
(ii) Let Ie f log (cot x) dx wD) 
= [tle (5 2} fr [fae f're-mds] 
I eg Jog (tan x) de al) 


‘Adding equations (1) and (2), we get 
= 1 log (cot 2) dx + [* log (tan x) dx 
lb 


-“f flog (cot x) + log (tan x)} dx 
-“[ log (cot x . tan x) dx [es log m + log n = log (m.n)] 


= [7 0¢1 de {Ans. 0] 
Proceed as in part (i). 
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{> log m + log n + man} 


= [t0g 1d f'0.dx=0 


220 = I=0. 
Gv) Let t= [28% ae 
1+ 


Put x=tan@ => dr=sectod® 
When x=0, tan@=0 = @=0 and whenx=~, tand== = O= 7 
Is [oetan®.. sec? 6 d0 


1+tan? 
= Abe og (tan 8). sect 9 d0 Le sec? A~tan® A = 1] 
sec? @ 
= 1s [" Jog (tan 6) d8 (1) 
Proceed as in example 4(i). {Ans. 0.) 
()Let T= [sin 2x tog (tan 2) de A) 
= [sin fal ~=)p toe {tan *} ade [: [irmac= fra -n ds] 
= sin 22) lg (ot =) de fy sin(n-A)=sin A] 


Te [sin 2¢ tog (oot =) dx (2) 
Adding equation (1) and (2), we get 
= [0 sin 25 tog tan 2) de + ff sin 2¢ tog (cot 2) de 


. [tein 2¢ tog (tan x) + sin 2e log (cot x) ax 
= [sin 2s og (tan 2) + og (oot 21d 
= [sin 2s (tog (tan x cot 0] dx [slog m + log n = log m.n} 


= [sin 2c tog 1 ds = [""0.dr=0 [slog 1 = 0) 
120. 
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Adding equations (1) and (2), we get 
ate Lager l gece & 
~ Cleese] ES] « 
=f. as-[x [-- O=5 


rs. 


2 
xtanx 
ec x + cos x 


+ fen a lr [reac [re-m as] 


‘sec (K~ x) + cos (x - x) 


Gilet 


“fs (= tana) 4, _ pseu (x-s)tanz 4, 
Sec x— cos x Sec x +008 x 


-f Rtanz 4, _(*_xtanx gy 


secx+cosx Jo sec.x+cosx 
sinz 
arf 8 de 
° +08 x 


=n [82 dy 

Dice 

Put cosrez = -sinxde=de = sinxdr=-de 

When x=0, z=cos0*=1 and eae zcosn=-1 


ater fd dann f" 


ied 
uy 
oo iret [: [reds-- frees] 
: 
=x{ets| [> J qrhree-duant zee] 
im 


J 
=x (tan (1)- tant canex[Es¥]-0[5] 
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22 
(iii) Let =f (2 log sin x — log sin 2x] dx o() 


= [psa (3-s}} {ona(-x}}] 2 
[- [rerdee frends] 


= 712 og os 2)— tg isin (n- 2x) de 


= fre Jog (cos x) — log (sin 2x)] dx (2) (sin @e- A) = sin A) 
Adding equations (1) and (2), we get 


" 2 
ate 2712 tog (sin x) —tog (sin 20 e+ "12 Jog (cos 2) — log (ein 20] de 
= (7712 tog sin 2)— tog (sin 22) + 22og (cos 2) ~ og (sin 20] de 
7 fe (log (sin x) + log (cos x)) - 2 log (sin 2x)} de 


22 [7 thog (sin x . cs x) — log (sin 2x) de [log m+ log n = log (m.n)] 


= T= [tog sin x 08 2) — log (sin 20) de 
-f “toe S8ES2 | a [: log —logn=toe(™ )] 
“fi pases. [+ sin 2A =2.sin A cos A) 


wt 
= log (27* [x Ty log m" = fh log m] 


x 
=n log2. 


(io) Let T= fu x8 sintxde 

Let f(x)=x°sin' 

= Ex) =) sin! -2)=-2 [sin (2) 

x3(- sin x}* ty sin (- 6) = ~sin 0) 
x sintx 

i) 


=> fix) is an odd function. [: if; F(x) dx = 0; where f(x) is an odd function} 
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a [Ee sintede 0. 
la 
(Let T= [og (sin 2 de of) 
= > tain (3 -=)] fr Grinds [10-sas| 
T= [tog cos 2) de (2) 


Adding equations (1) and (2), we get 
- 7" 
t= [log (sin 2) dx + [log (eos x) dx 


* [08 (sin x) + log (cos x)] dx 

= [Ftog sin cos 2). dx [es log m + log n = log (m.n)] 

= c tog (2882282) dx (Note this step] (Multily and divded by 2] 
intel sin 2x 

= [toe (8228) ae 


= [tog sin 2z)—log 2) dx 


sin 2A = 2 sin A cos A] 


(2)=19¢m—oe:] 


a 


= [tom sin 20) de ~ [tog 2 dz 


Put 2e=z = Qdr=dz => deed ae 


When x=0, 2=2(0)=0 and whenx=%, 2a2(Z)ex 


asf log sin 2)(} de) - 


Lo [hog (i x 
=pel log (sn =) dog 2|$ 


= [tog sin 2) de = tog 2 [r fremac= feras| 
x 
1-5 log2 
- 1 ~ 5 loe2. 
wiylet T= J" [S=% d= f° [2-2 x 8=F dx (1) [Rationalization] 
leYare  de\a+x“a-x 
“fy foF de 
Le 7,7 
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= #8 x[lans-soex] <1 tan x~seen (tan 0°00) 


=nt-x[(0-(-1)-- DJ = =x [14 1] =x - 20 


= T= 5 (n-2. 


” x 
aided reer) o 


Put x=tan® = dx=sec?@d0 


When r=0, tan@=0 = 0=0 and whenx==, tand== = @=%, 


“2 
=f ——_tan®___ sect .ae 
(1+ tan 8) (1+ tan* @) 


= ft tan® _ sectod0 ty 
o (1+tan@)sec” @ 


=f" tan 


Trims” 


Tee(Ea] 
zig 
ren(E-*) 
peu 
“f° cot 8 don 2 tan® do 
fo 1+cot@ 


tané 
“a4 
Trtand 
‘Adding equations (1) and (2), we get 


! 
“fi Greme +h teens 


Pie 


de 


sec? A-tan? A = 1] 


of) 


8) do ig [rode [r1e-mas] 


onl) 
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(ii) Let I [f sin? x cost x de 
= [fsint (x2) cost (ne —2) de lr [reode=[r0-nas| 
= ff sin? x 0s x) dx 
= [f sin? x cost x) de fr ED =CD) 


=~ ff sin? x cost x dx 


= I 


= [isin x cost x de == 1 
=> I+I=0 = W=0 = I=0. 


[sin (~0) =~sin 0) 


[em log n= log n™) 


=-fa). 


a 
(iv) Let I= z 
Tay 
Put x=asin@ = 
When x=0, asind=0 = 

and when xea, asin@=a = sinO=1 > 0== 


2 
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‘Adding equations (1) and (2), we get 


RL 
Ce rer rio ne 


-f # |, G4) ase [” she a 


sinx+cosx  cosx+sinx sin x+cosx 


240 sinx+cosx 
Proceed as in part (iv). 


(Hint. Multiply and dividing the denominator by /3] [ans 3 log (V2 + 4] 
Example 11. Evaluate the following integrals : 
» ["_*. ee 
olga i fe (B52) 
a : 
(ii) ee de i —— 
lb Tesin x cos Treosasinz 
a2 1 = 
dx (vi) | x 5 
0D rae ana? (ot [x coet x dx 
Solution. (i) Let 1 = £ —* dx AD) 
Tresin= 
= ft__&-2 i = [fo- 
“fi de [: [rear- [re sa] 
I= [= xc) 
I+esinx 
Adding equations (1) and (2), we get 
. = a R-xX x R-x 
a= past Sakae (lieder as] « 
1 
ieee © Cs fin—x) = fix) 


[: [Preods=2 f rerdssit faa-2)= f00) 
; [{rerae: 


> 


(Here, 2a = x} 


[: [red [re-0 as] 
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Integrating the first integral by parts, we have 


T=3 | tan tes] fe (tan x). 2de~ (5) 
3 
“ 1 
=3]xtan [alge fh ral 


=8(1tant 1 -| 0-3 ft eae [-% ‘| [Multiply and divided by 2) 


x)_3 1 f(x) 
=3 ]-Sfocs et] -a[1-4] [: rr) de =ogi/s+e| 
= Bane FF tog 114 11 -Iog 124011 


=e Fj toe 2—boe 1 
ex(4_1)_3 
"8 3) 3 ee? 


(ii) Let T= Prom dz wf) 
1+sinxcosx 


[: [rede [ran as 


a2) 
Adding equations (1) and (2), we get 
ae Se es 
“Op te] fe |- 
aft ds fs sin? A+ 008? A= 1] 


T+ sinx cos = 


viding the numerator and 
the denominator by cos? x 
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=f" sect x 
1+ tan? x+tanx 
Put tanx=z = sexdx=dz 


[: sec® A-tan* A = 1) 


When =0, z=tan0’=0 and whenx= 5, z=tan) =o 
L 
a=f—t—a 
erst 
4 ‘Add and subtract 3 to the denom. 


” (Jeoen.ot=) «i 


(vy Let 1s f° 


AD) 
«  (n-2) 
= * (See [: [reras- [a-mas] 
= 1s [/—_*-* _ ae (2) 
Treosasinz 
Adding equations (1) and (2), we get 
x nonox 


——*___ dx + [*__*-* _ 
1+ cos asin x 1+ cos asin x 


-f Perera “Temas 


= [=== : x 
© to [i+cosasinx |" ~ Jo 1+ cos asin x 
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eee 


= sin A =25in A cos 4 
1 
i cos? = ‘Dividing the numerator and’ 
== fa) * | ne denominator by oo? £ 
. cos a{2sin 5 eos 3) Pee ee oe 
+ 
2 = 1-4 
bas | ak | 
ax 
= o's 
= [—_,_—_*_«* 
sect 3 + 2ensatan 5 
sec? = 
=af =e ey: (sec? A tan? A = 1] 
1+ tan? 5 +2cosar.tan > 


ae ee tive 
Put tang =: = psec’ > dr=dz = sec) dx=2de 


5 
Whenx=0, z=tan0°=0 and whenx=x, z=tan 5 = 


1 L 
a= (dz) = 2x 
* Caaaesnet 


1 
= Tax § 
fe 2z cos a + cos? a) + (1- cos? a) 


‘Add and subtract cos? a to the denom. 
2 
: {Jeoet. oz) cos? « 


of de sin? A + cos? A = 1] 
(z+ cos a)* +sin* a 


-G-4)- 
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T= [i (x- 2) cost x ds wf) 
Adding equations (1) and (2), we get 
waif con® te 2 
B= ["xcostxde+ ["(x—x) cost x dx 
= [fbx cos? x + (e—2) cos? x] de 
= [xcost rds 
lo 


Let fix) = cos? x 


=> fin-x) = cos? (x — x) = (— cos x)* = cos? x = fix). 


20 
[: [[tede=2 p20 ds, it fa-2)= fn] 


Bi = Oe [cost x dx (Here 2a = n} 
= Tar [" costxde 
1+ cos 2A = 2cos* A 
2 
<8 (ee ee | Los 2A | 
2 
= EP a +008 20) dx 
2h 
xf, sin2x]? _ xf, sin2x ino”)) _ #(Z+0)- 
=3[= 4 HG }-( ee )-5 +0}-0+0) 
= 
. 


Example 12. Evaluate the following integrals : 
@ fst (sin x) dz 
(i) | aoe * 
lo a? con® x +8" ain? x 


©) ff toe tan 8+ cot de 


(vii) [log (2 + c08 x) dx 


Solution, (i) Let I= ff-=to8 in 2) de oD) 
= [F(x 2) log (sin (x- 2) de [: frear=[re-nas| 


Te ['cx- 2) log sin 2) de wf) 
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‘Adding equations (1) and (2), we get 
Qs L x log (sin x) dx + [a-o log (sin x) dx 


= [Fog (sin 2) + (x — 2) log (sin 2) de 
= [Fog (sin) + Log (sin 2) ~x log (sin )] de 
= [xg isin 2) dx 


a= 2K [tog sin) dx [: [Prede=2 fre air 20 -21=/00] 


pt x 
= ten {-Fiog3] f log (sin 2) de =~ log 2 
See Example 6(v). 
@ 
=> logert (em log n = log n™) 
ee 
= Thee. 
x12 
Gilet T= [2 cote de 
10 
Integrating by parts, we have 


a2 
= [x-logsin x5? - 2 (a). log (sin x) de 


)-o]- [71 tog tins) 


+ f°" tog (sin x) de =~ 2 log 2 
JP lowisin 29 de = - 5 log 
See Example 6(v). 


(iii) Let ae atts A) 
a (x-2) lr fix)de= ffta-xds] 
Cz cos? (x — ae aatee) f f 


«f= (x-x) 
a? (~ cos x)? +8 sin® x 


(e-») 
(2) 
1's (aaa 
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= [ee sess} a0 Gs sin? A + cos? A = 1) 
== [Plog (sin @ cos 0) a. 

=~ J" ttog tain 0) + tog eos 0) d0 [log (m.n) = log m + log n} 
=- [08 (sin 6) d— ff te (cos 0)d0 

=- [tor ino 0- [tog [eo 5 -0)]a0 


[ 


[rede ['ra-mas| 
== [ve (sin 6) do - fr (sin 6) do 
2a 
=-2f" ‘og (sin 8) do 
=-2[-Z1g2| 
I= rlog2. 


= 1 
wot 1 [rsa d) ore 
Put x=tan@ = dr=sec?@d0 


22 ‘ 
vf log (sin 2) dx =F log 2 
See Example 6(v). 


When x=0, tan@=0 = 6=0 and whenx=~,tanO=0 -> on5 


Ts [tan id z (zis) 


7 2 
= ("tag tan 6 + cot 6.2258 ao 


sec? @d0 [- sec? A-tan® A= 1] 


sec? @ 
= T= [7 tog tan 8 + ct © d8 
Proceed as in part (v). {Ans. x log 2.) 
(vii) Let T= {log + 08 2) dx nf) 
= [tog 01+ cos (x x9} dx [r [reodr- ['re-mds] 


Ls [og {1 ~ cos x1 dx (2) 
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Adding equations (1) and (2), we get 
21 = [Fog (1 + c08 2) ds + [log (1 ~ cos 2) de 
o 


= tog (1 + cos 2) + log (1 ~ cos) de 


= [10g (4 + €09 x) (1 ~e08 x) dx Le log m + log n = log (m.n)] 
= [109 (1 ~ cos? x) de 
= fF tog (sin? x) dx Ly sin? A+ cos? A = 1] 


=2 [og (sin 2) dx 


a2 x 
1=2(-41a3) f log (sin 2) de =~ 7 log 2 
2 See Example 6(v). 
= L=—x log 2. 
(wii) Let 1.f og ae 
vie? 


Put x=sin@ = dr=cos@d0 


# 


When x=0, sin@=0 + @=0 and whenz=1, sin@=1 > 0-5 
ne 2 log (si 
ieee Ete. 0a [ og (sin 8) 


= mee 


nap ae 


Is 


lb ~ cose 
ca. sf Sow Gal ms 
Rice vlog (sin 2) dx =~ F log 2 
See Example 6(v). 
Example 13. Evaluate the following integrals : 
Pee d8,a>b>0 tia fs 7 xdx 
er sin? x cos x de to) f oa $= =a 
() "anaes tei) fe de 
win na 


ed 


: [reds [1e-mds] 


Solution. (i) Let I= 
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INTEGRAL CALCULUS MADE EASY 


(2) 
Adding equations (1) and (2), we get 
22 sin 20 sin 26 
Co Nero aes ero 
= 2-0 
= 120. 
Gi) Let Te fx sin? xde 
Let f(x) = 2" sin? x 
= f(-x) = (— x)” [sin (- x) = x” (~ sin x)? = - x” sin’ x = - fix), 
 f (2)is an odd function. 
fx sin’ xdx=0 [: 1 fs ee = 0:6 nan od funtion} 


Giiy Let 1 J sin® x cos x dx 


Let f(x) =sin® x cosx 
= f(-x)=sin® (—x) cos (-x) = [sin (— x) cos x = (~ sin x)° cos x =~—sin® x cosx = —/tx) 
= f()is an odd function. 


2. fi sin® xcos x dx = 0. [: fifae=0:it fx isan oda funtion} 
(iv) Let 
Let 
= 
1m log n = log n") 
+ fiz) is an odd function. [: Jiperae=0;i finan oda foneon} 
fire(5=2) ds =0, 


(Let T= J tog sin x + 008 2) de 


J dx [Multiply and divided by /2] 
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= [tl sin xn $ consi 2) at 
t= fee Sen( of) ae [sin (A+ B)= sin A cos B+ cos A sin B] 


Put xp E20 = deedd 


4 
® nx nin Qe 
When x=- 5, 02-4 +heo and when x= 7, on ftie tes. 
22 
T= [tog (v2 sin 0) 0 
on 
=f [log v2 + log (sin 0] de [log (m.n) = log m + log n) 


= log V3 f°" 1.a0+ f°” tog sin © do 


Bs n 
[Plog (sin x) de = - F tog 2 


See Example 6(v), 
= fiexsel*! sel! =f. 
=> fix) is an even function, 
1 
Ie fietidewa fie dena [ede [e Ixl =x, for0<xs 1} 


=2[e*]} =21e'-e") 
= 2e-1). 


a 
(vii) Let Is Sex ory ae 
eee eine 
° me eos x cad ie nnes ous A) 
‘sin 


Put x2(E-2) Agel 
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filsttdrs [xe tides fi tee tl dee feeder fire Dds 


--(S-[fE] e)-Gahe0) 
Hed 


2 
(iets fl ae- 1 de 


= (8x 


sifocxet 
Since, we have |3x—11 = 3 


ax—viit 2x3 


. ise—ttde= [ae-tde+ PP t3e—ttde= f!"—@x-vdr+ f) e—D de 


6) -3}--9} [22-4260 -3) 
ab )-633) 
= 3-4] ees i =-(-2)- [2-7] 


co 
(iii) Lot Ts ff tx-o1 de 


Since, we have Lx 61 = {75,4 RSs SS 
fiix-St.de= Pix-stde+ ftx-si de 
= ff-t-oae+ fea dee fenders feo dr 
-[»-2] -[F-=[ 
-[0-3}-(-3}[(¢-»)-F--)] 
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Go) Let 1 fiixezide 


‘Since, we have 


[-(x+2);if x+2<0 
(+2); if r+220 


s filevaides [icsatdes fiixezi de 


= [f-@+ndes fiermdre— 


ele, 


“Hee 
-fethl--3)-(3)84) 


edizel 
|= (2x - D; if q5*<3 


I2e-1 = 


@e-v;it Zexst 
* fiire-tdee fae nide+ f 12e-11 de 
vs im va 
=f -c-nde+f @e-Dde 
vs va 


= fla-20de+ fl @x— Dede 
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1 
a files tides [xe ttaes fi tee tl de 
aes 
2 5 
cv? 4r ay? te 
w-[[eat ee} {ef calf sted (cpt 
=-[(2-1)-@- -(1_,)]=- -(-2) 2441642 
(G 1) 6 o}e[e G i +4412 ( 3) : i 
#1641217. 
(i) Let 1s fareaide 
Since, we have 


-(x+n;if -1ex<-4 
lae+1l= 1 a 
Qe+D;if -Z2x21 


4 
-(e+ Dde+ [e+ Dde 
ls mn 


1 v2 1 
z flaeeilde=[laxeitdes f)12e4 il ds 
5 Ls Lue 


= [-erenaee[ oe Dade 
-[» +, [e “d 
= [TC eaf foe] 


fit 11) 242, 4.24841 
[i-3- }[2-(-3)] iar rar 


105 
“773° 

(ii) Let Te ff ist 20-31 de 

Since, we have 
lat 4 2¢—3) = [7 +28 Sif 0<x<1 


(x? +2x-3);if 1sxs2 


a Bist +ae-aidr= [ix +2e-aide+ fix? +2x-31 dx 
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-[-+-2)-0)-[[2*- ay - oa} {oP sar a} 
“(pales 


12 


= ze 


3 


(iv) Let 1s fax- A +lx-21+1x-30 de 
Let flz)= Ix ¢ Ix-21 4 Ix-3t 


(= Y= (x= 2)=(2~3);if <1 
_ | @-D-@-2)-@-3a)if ls x<2 
MO) (x D4 (x-2)-(e-3);if 2Sx<3 
(x= D+ (44+2)+(x-9; if x23 


1s fipwar=f'fears [ears [po ae 


= ficxtmdrs fixdxe f' @e- de 

2 pop “ 
[uf fe] (2 -<] 
(ete 


7,59 

: ie repeated 
_ 12-745+9 19 
2 2° 
(v) Let I fiix-2ta 


Since, we have 


(x-2);if x-250) 
Weal Ce x-220, 


fix-2tde= [ix-alde+ [ix-2t dx 


a [/-te-des fener 
fee] fe] 
oof @t-n} (2 
w[i-ne(-s)-ca]e2e(-Z)e2 


3 
2 


(wi) Let 1m fPiaeesi de 
(vi) = B + 
Since, we have 


5 
=4-373- 


-ax+a;if -2sx<-3 
Iae431 = c 2 
Grea; it -Zse52 


filectaide=[Miareaides f’ toresi ax 


=fo?-eeraaes fi (2x +3)dx 
le Lave 


: belt oe 


a 3 Y +a (-3}- {-ataca}]- [u-0-{ -i 9(-3)] 
--{( ~4-0]+[10-(2-2)] : 
wie tafe 


[-(x-4);if -x<4 
tr-ataf G4); if x24 


fix-stdr=f'-o-0 dea f'G-nee 


s4n 


0 
ve [renae=2 [p00 de; 
if (2a - x)= f(x) 

[Again using the same property as above] 


(3) 


ds [: [rerac= [re - nas] 


eo*(E5) 


a cos®™ x 


ce” gyein™ s cabs 


‘Adding equations (3) and (4), we get 


Qs 4x 
to 


= 
> 


(iii) Let 


m2 sin™ x fel cos™* x 
oats dete gt 
Soe eas 


is) sin™ x 
aan aces eePrvena |e 
Sin™ x cos™ x” cos x +sin’ 


22[ sin?” x+cos™ x 
=f ooo 
tae [0 1.dem anal? =25{% o| w 
Ten’, 


Le [cos 2 log (sin x) de 


22 
122 [con 2s log (sin 2) dx + Prerdr=2 [oar 
in t if f2a—x)= fx, 


Integrating by parts, we get 


sin 2x ae 


2 5 
12 [logisin. [ = 2 f° 2 tog ain 21. 282 


sin 2A = 2 sin A cos A] 


«= [sin oi (5)}}-sinortog xno] [SRE 2sins cosxdr 


= 0-0-2" cos? x de 


na) ae eos? A 


1+ 008 2A = 2.cos® A’ 
= Lteos 2A 
2 


Gxsint ea _Cx)(Csin*s) _ xsint x 


sd Ree ot fest i 


*. fix) is an even function. 


1 fee reins fy saints 4 |: [iperas=2 "709 
if f(x) isan even function 


Put x=sin@ = dx=cos@d@ 
When x=0;sin0=0 =» O=0 and whenz=1j;sin@=1 - O=% 
esing 
1-2 08 0 do 
= Vi-sin?o sin? @ 


a2 [7Bsin Ocoee 4 [v sin? A + cos? A = 1] 
eos? 0 


2 
=f" 8 (sin®) do 
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Integrating by parts, we get 
=2 (0. (cos 0))f? - 2 ee (0). (cos 0) d@ 


i 2{oneo*+2{("en0an=-2[Seu-o]+afeine] 


=-2(0-0}+2[sin Zein] 20+ 211-0) 


=2. 
(=*4) 
wt 4 
Let Ie ——a 
“ Sr araeas 
x 
ad x ad 4 A 
(oraraeny ** [adem * iets this step 
xe 
=0+ 7) een & 
+ ff) de=0;if fl2)is an odd function 
[pes de=2 [pcx dx if (02) isan even function 
x, , 
Here 5 —*—- isan odd function 
aes , 
and 5—opy isan even function. 
1 
cosas 
1-tan? A 
tan? x dx Sata rea Ie A 
1+ tan? x 
2 2 
aes 1+ tan? x deo E(t" Ltants ae 
240 2(1+ tan? x) -(1- tan? x) 24 1+3tan?x 
a Te (7? _sectx ‘sec? A tan? A= 1 
24 1+3tan?x =>sec? A= 1+tan? A 
Put tanx=z = sectxde=de 


When x=0; z=tan0?=0 and whens= 5; z=tan 5 == 
x 1 
ol pare 


“ch 


1 5 
dz=— 
Tees 


PROPERTIES OF DEFINITE INTEGRALS 639 
31 
1=2n 
a +2? 
e._2 o ] 
om [ae [r frarde-- f'risras| 


1 
1 i 1 

. + fatye-t 

2x tn 1, [ ap = tan 


Rim 
+h 
4 


= Petar 1 -tanDie2e[ E-(—2)] =24[ 


=2n(2) ant 
Example 17. Evaluate the following integrals : 
( [2 tain xt ae (iy [P tsin xt de 
Git) f°" besin met de (Gv) fF loos xt de 
(0) too 2x1 dz (oi) [0° Gain Let ~c08 ta) dx 
(eit) P tecas xxl de (oii [7 sin xt de 
(ix) J Hog, x1 de Ge) [* teos xt de 


Gx) J" | xe08 % x) de. 
)-2i2| 2} 
Solution. (i) Let T= J Isin x1 de 
Le 
Since, we have 
sin x; if -Esx<o 


Isin xl = i. 
sinx;if O<xst 


a 
sin slde=[? Iain stde + [ Isin x1 de 


= fLj-sinsdes [sin xx 


foto LT 


= [snor-coe{-$)] [2 §-oe0] ={1-0)-10-1) 


slel=2 


ax 
1246 
a 
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(i) Let Te [isin sl de 


Since, we have 


Isin xt w {Sin zsil RSxS2e 
sinxl= | sinx;if OSxsx 


T= [isin side ff sin elds + "sin xt dx 


= [[sinzde+ [sin de 


-[-cos] +foss] =~ [(cos x ~ cos 0°)] + [cos 2x — cos ] 
lo In 
s-1-1+0-C i) =-(-2)+014+1) 

24224. 


(iii) Let if" Ixsin xxl dr 


Since, wehave if-1<r<8 = ~Rem< > 


3 
whenl<x<5 = x<m< > 


3x 
2 
when, -1<x<0 = -x<r<0 
= siner<0 
= xsinxr>0 
Ix gin mel = x sin xe Dd 
O<x<l = O<mcx 
= sinnr>0 
= xsinzr>0 
Ix sin xxl = x sin mx wwf) 
on 
2 2 
= sine <0 
= xsinm <0 
Ixsin mel =x sin xx wnfB) 
From equations (1) to (3), we have 
xsinne;if -1<x<1 


ein sl ae 1exed 


* iain el de 


1s fPiesinweldr= f iesin asides [! Lesin acide + f 
= fi rsinnede+ f' zsinnede+ [x sin meds 


[r [reode=[rerdes [rardciace<d] 
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I fix sin me de- fx sin ne de 


Integrating by parts, we get 


= [(- om) -fiZe. 


soe] [atmo] eT 


[cose (-con(-m}+ | 
x 


1 eee 13 +[ i ] 
=o denser sin (-m))+2[3)-~ »]-| sin -sin x 
ZU D+ D+ J in sin ai+3[3@ c »| z 
2.1 1 1 2 | oe ot oe 
= Ft l0+ 01+ 0+ M- 5 -1-Ole F404 + pa tos 
3Br+1 
oe 


Gio) Lat = [*teos st de 
cosx;if Osxs% 
2 


Since, we have lcos x! = ‘é 
-conxsif Foxx 


Te [loos xt ["tensxide+ f° loos x1 de 


2 
= [cos d+ f* ~con xde 


2 7 
-[v-] -[ses] = [sin -sin [sin sin ] 
lee 2 2 
=[1-0]-(0-1)=1+1=2, 
a 
(w) Let Te ["teos 2e1 dx 
5 
cos 2x if OSx<% = Os2x<% 
Since, we have Icos 2x1 = 4 2 


zoek 
Zexsk = Ecorse 
Yaar vate | 


|— cos 2x; 


T= [tees 2etde= [tens 2etde + f°" loos 221 ae 
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= [con aed f°" — cos ae de 


AT AL ale) so] alsels) af] 


Mein 1 on ¥)-- 211072: 
=2lsin%-o|-2 ~sin 2} 24 (1-0)--210-1 
sin =-0 rin x-sin$] {1-0)-->[0- 1) 


2 2) 2 


(vi) Let T= [2 ein 1x1 —cas tz dx 


= [2 sintztde— J cos bel de 


Since sin |x! and cos |x! are even functions. 


122 [ sintztde-2 [°"e00 zl dz 


v Epwac-2[rmas; 
if f(x) is an even function 


22 [inzds-2 [eos rde fp Ist=x00[0,2]] 
obaf lef 


=-2[sm 3 -conor]-a[in sino] =—210-11-211-01 


=2-220, 
(vii) Let T= [7 becon nel de 
Put mer 3 nked: 3 deol 

3x 
When x20; 220 and whens=3; 20% 
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Since, we have 

si [9.2 

e002; if eos 22 00n/ 0, > 


loos 21 = 
neon z;itcone soon[ 5, 


ts Fal [stom side 6 fsteoe ss] 7 a [[f"some des [Ps (-cosrde] 


1 1fan_ Sx mr] 2 2 
3 1 cosas? ~ A [8 sin 3S sin ®] feos 
3 -4f-38-2]-4 [cos 35 - cos ® 
— wl 2 ay ele 2 

u 341 
"On 10-0} = zs 

5 

4 i" 
(viii) Let 1. fe 
Since, we have 
sin x;if 0sxs* 
Isin xl = aoe 
-sin x;if-2<x<0 
4 
“Vein xl de 


le ftsin xtde= fin clas + 
Hlaoeneel ais 
ate ol tol 


form ( a} fot-=l-f-ah ld 
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(ix) Let Ts fF Mog, xt de 
Since, we have 
w J 
Nog, xt « [7 !2Bextif <<x<1 
ag {es “lex<e 


Ts ff Mog, std" ~loge xdz+ fi log, x de 
== fi loge xe + ff log, x de 


~~ [+0 =] [+0 x of 
ve h 


=~ [ttm 1-9-{2 


1 
(2)-8}]tetgge = =1 dog, 101 


=-[o-v-2e1-9] +fea-1-10- 99 


= [1-2] +torn=1-2 41 
e e 
wae 2u 
e 
(2) Let Te [eos xt dx 
Since, we have 
cos x;when OSs 5 


eos x1 = ~cos x; when Zs x3 


cos x; when Ss xx 
Te fp leos xtde+ JP" tc08 stds f teos x1 ds 


= [ cosxdes fi" cos de +f cos dx 


Note. «: J ps tome ae [Taking unity as second function) 


Integrating by parts, we have 
=log,x.x- [ 4 dog, 2). xde=xlog,x-[ }.xdr 
log, J (log, x) log, J 


= log.x~ f 1. de=xlog,x—2=x (log x-D 


itt) Lparde=["farde+ f? fn de 


=[fede+ fi fndes Prima 
= [sin zdes ff rides Petar 
=P tL lel 


eleeetiere 


=-(o-ur+ [2-3] tet Pal+3- F421 


x 
a3-5+e. 
2 2 
Example 19. Prove that : [ f(z) ds = ["fl2a—2) dz. 
te 
Solution, Let I= ffx) de 
Put = @a-2)=2 = -de=dz = de=-de 


When x=0 = z=2%-0 = za% 
and whenx=2a = z=2a-2a = z=0 


Us Ppaa-2-de)=— f° ftta—2) de 


= [nea-2de 


= I= [ire -x)dz, 


| . 


Example 20, Evaluate: {" —* "de. 
we 


re ed 


erie) 


[: firmac-- fr ds] 
[: f fara fy ds] 


wD) 


[: [reoae= [re- nds] 


22) Ee 


cos (n - x) =~ cos x) 
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Area of Bounded Regions Using 
Definite Integrals 


We know the methods of evaluating definite integrals. In this chapter we shall develop 
the idea of calculating area of the bounded regions by using definite integral. The first step in 
finding the areas of bounded regions is to identify the region whose area is to be determined. 
For this, we shall require to draw rough sketch of the given function. The process of drawing 
rough sketch of a given function is called curve sketching. So, we first discuss drawing of rough 
sketch and symmetry of common curves. 


9.2 STEPS TO DRAW A ROUGH SKETCH 


Step L Symmetry : The following rules are applied to ascertain whether the given 
curve is symmetrical about any line or not. 

() Symmetry about x-axis : If the equation of the curve remains unaltered when y is 
changed to — y, then the curve is symmetrical about x-axis. 
eg., The curve of y? = dax is symmetrical about x-axis. 

(i) Symmetry about y-axis : If the equation of the curve remains unaltered when x is 
changed to — x, then the curve is symmetrical about y-axis. 
eg., x4— x! + By = 0 is symmetrical about y-axis. 

i) in opposite quadrants : If the equation of the curve remains unal- 
tered when both x and y are changed to-x and —y respectively, then the curve is symmetrical 
in opposite quadrants. 
eg., the curve y = sin x is symmetrical in opposite quadrants. 

(iv) Symmetry about the line y = x : If the equation of the curve remains unaltered 
when both x and y are changed toy and x respectively, then the curve is symmetrical about the 
line y= x. 
eg., the curve x* + y? = 8axy is symmetrical about y = x. 

Step II. Origin : Find whether the curve is passing through the origin or not. 

Step III. Axes intersection : The points where the curve intersects the axes are found 
out by putting x = 0 andy = 0 in turn, in the equation of the curve. 

Step IV. Monotonicity : The regions where the function is strictly increasing or strictly 
decreasing are found out by studying the sign of the derivative. 

Step V. Extreme values : The extreme points are the turning points of the curve. 
‘These points are very useful for curve sketching. 

Step VI. Some additional points : Finally, some points are also found out on the 
curve. The graph of the function is drawn by free hand. 
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9.3 ROUGH SKETCHES OF SOME COMMON CURVES : L.e., (STRAIGHT LINE, 
CIRCLE, PARABOLA, ELLIPSE) 


In the problems of finding areas of bounded regions, a circle or a parabola, or an ellipse 
or a straight line may be involved. 
Let us discuss some of the basic characteristics of these curves. 


9.3.1 L Straight Line : Every first degree equa- ¥ 
tion ax + by +c = 0 inx and y represents a straight line 
and every inequation of the formax + by 2c orax + by Se 
represonts the region on either side of the lineax + by =c. 
‘The rough sketch ofa straight line is as shown in 
the Fig. (9.1). B(0.b) 
9.8.2 IL. Cirele :(i) The equation of an circle hav- 
ing centre at the origin é., (0, 0) and radius r is given 


by: > 
Sayer 
(ii) The equation of a circle having centre at (h, k) Mao) 2 
and radius r is given by : r) 7 
-hP+y-kP =P eer 
(iii) The general equation of a circle is given by : a 
xity+2er+2fp+e=0. 


‘This represents the circle whose centre is at (~ g, ~ f) and radius equal to /g? +f? -c. 
‘Note. (i) The circle represented by x* + y? = ris symmetrical about both x-axis as well as y-m 
as it contains only even powers of x and y. 
(ii) The circle represented by (xh)? + (y - hk)? = ris symmetrical about the lines 
xeh and yok 
‘The rough sketch of the cirele in the standard form and in the central form refer to Fig, 9.2 (a) 
and 9.2 (6) respectively. 


sy Y 
Pe 
Posy al 
enn 
fom * 
k 
[| __,x 
—— 
Cry 


(a) () 
Fig. 92 
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9.88 IIL Parabola : There are four standard forms of parabola with vertex at the 
origin and axis along either of co-ordinate axis. 
1. Right Handed Parabola : The equa- y 
tion of this type of parabola is of the form 
y= 4ax;a>0. 
For this Parabola : 


(iv) Latus rectum : 4a 
(v) Axis :y =0 
(vi) Symmetry :Itis symmetric about x-axis. 


2. Left Handed Parabola : The equation 
of this type of parabola is of the form 
Ya-daxja>0. 


For this Parabola : 


8. Upward Parabola : The equation of this type of 
parabola is of the form ° 
Focus 
$8i0a) 
(iv) Latus rectum : 4a x. x 
(v) Axis :x=0 Vern JA (0.0) 
(vi) Symmetry : It is symmetric about y-axis. —_— 
ty 


Fig. 9.3 (c) 
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4, Downward Parabola : The equation of this 
type of parabola is of the from x? = — day ; 0 > 0. 
For this parabola : 


(iv) Latus rectum : 4a 
(v) Axis: 220 

(vi) Symmetry : It is symmetric about y-axis. 
9.3.4 IV. Ellipse : There are two standard forms 


of ellipse : 
1, Foci on x-axis : The equation of this type of Fig. 93 (d) 


ellipse is of the form 


For this ellipse : 
(i) Centre : (0, 0) 
(ii) Vertices : (a, 0) 
(iii) Foci : (ae, 0) 
(iv) Directrices : 
(v) Major axis : 2a 
(vi) Minor axis : 2 
(vii) Equation of major axis : y = 0 
(iii) Equation of minor axis :x = 0 
2B? Fig. 94 (0) 
(ix) Latus rectum = “e 
(x) Symmetry : It is symmetric about both axis. 
2, Foci on y-axis : The equation of this type of ellipse is of the form : 


2 yt 
ate =1a>b>0. 
For this ellipse : 
i Centre : (0, 0) 
(ii) Vertices : (0, +a) 
(iii) Foci : (0, +0) 
(iv) Direetrices : y = + : 
(v) Major axis = 2a 
(vi) Minor axis = 25 
(vii) Equation of major axi 
(viii) Equation of minor axis 
2B? 
(ix) Latus rectum = a 
(x) Symmetry : It is symmetric about both the axis. Fig. 9.4 (6) 
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‘The area bounded by the curve AB, the ordinates A and B, and the x-axis is often called 
‘the area under the curve AB’. 


9.5 IMPORTANT REMARKS 


1. The area under the curve y = fix), above x-axis between the ordinates x = a and x = b 
is given by 


(a) ) 


Fig. 9.6 
2. The area bounded by the curve y = fix), below x-axis between the ordinates x = a and 
x= is given by 


[[-ver=-f[var=- Pras. 
8. The area bounded by the curve x = fly), y-axis between the abscissae y = a and y = b is 


given by 
flav = [irordy. 


%, 


+x Xe 


©) @ 
Fig. 9.6 
4, The area bounded by the curve x = fly), y-axis between abscissae y = a and y = b is 


given by 
£ -xdy =~ [rover 


656 

6.Iffix)20forasx<e and fix)<Ofor 
¢ sx $8, then the area bounded by the curve 
y= fis), x-axis and the ordinates x =a and x = 
is given by 

[[irevaes fi - pres 


f(x) de. 


= [reas 


Fig. 96 (¢) 


Note. The rough sketch is drawn to see whether the region is above x-axis or is below x-axis or is 
partly above and partly below the x-axis. If it is difficult to draw the sketch of a function or is not 
specifically asked in the question, then we can avoid drawing the sketch and observe the sign of the 
function on the interval under consideration. 


SOME SOLVED EXAMPLES 
Example 1. Find the area bounded by the curve y = cos x, x-axis and the ordinates x = 0 
and x = 2x. 
Solution. The equation of the given curve is y 
y= 00s x. 4 
Now cos x> 0 when x¢ (0,2) 1 
coescownmse(S.28) opel 
272 2 2 
a 
coes> 0 whens (2,25) 
=> fix) changes sign in the given interval. vv 
‘Table of values of y corresponding to values of x from 0 to 2 is given by 
i o w2 © 3w2 on 
sll 
y 1 0 -1 o 1 
By joining these points with a free hand we obtain a rough sketch of the curve as shown 


in the figure. 
Required area = Area of shaded region. 


= fivtds = Piytder PM ytdes PP rylds 


= [cos z des fe” —cosxae+ [cos xa 
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a aoe ios 


= [xin -sin0] [sin 9 ~ sin ¥] in 29m 


=(1-0)-(@1-1)+[0-( DJ=14241 
= 4 3q. units. 
Example 2. Find the area bounded by the 
curve y = sin x between x = 0 and x = 2x. 
Solution. The equation of the given curve is 
yesinx. 
Now sin x20, for OSxsx 
and sin x $0, for nSx< 2x. 


‘Thus the curve will lie above the x-axis for 
Osx $x and below the x-axis for x<x $2n. 


‘Table of values of y corresponding to values of x from 0 to 2r is given by 


x 0 we x avz | 2x 


7 
| 
y 0 1 of = ° 


By joining these points with a free hand we obtain a rough sketch of the curve as shown 
in the figure. 
«+ Required area = Area of shaded region. 


Mi ylde = [‘iytdrs [lyl.de 
= Pistdee figtaes fist 


= [fy.de+ wy.de = f'sinde~ f"sinx de 


x[- soe] [ree] to x-con +e 2x 


=-[-1-1)+[1-(- Dl =-(-2)422242 


= 4 sq. units. 
Example 3. Draw a,ough sketch ofy = sin 2 ‘ 
and determine the area enclosed by the curve, 
s-azis and the lines x= 5 and x= * ai 


Solution. The equation of the given curve is, 
y=sin Qe. 


Since psts = Zsars 


658 INTEGRAL CALCULUS MADE EASY 


Table of values of y corresponding to values of x from Ft given by 


* uA wa | Guia | n2 | tai2 | 2nd | and 
y 1 os7 | 05 0 -o5 | -o87 | -1 


By joining these points with a free hand we obtain a rough sketch of the curve as shown 
in the figure. 
2: Required area = Area of shaded region. 


“Line-E Miyldes [yar 


Example 4. Make a rough sketch of the function y = cos 3x, 0 <x 7 and determine the 
area enclosed between the curve and the co-ordinate axis. 
Solution. The equation of the given curve is 


y = cos Br. 1 
Since Osest 

os 
= Osars? 
= cos 320. 


The curvey =cos Sr, 05x55 lies above the x-axis. 


Table of values of y corresponding to values of x from 0 to 7 is given by 


x wig | wiz eo) 6 
y 087 | 0.71 05 0 


By joining these points with a free hand we obtain a rough sketch of the curve as shown 

in the figure. 

:. Required area = Area between curve and the co-ordinate axis. ic., the area of the 
shaded region. 
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By joining these points with a free hand, we obtain a rough sketch of the curve as shown 
in the figure. 
Required area = Area of the shaded region 


= fxa-f (2y-y*)dy 


Example 12. Find the area bounded by the curve y = x, x-axis and the ordinates x = ~ 1, 
zed 

Solution. The equation of the given curve is 

yex 

‘The graph ofy =x is a straight line passing through 
the origin and making an angle 45° with the x-axis. 

‘The function y =x is negative on [— 1, 0] and posi- 
tive on {0, 21. 

Required area = Area of the shaded region 
= Area OCD + Area OAB 


= Piytder fF iyiae 
=f -yde+[iy.de=- Prac [xae 


Example 13. Make a rough shetch ofthe function y = sin 2x, 0x" and determine the 


area enclosed between the curve and the co-ordinate axis. 
Solution. The equation of the given curve is 
y= sin 2e 


Sine Osx<* = O<2e< 5 


y= sin 2x 2 0 when x increases from 0 to ©. 
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vt dy wa] #2 2[ aa] 
=8f' x? das! a -82[e | 
2 
= 18 1ap2—o1= Fis—o1= 4 og. units 
Example 17. Draw a rough sketch of the curve y = cos? x in [o. 3] and find the area 


enclosed by the curve, x-axis and the ordinates x = 0, x = = 
Solution. The equation of the given curve is 


yrcotz. vael 


Now = cos? x 20, when x increases from 0 to 7. 


‘Table of values of y corresponding to the values of x from 
Oto : is given by 


z ® z 
G 4 3 2 


y 1 | of os | 025 ° 
By joining these points with a free hand, we obtain a rough sketch of the curve as shown 

in the figure. 

Required area = Area of shaded region 


22 “ay 
=f y.de= [" cos? x dx 


1p? og 
= 5 ff + eos? 20) ae 1408 2A «oot 4 


2 
yx 
=3[(F+9)-+9) 
7 its. 
=F sa. units. 


Example 18. Make a rough sketch of the function y = 4 ~x*, 0 <x <2 and determine the 
area enclosed between the curve and x = 0, x = 2 and x-axis. 


Solution. The given equation of the curve is 
ya4-2 
‘The value of y is positive, as x increases from 0 to 2. 


1+ 008 2A = 2 cos? ‘| 
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Solution. The given equation of the curve is 
ys9-2 
‘The value of y = 9 - x? is positive, when x increases from 0 to 3. 
‘Table of values of y corresponding to the values of x from 0 to 3 is given by 


0 1 2 


y 9 8 5 


2 


By joining these points with a free hand, we obtain 
a rough sketch of the curve as shown in the figure. 
Required area = Area of shaded region 


= Brace f (9-23)dx 


-[po-2|-0-0] 


= 186g. units. 
Example 23. Find the area bounded by the curve xy = 4, the x-axis and the lines x = 1, 


Solution. The given equation of the curve is 


ua wave! 
; 


‘As x increases from 1 to 3, the value of y = + decreases from ‘ =40f. 
x 


‘The function y = “ is postive on (1,3). 


Required area= f'y.de=f’ ae 4 ff Par 


2 
= {lee = 4flog |3|~log| 11) 
h 


= 4 log 3 sq. units. 


Example 24. Draw a rough sketch of the curve y = cos® x in (0, x] and find the area 
enclosed by the curve, the lines x = 0, x = Rand the x-axis. 


Solution. The given equation of the curve is 
y= cos? x. 
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‘Table of values of y corresponding to the values of x from 0 to x is given by 


3 ® | an 
* * 4 2 | 4 7 
y 1 05 o | os [4 
By joining these points with a free hand, we ob- Y 


tain a rough sketch of the curve as shown in the figure. 
Required area = Area of shaded region 


= [iy.de= [ cos? xd 


‘iS, 


1 
} gins 0-01 


Example 25. Find the area in first quadrant bounded by the parabola y = 4x° and the 


lines x =0,y = Land y = 4. bd 
Solution. The equation of the given curve is : 
ide ata ep - 


‘The given equation of the curve represents a parabola 
with vertex at the origin and axis is y-axis. 

Itis symmetrical about y-axis as it contains only the 
even powers of x. 


y= Land y = 4 are the horizontal lines parallel to x. 


x 
‘at a distance of 1 unit and 4 units from it respec- lo 
* 
z+ Required area = Area of shaded region 
= Area ABCD 
y 1 
= fiixtay aed BI 


“ff }oe-hfre 
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Table of values of y corresponding to the values of x from 0 to ~ is given by 


3 
= = z 
£ . 6 4 | 3 
Y ° 08 1 | 08 
By joining these points with a free hand, we obtain a rough sketch of the given curve as 
shown in the figure. 
‘ Required area = A, = Area of shaded region 


= [fy.de= [sin 22 de 


Example 27. Sketch a rough graph of y = 4./x—1, 1 <x <3 and evaluate the area 
between the curve, x-axis and the line x = 3. 
Solution. The equation of the given curve is YY 
ys4Jz-1, 
Table of values of y corresponding to the values of x 
from 1 to 3 is given by 


x 1 2 


y o 4 


By joining these points with a free hand, we obtain a 
rough sketch of the given curve as shown in the figure. 


. Required area = Area of the shaded region 


= fiy.de=f'4fetae 


= py? 
=4 fie DY? de 


> 
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T a] 8 a—yt-a-1) 
gt? A n 
= Sia j= 88 59. units, 


actin tn ee crak amc gus nace joe's tbs iad aasSlenc 
area of the region enclosed by the curve, x-axis and the lines x = 0, x = 4. 
Solution. The given equation of the curve is 
yeveel 
‘Table of the values of y corresponding to the values of x from 0 to 4 is given by 


7D»)? ]* )* 74 


Pen ee 2 2a | 2a 3 


By joining these points with a free hand, we ob- 
tain a rough sketch of the given curve as shown in the 
figure. 


‘Required area = Area of the shaded region 
= Area OABC 


= [[y.ar= foe +pae 


“ 


por dmal- aces 
[Gu +4} oval] [Rees 0 34 


16 +12 
az. 

Example 29. Draw a rough sketch of the curve 
y= (5574 and find thearea under the curve, above x-azis 
and between the lines x = 0 and x = 4. 

Solution. The equation of the given curve is 

ys fBx+4. 

‘The value of y is positive, when x increases from 

Oto4. 


8q. units. 
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‘Table of values of y corresponding to the values of x from 0 to 4 is given by 


Fy oy 2 2 3 4 


es 


By joining these points with a free hand, we obtain a rough sketch of the given curve as 
shown in the figure. 
s. Required area = Area of the shaded region 
= Area OABC 


=['y.de=[ /8x+4 de = [ (3x+4)"? de 
[raf t 


a 


4, 

2 

2 ftr+4) 22 jfeesa] 
3.(3+1) “33 

20) ho 


= 2 [(3(4) + 49? - (3(0) + 4°) 

= 5 (a6? 494) = 2 (64-8) = 2 x56 
9 9 

= op 84: units. 


Example 30. Draw a rough sketch of the function y = 21- x" , x € [0, 1 and evaluate 
the area enclosed between the curve and the x-axis. 
Solution. The given equation of the curve is : ry 


y=2Vi-7. 
Asx. (0, 1), therefore, value of y is non-negative. 
Table of values of y corresponding to the values of x from 0 
to 1 is given by 


x 0 0.25 05 0.75 1 


y 2 19 17 13. o 
By joining these points with a free hand, we obtain a rough sketch of the given curve as 
shown in the figure. 
:. Required area = Area of shaded region 
1 1 
= fiy-dee [2 foe de 


=2f (ay? - x? de 


Example 31. Find the area bounded by the curve y* = 4a*(x - 3) and the lines x= 3, y = 4a. 
Solution. The given equation of the curve is 
y? = 4a%(x- 3), 
‘This equation represents a parabola with ver- 
tex at (3, 0) and axis along x-axis. 
Its latus rectum is 4a®. 
x= 3 isa line parallel to y-axis at a distance 
of 3 units from it and y = 4a is a line parallel to 
x-axis at a distance of 4a units from it. 
Required area = Area of shaded region. 
= Area ACD 
= (Area OACDE) 
— (Area OADE) 


= [ceot parabola) dy - [cx of tine AD) dy 
-[(Bo-foe 
-(g-of fT -[{se5 240} woo -m40-01 


64a" 
= Se" 5 120-0- 120 
1a? 


16a a 
=> 80. units. 
Example 32. Find the area lying above the x-axis and under the parabola y = 4x — x2. 
Solution. The equation of the given curve is 
yedeoe oD 


Now, to find the limits of integration, we have to find the points of intersection of the 
curve with the x-axis. 


Put y = 0 in equation (1), we get 
Oa4r-x? = x -4r=0 
= xx-4)=0 = 20x24. 
The curve meets the x-axis in 0(0, 0) and A(4, 0). 
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Table of the values of y corresponding to the values of x from 0 to 4 is given by 


x o ‘3 2 3 4 
y 0 3 ry 3 ° 
By joining these points, with a free hand, we ob- Y 
tain a rough sketch of the given curve as shown in the t 
figure. 


«Required area = Area of shaded region 
= Area OAB 


Example 33. Sketch the graph of y = | x +1 |. Evaluate fiietnas. What does the 


value of this integral represent on the graph. 
Solution. We have y = | x+11 


(x+D; ifx+1<0] 
(x+D; ifx+120 


lx+ll =f 
Cx-0; ifx<-1] 

(+0; ifx2-1 
‘Table of values of y corresponding to the values of x is given by : 
Forx<-1 Forx2-1 


= ye 


By joining these points with a free hand, we 
obtain a rough sketch of the given curve as shown 
in the figure. 
:. Required area = Area of shaded region 

= (Area ABD) + (Area ACE) 
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= Perrdes we sds 
; , 


‘Example 35. Find the area bounded by the parabola x = 4 ~? and the y-axis. 
Solution. The equation of the given curve is 
x=4-y? 

= yed-z = y=-G-4) 

‘This equation represents a left handed parabola 
with vertex at (4, 0). 

‘Now, to find the limit of integration, let us find 
out the intersection of the curve with the y-axis. 

Put x = 0 in equation (1), we get 
On4-y? = yiad = yas? 

+ The curve meets the y-axis at (0, ~ 2) and 
(0,2). 
‘The rough sketch of the curve is as shown in the 


figure. 
y=+2andy =~2 are the lines parallel to x-axis. 
+. Required area = Area of shaded region 


= flletdy=fla-yoay 


-[o- 9], -[bo-F} 2-24] 


o-SC"3] 
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8 8 16_ 48-16 
=e 248-8- 16-18 
8 37° 3 3 
32 nite 
= ag. unite, 


Example 36. Compare the areas under the curves y = cos? x and y = sin? x between x= 0 
andx =n 


Solution. As x increases from 0 to x, the functions cos* x and sin? x are both positive. 
=> The curves y = sin? x and y = cos? x lie above the x-axis, 
:. Area under the curve y = sin® x 


~ Avs [fy.de= [sintxds 


-[C-ge)etf 


1 x , 
= 3 ix-0)- 0-0] = 5 59. units. 


‘The area under the curve y = cos? x 


[fx i 


1 x P 
= 7 lx+0)-0+ = 5 54. units. 


Kx 
AAs ge = del 

= ASA, 

. Area under the two given curves are equal. 


Example 37. Find the area bounded by the curve x = at*, y = 2at between the ordinates 
corresponding to t = I and t = 2. 


Solution. The given equations of the curve are 
xeat® 


y 
= 2at te? 
y = taz- 


2 2 
~ ee we xed 

4a’ 40 
= yt dar AD) 


when t=1, x=af = x=a(l? = x=a 
when t=2, x=at?=a(2)?=4a 

Clearly, the parabola is symmetrical about the 
a-axis. 

‘The rough sketch of this parabola is as shown 
in the figure. 

<. Required area = Area of the shaded region. 

= Area ABCD = 2 x Area ADEF 


=a? cal = 22 (4a?*-o)= Ye tggat_ gi 


3 
2 
= ta = 850 og. units 
Example 38. Find the area under the ellipse : 
Solution. The equation of the given curve is “a 
: 
= if 
at x 
‘The ellipse is symmetrical about both the axes as \ 
all powers of x and y both are even in the given equation ~ 


of curve. 


‘The rough sketch of the curve is as shown in the 
figure. 
2 Required area = 4 x area of the ellipse in first quadrant. 
= 4x area OAB 


=4 Sve oD) 
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‘The given equation of the curve is 


2 2 
ey’ 
tit} 

2 gt 

ye 
= Buss 

a? 
= 

= 


Putting this value of y in equation (1), we have 
Required area = 42 [* fo? de 
@ 


Put x=asin® = dr=acos@d0 
Whenx=0 => O=asin@ = sin 


0 = 6=0. 


andwhenx=a = a=asin@ = sin@=1 => o=5. 


We have 

Required area = Bre ein? cos 0d8 
= 4 [2 aaTe .cosodo 
=4ab [cos 0.0088 d8 
=4ab [”"cos? ode 


2/14 cos 20 


=4ab 


= 2ab 


=2ab 


= 2ab (§+0)-0+0} 


= Rab sq. units. 


[+ y 20 im region OAB) 


[+ sin? A + cos? A = 1) 
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Example 42. Find the area of the region bounded by the elliy 


6s 
Solution. The equation of the given curve is y 
care ay s 
6 9 
As the equation contains only even powersofxand —_ (~4.0// (4.0) 
ys 80 the ellipse is symmetrical about both the axis. xe “x 
Also the curve is symmetrical in opposite quad- \ 
rants as the given equation remains unchanged when x 
and y are replaced by ~ x and ~ y. Bom 
2 2 2 2 vy 
Be oy a Deis 
16" 9 9 16 
wes 3 fie-s* 
= ye qg 6-2) = yas GVI6-2 


‘Table of values of y corresponding to the values of x satisfying the given equation is 
given by 


2 a3 


x ° 4 
yx +3 0 0 +25 £25 
By joining these points with a free hand, we obtain a rough sketch of the curve as shown 
in the figure. 
Required area = 4 x (Area of ellipse in the first quadrant.) 


=4>x(Area OAC) =4 ['y.de y20) 


a4 [3 Vie- dr 23 [16-2 as =3 f' far-= ads 


= 34x) = 12n sq. units. 
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9.6 AREA BETWEEN TWO CURVES 


Let y= fix) and y = g(x) be two functions such that 0 < g(x) < fix) fora sx <b. 
i.e., both the curves lie above the x-axis and the curve y = fix) lies above the curve 
y= g(a). 
‘The area between y = fix) and y = g(x) for a $x $b is as shown in the figure. 


= Area ABDC = Area ABFE - Area CDFE 
= (Area bounded by y = fix), x-axis and the ordinates x = a, x= b) 
~ (Area bounded by y = g(x), x-axis and the ordinates x = a,x = 5). 


= fred fiacrde = [lire ato.ae 
Area between y = fix) and y = giz),a Sx <b. 


i —— — Newer curve) dx 
Remark. Sometimes, area bounded between two curves is asked. In such cases, to find the 
ordinates a and 6 ie., the limits of integration, we find the points of intersection of the two cu 


SOME SOLVED EXAMPLES 


Example 1. Using integration, find the area of the region bounded by the curves 
yexr+2,yex,x=0andx=3. ¥ 
Solution. The given equation of curves are 
yest+2 
yer 
x=0 
x23 
Now, from equation (1), we have 
xtay-2 
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Table of values of y corresponding to the values of x is given by 


By joining these points, we obtain a rough sketch of the given curves as shown in the 
figure. 


From equation (1), 

= 

= 

=> (x-2hx4+1)=0 = x=2,x=-1 
2 

Forx =2, ye ha 
464 
Gw_i 

Forx=-1, ye p7G 


The points of intersection of the given parabola and the line are (2, 1) and ( i: 


Required area = Area of shaded region 
= Area OABC 


= J reper cure ~ Sewer care) = 


From (1): y= 
(x+2-x?)de 5 
) From (2): y= #25 
4 
@r|_ fev cv 
+2(2)- | 2 +2-)- ry 


silgcdy-e deed bd 
f-Sdesle-s sealed 


= 2 aq. units 
= g 80 units. 
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| ‘Table of values of y corresponding to the values of x satisfying equation (2) is given by 


| * ry 05 1 


y ° 1 2 


By joining these points, we obtain a rough sketch of the given equation of curves as 
shown in the figure. 
To find the points of intersection of equations (1) and (2). 
Let us solve the given equations : 
yrede and y=2r 


= yiedr > Ate de 

= dee 1)20 = x20,x=1 
Forx=0, y?=40) => y=0 
Forx=1, yes => yd 


‘The point of intersection of two given curves are (0, 0) and (1, 2). 
Required area = Area of the shaded region = Area ABC 


= [reper ca ~ Newer cae) 


© s fave-ands=2 fe"? nds 
if f 


2 
Example 5. Find the area of the region included between the parabola y = = and the 

line 3x ~ 2y + 12 = 0. : 

Solution. The given equations of the curve are 
2 
ye a) 
Sx -2y +1220 wal) 
2 

‘Equation (1) y = a = xs 2 represents an upward parabola with vertex at the 


origin (0, 0) and symmetrical about y-axis as it contains only even powers of x. 


Equation (2) represents a straight line passing through the points (— 2, 3) and 
(4, 12). 
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298 orto nt 


Example 6. Find the area of the region enclosed by the parabola y* = 4ax and the chord 
yumx. 
Solution. The given equations of the curves are 
yiedax oD) 
yam ool) 
Equation (1) represents the right handed parabola with vertex at the origin (0, 0) and 
symmetric to x-axis as it contains only even powers of y. 
y= mex represents a straight line passing through the origin and having the slope m, 
To find the points of intersection of the parabola and the straight line we solve the 
‘equations (1) and (2). 


From (1) and (2), we have 
y= dor 


= (mx)? =4ax => mx? = dax 
= mix2—dax =0 => x(méx—4a)=0 
> x=0, r= 49 
mm 
Forx=0,  y=m(0)=0 
4a)_ 4a 
Forx= 4%, y=m(4)-4 


‘The points of intersection of the given curve and chord are (0, 0) and ( 


de te) 
an M2), 


‘The rough sketch of the curves are as shown in the figure. 
Required area = Area of the shaded region 


= ("Cerner are Yow curve) Ee 
= iar meas 


elm? 
x8? mx? 
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peste 


=5 Soa. units. 
Example 8. Find the area of the region included between the parabola y* = x and the 
straight line x+y = 
Solution. The given equations of the curve are 
yer oo) 
x+y=2 wl) 
Equation (1)y? =x, represents a parabola with vertex at the origin (0, 0) and is symmet- 
ric about x-axis as it contains only even powers of y. 
Equation (2) represents a straight line passing 
through the points (1, 1) and (4, - 2). 
‘Now, to find the points of intersection of the two 
curves, let us solve equations (1) and (2) simultane- 
ously. 


From(1), y?=x 
= yty=2 = y4y-2=0 
=> y+2y-y-220 = (y+ 2Ky-D=0 


The points of intersection of the two curves are (1, 1) and (4, — 2). 
The rough sketch of these curves is as shown in the figure. 
Required area = Area of the shaded region 
= Area OABO 


: 
5 


. 2; . 2) 
= [fte-»-y"hdy = ['te-y- yay 
2 yt of 2 pe 2 3 
YY _S foc ®_ | _ Joy 9) 2% _ 20 
-[>»- e- |p 7-3 } {a 9-5 i 


o-$-3)-C-e9]-282) Cort) edoet 


_ 7+36-16 _27_9 

6 6 2 

Example 9. Find the area of the region bounded by the parabola y* = 16x and the line 
x4, 


Solution. The given equations of the curves are 
y= 16x 
x24 


‘sq. units. 


AREA OF BOUNDED REGIONS USING DEFINITE INTEGRALS 67 


Now, to find the point of intersection of the two 
curves, let us solve the equations (1) and (2) simultane- 
ously. 


2 
From (2), 3. y= = 
4a 


Putting this value of y in (1), we get 


‘The points of intersection of two curves are (0, 0) and (4a, 4a). 
Required area = Area of the shaded region 

= Area OPAQO 

= Area OQAB ~ Area OPAB 


a 
Z [ae 


olf] -2f] se tfet ll 


ide = 2a [Vede-Z [sta 


2 

ava 1 

= SF laa? - 01 - 5 4a? - 01 
AYa 532 1 g4q3_ 320° _ 160" 
Cries. hair] 3 
2 

a 49, unite, 


Example 11. Find the area of the region bounded by the parabola y= x* and the line y = x. 
Solution. The given equations of the curve are : 
yest A) 
yer wf) 
Equation (1) represents a parabola with vertex at the origin (0, 0) and symmetric about 
y-axis as it contains only even powers of x. 
Equation (2) represents a straight line passing through the origin. 
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‘Table of values of x and y satisfying equation (1) is given by 


x 0 1 -1 2 -2 

x o 1 1 4 4 
‘Table of values of x and y satisfying equation (2) is given by 

* ° 1 2 | 3 

Ed 0 1 2 3 


By joining these points, we obtain a rough sketch of the given curves as shown in the 


Now, to find the points of intersection of the given curves, let us solve equations (1) and 
(2) simultaneously. 

From(1) y=2? 

= xe te yes) 

=> oxr=0 = xx-1)=0 

= x=0,x=1 

Forx=0, y=0 

Forx=1, y=1 

:. ‘The points of intersection of the given curves are (0, 0) and (1, 1). 

«Required area = Area of the shaded region 

= Area OABO — Area OABCO 


a 


= |(@*_@*)_o] 22-2 
2° 3 23 
= 922 = og. units 
Example 12. Find the area of the region bounded by the parabola y = x* and lines 
yalel 
Solution. The given equations of the curves are 
yest me) 
yelxl (2) 
Equation (1), represents a parabola with vertex at the origin (0, 0) and symmetric to 
y-axis as it contains only even powers of x. 
Equation (2),y = |x | ie., y =x andy =—x represents two straight lines passing through 
the origin and making an angle of 45° and 135° with the positive direction of z-axis. 
‘The rough sketch of these curves are as shown in the figure. 
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-. Required area = Area of the shaded region 
= 2(Area OMANO) 
[+ Both the curves are symmetrical 
about y-axis} 
= 2{Area ONAP — Area OMAP] 
1 
=2 [upper care ~ Yower cue): d= 


1 
3 


=2 fle-ede ea 5-2] 


= de) 


Example 13. Find the area of the region bounded by the parabola y* = dax and the line 


rea. 
Solution. The given equations of the curves are 
y= dax 
x= 
Equation (1) represents a parabola with vertex at 
the origin (0, 0) and symmetric about x-axis as it con- 
tains only even powers of y. 
Equations (2), x =a represents a straight line par- 
allel to y-axis at a distance a units from it. 
Now, to find the points of intersection of these 
curves put x = a in equation (1), we have 


y= 4ax 
= = dala) = 4a? 
> yale 
Forx =a, ye2a 
Forx=a, y=-2a 


"The points of intersection of these curves are (a, 2a) and (a, ~ 2a). 
‘The rough sketch of these curves are as shown in the figure. 
Required area = Area of the shaded region 
= Area OBC = 2(Area OAB) 


#2 ['y.dx = ['Vaas dx=2.2Va [Je de t 
nal 13 


sva 


= 32 fatto} = 3 oP. units. 


sa) 
onl) 


y= Va4ax] 
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Bapmple 14 Find the area ofthe bounded region bounded by the two paraboes y = = 
and x=, 
Solution. The given equations of the curves are 
yest 
rey? 
Equation (1) y = x? represents a parabola with vertex at the origin (0, 0) and symmetric 
about y-axis as it contains only even powers of x. 
Equation (2) x = y? represents a parabola with vertex at the origin (0, 0) and symmetric 
about x-axis as it contains only even powers of y. 
The rough sketch of these curves are as shown 
in the figure. 
Now, to find the points of intersection of the 
two curves, let us solve equations (1) and (2). 
From(2): x=y? 


= yest 
yeO7=ay 

= y-y=0 = yh3-1)=0 
y=0,y=1 
x=(0F=0 

Fory=1, xe(P=1 


‘The points of intersection of the two curves are (0, 0) and (1, 1). 
Required area = Area OCBDO = Area of the shaded region 
= Area OABD ~ Area OABC 


= ff Ceepecane “Poe cane)- de 


= Lz- ae 


Example 15. Find the area of the region bounded by the parabola y* = 2x + 1 and the 
line x-y-1=0. 
Solution. The given equations of the curves are 


yade+l 
1 
~ yna(«+3) wf) 
x-y-120 (2) 


Equation (1) represents a parabola with vertex at (3.9) and symmetrical about 
x-axis as it contains only even powers of y. 
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Clearly, equation (2)x—y—1 = 0 represents a straight line. 
‘Table of values of x and y satisfying equation (1) is given by 


x 0 1 [4 


y #1 213 | 8 


Table of values of x and y satisfying equation (2) is given by 


By joining these points, we obtain a rough 

sketch of the curves as shown in the figure. 
Now, to find the points of intersection of the 

two curves, let us solve equations (1) and (2). 
From(1) y?=2e+1 


ty x-y-1=0 
= (eo DeQeed lz = 


> tae 1a deed 
= 
> xr-4)=0 3 xe0,x=4, 
Forx=0, 
Forx=4, 
<The points of intersection of the two curves 
are (0, ~ 1) and (4, 3). 
:. Required area = Area of the shaded region 
= Area ABCD 
= Area AOCD + Area ABECOA ~ Area BEC 


{iS Fae forna- Te ‘Jas 
Lea 


: 
sparta) 49+ [tind dY~ fern dy 


“ae Po oe 
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=f [B-2] +a 3[r-3] 


-1f2-6 1f21-1]_2 10 

“| dua 3 ] a3 
aes 28 a, units 

Example 16. Find the area bounded by the curves y = x and y = 23. 

Solution. The given equations of the curves are 


Equation (1) y = x represents a straight line passing through the origin and making an 
angle of 45° with x-axis. 
To find the points of intersection of the two curves, let us solve equations (1) and (2) 
simultaneously. 
From (1) and (2), we have 
xox = S250 
=> xx?-1)=0 


Forx=0, 
Forz=- 
Forx=1, 
‘The points of intersection of the two curves are (0, 0), (— 1, - 1) and (1, 1). 
Graph of y = x* and y = x. 
Symmetry : The equations (1) and (2) remain unchanged on changing x to- x and 
yto-y. 
‘The curves (1) and (2) are symmetrical in opposite quadrants. 


‘The curves passes through the origin. 
Monotonicity: y=? 
= # asez0 
=> ® 20 = S'=0 = x20 
=> ® 50 = 32>0 for x0. 
©. The curve is strictly increasing for x # 0. 
Extreme values : 

dty 

ae 

a 

= Z| =8=0 
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2, 
= LY 6 20atz=0. 
dx 
0 gives a point of inflexion. 
‘Table of values of x and y satisfying equation (1) is given by 
x Ca ee 1 | -2 2 
y o | -1 1 | -s 8 


By joining these points we obtain a rough sketch of the curve as shown in the figure. 
Required aren = Area of the shaded region 
= Area BOQB + Area AOPA 


-f [3 = rear!) d+ [ [Otne ~ Year } 


= ficeeshaer fl e-2 ae 


Example 17. Draw a rough sketch of the curves y = sin x and y = cos x as x varies from 
© to % and find the area of the region enclosed by the curves and the y-axis, 
Solution. The given equations of the curves are 
yesins wf) 


yscox (2) 
Table of values of x and y satisfying equations (1) and (2) are given by 


D = ¥ z z 

= 6 4 2 
1 1 

yesins | 0 2705 yeron 1 
8B 1 

seosx | 1 8 -087 =o71 0 
aoe 2 a 
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Equation (2) represents a left handed parabola with vertex at (1, 0). 
Now, to find the points of intersection of two curves, let us solve equations (1) and (2) 
simultaneously. 
o x+l=-x+1 
> Q=0 = x20 
Forz=0, Y=0+1 = y?=1 = yar] 
<The points of intersection of two curves are (0, 1) and (0, ~ 1). 
‘The rough sketch of the two curves is as shown in the figure. 
By symmetry of parabolas : 
‘Area OAB = Area OAD and Area OBC = Area OCD. 
:. Required area = Area of shaded region 
= 2(Area OBC) + 2(Area OAB) 


22f) eride+2 [Farid 


alae [eso -22 alex al 


Bip pets pace fo-» 
4.4 8 . 
"3*3"3°t 
Example 21. Find the area of the region common to the two parabolas y = 2x? and 
Payne 
Solution. The given equations of the curves are 
yar? f) 
Bayt wn(2) 
Equation (1) represents a parabola opening upward with vertex at the origin (0, 0). 
Equation (2) also represents an upward parabola with vertex at (0, 4). 
‘Table of values of x and y satisfying equations (1) and (2) is given by 


yao 


yested 7 s | 5 8 8 


By joining these points with a free hand, we obtain a rough sketch of the curves as 
shown in the figure. 
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= ptetenn 
> y-1=3r-6 
= Br-y-5=0 
“> Equation of a line passing 
through two points (x,, 


(xq, Yq) is given by 
(y- yy) = 22x - 2y) 
ar 


Equation of line BC is given by 


_rty-T=0 (2) 


uu 
* 

p 
e 

+ 

v 
3 


(8) 
Required area = Area of the shaded region 

= Area of AABC 

= Area ABD + Area BDC 

= (Area APQB - Area APQD] + [Area BQRC ~ Area DQRC] 


= fone -yn0).de+ ff Ose —yxc)-de 
. fi[ie=-9-(224)faee ffir (224)] ae 
=} fee W-x-Dde+} fa1-ae-2- Dax 


=} flex 16.de+3 ['20-40.dr 


= 8 fe -2).de+ § fe-n.dr 


ef ed] 
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‘Equation of line AC is given by 
2-1 
OMe siete v 


= o-v= teen 
dy-4extl 
x-4y+5=0 
.. Required area = Area of the shaded region 
= Area of AABC 
= Area ABD + Area BDC 
= (Area APOB ~ Area APOD] + [Area BOQC ~ Area DOQC) 


= ff ran —sacdde+ f (rec - race 


fers) flo-n (2) 


at oes if Lae 
i fass+20 x-B)de+7 | (20-42—2-5)de 


> 
> 


1 1 
= 3 fiass + 1)de+ 4 Pas—sade 


mete el 


ab 


on(8) 


Example 28, Using integration, find the area of the triangle whose vertices are (2, 0), 


(4, 5) and (6, 3). 


Solution. Let A(2, 0), B(4, 5) and C(6, 3) be the vertices of a triangle. The rough sketch 


of the triangle is as shown in the figure. 
Equation of line AB is given by 


5-0, 
9-O= 756-2 


5 
zs y=Ge-2 
= 2y = 5x-10 


716 


q sal 2 
Zus-8)-@-o1+ Ff{ 


1 7/36 7,7(36- 
=fornet 3[¥-16] - 1(3- 


274 


= ‘i sq. units. 
Example 29. Using integration find the area of the region bounded by the following 
curves. 
yelsixel), 22-2, 253, y=0. 
Solution. The given equations of the curves are 
yeltixell Ad) 


es i pre | 


es 2? ll-Ge+p ; x+150 
et2; x>-1) 
° Y=) -x; xs-0) 


x=—2isa straight line parallel to y-axis at a distance of 2 units to the left side of y-axis. 
x= isa straight line parallel toy-axis at a distance of $ units to the right side of y-axis, 
Table of values of x and y satisfying equation y = x +2 ; x >— 1 is given by 


x 0 1 2 3 


y 2 3 4 5 


Table of values of x and y satisfying equation. y =— 


jxS- Lis given by 


By joining these points we obtain a rough v 
sketch of these curves is as shown in the figure. 
Required area 
= Area of the shaded region. y 
= Area ABCEF jas 
= Area ABCG + Area GCEF be 


-f¢ 
Lee 
EEF ol ae 


drt fernde 
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+ Required area = Area of the shaded region 
= Area ABCD 
= Area DAC + Area CAB 
= [Area DPAC ~ Area DPA] + (Area CAQB - Area AQB] 


: 2 
=f) be-d-alde+ f? (2-2)-(x- Wide 
va H 


= fi ex-ndes [3 @-20d 

[F-4 s{u-2} 

= [ora {3F-A PG) GF 2-9] 
beable 3)-*-4] 


Example 31. Find the area bounded by the curve y? = 4a¥(x~ 1) and the line x = I and 


y=da. 
Solution. The given equations of the curves are 
y= 4a%e-1) wf) 
= (y= 08 = 40% - 1) 
and x=l, y=4a 


Equation (1) represents a parabola with vertex at (1, 0) opening right hand side of 
x-axis, 

x= 1 isa straight line parallel to y-axis at a distance of 1 unit to the right side of it. 

y = 4a is a straight line parallel to the x-axis at a ¥ 
distance 4a units upwards to the x-axis. 

The rough sketch of the curves is as shown in the 
figure. 


. Required Area = Area of the shaded region 
= Area ABC 


= [Pe-vay 


- y? 24a? (x- 1) ¥ nastics 
¥ 

= 4-a-p 
4a* y 
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1 a 
- (4a)* -0]=—, 64a? 
aa 4a ~ 01 = 5 6a 


Example 92. Find the area of the region enclosed by the parabola x* = y and the line 
y=x+2and the xaxis. 
Solution. The given equations of the curves are 
wey ) 
yere2 (2) 
Equation (1) represents a parabola with vertex at the origin (0, 0) and symmetric along 
positive direction of y-axis. 
y =x +2 represents a straight line. 
Table of values of x and y satisfying equation (1) is given by 


x 0 1 1 


¥ 0 1 1 


Table of values of x and y satisfying equation 
(2)is given by 


x 0 =I 1 2 


y 2 1 3 4 


By joining these points with a free hand, we 
obtain a rough sketch of the two curves as shown in 
the figure. 

‘Now, to find the points of intersection of the 
let us solve equations (1) and (2) simul- 


From (1) and (2), we have 

ya2 
= x42ex? 
= -x-2=0 
=> x -2r4+x-220 
= x(x —2)+ x-2)20 
Lad (x-2)ix+D=0 
= 


xe-l, x=2 


‘The points of intersection of the two curves are (— 1, 1) and (2, 4). 
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ss Required area = Area of the shaded region 
= Area OABCO. 


2 
= [| erpecare ~ Yew come) 


a 2; 
= [te+a-slde 


(Ph P| fev cy 
-{[¢ +2022 os ber ee er 


fo)" 


= 9q, units. 


4 
2 
Example 33. Sketch the curves and identify the region bounded by the curves x = a 


x= 2, y = log x and y = 2*, Find the area of this region. 
Solution. The given equations of the curves are 


yam A) 
y logs (2) 
x=} AB) 
xe2 fd) 


Equation (1) is an exponential curve and equation (2) is a logarithmic curve, 
Since the inverse of an exponential function is a logarithmic function and vice-versa, 
Therefore, these two curves are on the opposite sides of the line y = x. 


‘Thus, the curves y = 2* and y = log x do not 
intersect. 
‘The rough sketch of these curves is as shown 
in the figure. 
Required Area 
= Area of the shaded region. 


2 
= Ja oem cave  Yower curve de 


2 
= fp 2% lo a).de 


=| slog etx 
log 2 ve 
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= log x-[ J izde=slogs-f L.de =(xlog x-2) 


4 1,1 1) _[4-v2,3 1 
= - - J tog 3-2} = +5-2log 2 = log 2 
[ics Blog 2+ 2-5 + 5 loa 5 i] [s 3728 me] 
4-2 3 5 , 
S ~3-Soga] aot 


Example 34. Find the area of the parabola x° = 2 ~y cut off by the line x+y = 0. 
Solution. The given equations of the curves are 
wad-y 
=> xt=-(y-2) () 
xty=0 


(2) 
Equation (1) represents a parabola opening downwards to y-axis with vertex at 
(0, 2) and meets the x-axis at x = + V2. 
Equation (2), x + y = 0 represents a straight line. 
Now, to find the points of intersection of two curves, let us solve equations (1) and (2). 
From (1) and (2), we have 
xt=2-y and y=-x 
a2-(-x) 
w-x-220 
xt 242-220 
x(x-2)+ Mx-2)=0 
(+ De-2)20 
x 
Forx=-1y=-(-1)=1 
Forx=2, y=-(2)=-2 
2+ The points of intersection of the two curves 
are (— 1, 1) and (2, - 2). 
‘The rough sketch of these curves are as shown 
in the figure. 
Required area = Area of the shaded region 


veuuuy 


2 
= [| Seepercaree ~ Yower are) de 
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Now, equation (1) i.e., x? + y? = 16 is symmetri- 
cal about both z-axis and y-axis as the equation con- 
tains only even powers of x and y. 

Equation (2) ie. x? = Gy is symmetrical about y- 
axis as it contains only even powers of x. 

z. Area bounded between the curves is sym- 
metrical about y-axis. x 

‘The rough sketch of the two curves is as shown 
in the figure. 

a Required aren = Ara ofthe shaded repon 


ne 5 ele ~ Youre) 


“fe feat FZ )es 

af? ae [:: Integrand is an even function] 
[xfer wae ey 

i er aT Bey | Bi 


- [ere a 
Fee 9).2g 4 


18 


an-! N3_ 24v3 
is 198 _ v3 
=2[ 25 ossn ae 
8 _ 12-8 18s 
348 +165 ~ 
B+ BSS 
=($ 38) 0 units 
33 Example 36. Find the area of the circle 4x* + 4y? = 9 which is interior to the parabola 
= 4s, 
Solution. The given equations of the parabola are : 
4x? + dy? =9 
» stayed a 
pode of) 


‘Equation (1) represents a circle with centre at the origin (0, 0) and radius equal to 3. 
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Equation (2), y® = 4x represents a parabola whose vertex is at the origin and symmetri- 
cal to x-axis as it contains only even powers of y. 
Now, to find the points of intersection of two curves, let us salve equations (1) and (2) 
simultaneously. 
From (1) and (2), we have 


Beye? and y?= 4x 


= Brten® 

= 4x? + 16e- 

= 4x24 18e-2x-9=0 

= 2H(2e +9) 1022+9)=0 

= (2x +9\2e~1)=0 

= 2x+9=0, 2e-1=0 
9 1 

= xe-9, xe} 
2 2 

Forze), ytna(2) =» stan 218 

worse 5, stnd(2) = ytad = yard! 

Fors=-2, v=4(-3) = y=-18 = yhas imaginary value, 


‘The points of intersection of the two curves are (2, 8) ana (3, - 
‘The rough sketch of these curves are as shown in the figure. 


= 2{Area OBD + Area BDA] 
= 2°? (umd) +2 fined x 


=2f? Liv ara fet (9-2 as 


24? att de so fia (3) 8 ae 


1 
aa |? 

=4)=5-| +2] 4 — 
2 


mi B_1(5),2(4) +21 8 1m). Boxxx Box 
8 26)" 212 48 216)" 4° 6°2°2 4 6 
Be & # 
aap teFa| soy | sa units. 
fcc erie ee hyena Orv saasaieicws 
a 
5 
Solution. The given equations of the curves are 
x +y?=a? Bae) 
a 
=F AB) 
Equation (1) represents a circle with centre at the origin (0, 0) and radius a. 
: a. ek : ‘ a, 
Equation (2), + = —F5 is a straight line parallel to exis at a distance of yin the 


Positive directon of x-axis. 

‘The rough sketch of the curves are as shown in 
the figure. 

Now, to find the points of intersection of the two 


curves, let us solve equations (1) and (2) simultaneously. we 
From (1) and (2), we have oe) 
xe x 
“2 
= Seyteat 
2 
a (#) +yteat 
2 
ag?- 2 aS 
= yea’ 3 
a 
aa, 
= yee 
ere . aa aia 
The points of intersection ofthe two curves ae . | and ( 4): 


Required area = Area of the shaded region 
= Area ABCD 
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penal 


= (0+ an Bde Fan] 
TEST ees 


2 (E-a)0 units. 


Example 39. Find the area of the region between the circles x* + y* = 4 and(x~2) +y*=4. 
Solution. The given equations of the curves are 
Sayted 
(z-2F +y2=4 
Equation (1) represents a circle with centre at the origin (0, 0) and radius 2. 
‘Equation (2) also represents a circle with centre (2, 0) and radius 2. 
Since both the curves are symmetrical about x-axis, as both the equations have only 
even powers of y. 
‘The rough sketch of the curves are as shown in 
the figure. 
‘Now, to find the points of intersection of the two 
curves, let us solve equations (1) and (2) simultaneously. 
:. From (1) and (2), we have 
xteyted 
= pase 
(x-2% +y? =4 
= edd te d-xtad 
4ze4 => x=] 
Forest, yia4-( 24-128 
= yatv3 
‘The points of intersection of the two curves are (1, /3) and (1,- /3). 
s+ Required aren = Area of the shaded region. 
= Area OBACO = 2[Area OBA] 
= 2[Area OBP + Area BAP] 


= 20 veneer de +2 facet At 


22 [e-a-2F ac+2[ Jaw ax 
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(2-2) Y4—(e-2* af 
2 


iS 


joa vane (§z2} {0-210 ssuu(-2] 


olen {ne 


8 eesin (-3)}-fo+2aio- c a] +2[.0-200" v- 


=-¥5- sin(Z )+4sin-t 144 sin-t1— Ja -4in"t( 2) 
=-2V9-sein(2)+8sin ta 
= -248-8(2}+0(2 )=-218 vax 


=(%-2,5) 8q. units. 
Example 40, Calculate the area ofthe region enclosed between the circles x? +? = 1 and 


(«-4) syed. 
Solution. The given equations of the curves are 
Sexe exe) 
(«- ay +y=l =A) 


Equation (1) represents a circle with centre at the origin (0, 0) and radius unity. 
Equation (2) also represents a circle with centre at ( 0) and radius unity. 


since, both the curves are symmetrical about x-axis, as both the equation contain only 
‘even powers of y. 
‘The rough sketch of the curves is as shown in the figure. 


int(1),2, 415 _ al 
ca (+53 16 4°" 
(248+ V1) _9 git 1 


16 


Example 41. Compute the area of the figure bounded by the straight lines x = 0, x = 2 
and the curves y = 2, y = 2x-2°, 


Solution. The given equations of the curves are 


ral sq. units. 


ysdr-at a) 
yao wl) 
x=0 (3) 
xe2 wd) 


Equation (1) represents a parabola open- 
ing downwards having vertex at (1, 1) and cuts 
the x-axis at points (0, 0) and (2, 0). 

Equation (2), y = 2* shows an exponen- 
tial curve. 

x =Ois the y-axis andx=2 is a straight 
line parallel to the y-axis at a distance 2 units 
from it. 
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‘The rough sketch of the curves is as shown in the figure. 


2 
= ff! --x4)h.de = 
2 ax? st) 
(S- 2 eal 

2 2, 2 4 8 1 
(5 Qyr+ 3 log 2 0+0) "ga 4t3 jog 
= (aga-3) om 


Example 42 Find the ore ofthe amaller region bounded bythe elipae => + 22 = tand 


the straight line * + % 
Solution. The given equations of the curves are 


ef) 


Equation (1) represents an 
with centre atthe origin length of major and 
minor axis are 2a and 2b respectively. 

‘The ellipse intersects x-axis and y-axis 
at (x a, 0) and (0, = 5) respectively. 

Equation (2) represents a straight line 
in the intercept form having interceptsa and 
bon axis. 

Equation (2) intersects x-axis at 
(a, 0) and y-axia at (0, 8) 

++ Points of intersection of the two curves are (a, 0) and (0, 5). 

‘The rough sketch of the curves are as shown in the figure. 

«+ Required area = Area of the shaded region 

= Area ACBDA. 


© Eee cave Perce) 
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Equation (2) intersects x-axis at (3, 0) and y-axis at (0, 2). 
Points of intersection of the two curves are (3, 0) and (0, 2). 
‘The rough sketch of the two curves is as shown in the figure. 
:. Required area = Area of the shaded region = Area BCAD 


— an ¥ 


= a 1-89} [00 in" 0a] 


-o]= (22-8) sani 

Example 44. Find the area of the region bounded by the curves y = 4x x2 andy =32—x 
above z-axis. 

Solution. The given equations of the curves are 


yade-2t AD) 
yextox (2) 
From equation (1), we have 
wadx-y 
=> atodre-y 
” xtade + deny td [Adding 4 on both sides} 
= 2) =-G-4) (8) 


:. Equation (3) represents a parabola opening downward and having vertex at (2, 4). 
‘Now, from equation (2), we have 
saxsy 
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Example 46. Make a sketch of the region given below and find its area using integration. 
IG, y):OSy Sx? +3, 0S ys2x43,05x53}. 
Solution. Let R = (x, y): 0 Sy $x*+3,0sys2x+3,0sx53) 
= Re lbs, y) 0S y Sx? +31 1G, y): 0Sy 52x49 OMG, y): 05x53) 
= R=R,OR, AR, (say). 
Now, to find the points of intersection of these curves, let us solve equations y = x? + 3 
and y= 2x +3, 


* 432243 
= w-2r=0 

= x(r~2)=0 

= x20, x22 


Forz=0, y=20)+3=3 

Forx=2, y=2(2)+3=7 

+. The points of intersection of these curves are (0, 3) and (2, 7). 
Region R, : 


‘We have yext+3 
> ay-3 
= @-0F =y-3 (1) 


Equation (1) represents a parabola opening upwards and having vertex at (0, 3), axis 
along the positive direction of y-axis. 

z: Region R, is the region lying 
on or above the x-axis and outside the 
parabola. 

Region R, : 

Wehave y=2e+3 

Equation (2) represent: 
straight line intersecting x-axis at 


(- 3, 0) and y-axis at (0, 3). 


z+ Region R, is lying on or 
above x-axis and below the line. en 
Region R, : Region R, is lying 
between the lines x = Oice, y-axis and Y 
x =3, The rough sketch of these curves is as shown in the figure. 
Required area = Area of the shaded region 
= Area OADE + Area ABCD 


=f prin + f° Orie) de 


2 
=a mE bea 
=[e +9.de+ f'ar+B)de= Sr r3e| +] 43x 


3 
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-({¢- sa} - 0 +a +13? +3) - 12? + 92) 


+6) +(9+9)- 4+ 6= S464 18- 10= 8414-842 


2 ag ie 

Example 47. Find the area of the region : 
(@,y) P+ sIsx+yh 

Solution. Let R= ((x,y):27+y?s1sx+y) 


= Relz,y):x2+y? SU AG,y):1sx4+y) 
= R=R, oR, 
where Ry = ((x,y):2%+y?S 1) 
R=(,y):1sx+y). 


Now, to find the points of intersection of the two curves let us solve the equations x? + y= 1 
andz+y=1. 


= xt+(-sF= 
= tele 

= 

= 

= 

Forz=0, y= 


Forz=1, y=1-1=0 

+ The points of intersection of the two curves 
are (0, 1) and (1, 0). 

‘The rough sketch of the two curves is as shown 
in the figure. w 


We have eyed A) 

Equation (1), represents a circle with centre at the origin (0, 0) and radius 1. 

Region R, represents the interior of the circle 2*+ y® = 1. 

Region R, : 

We have xty=l (2) 

Equation (2), represents a straight line passes through the points (0, 1) and (1, 0). Ry is 
the region lying above the line x + y = 1. 

2. Required area = Area of the shaded region. 

» [rents ree) 


= fui=#)-a-2ide = f'( =x? -1+2)dr 
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Equation (3) represents a parabola with vertex at (0, 0) i.e. 
along x-axis. 

z+ Region R, is lying outside the parabola. 

Region R,: 

It is given that x20 andy 20. 

++ Region R, is the region in the first quadrant. 

++ Required area = Area of shaded region 


t the origin and its axis 


= fF Cremer carve ~ Noor care): 

= [Fee ~ Spartan) 

= (Vaax= - Jaz Jas = f° Year =3* deo f vi.dx 
= [eG dea f° 2” de 


[peg sin! =] -« # 


aa 
a 3 
2 


pera 
{= [at -a-oF sos (28}-[e-snle=e=a? 


2 


+S int (232 ]-2f810 0) 


2 2 2 
-[{e- yaa of -fo+s sin (- a} 
2 2 ge 2 ate og? 
2? int) 28702 ()_ 20? _a?e 2a’ 
iar) al } 3 4 3 


Example 49. Find the area enclosed by the region : 
AG, y): 9? 5 Bx, 5x? + 5y? 5 36). 
Solution. Let _R = {(z, y): y? $ 5x, 5x? + 5y? s 36) 
= R= (6, y):y* S Bx) 0 Ue, y) : 5x? + By? < 36} 
= ReR, aR, 
where Ry = (x, y):9?< 5x} 
R, = (Gx, y) : Bx? + By? < 36) 
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Region R, : 
We have yt =e 
Equation (1) represents a parabola with vertex at origin (0, 0) and x-axis as its 
The curve is symmetrical about x-axis. Region R, is lying in ay-plane and inside this 
parabola, 
Region R, : 
We have Gx? + By? = 36 wn) 
ea 
=. 


Equation (2) represents a circle with centre at origin (0, 0) and radius 


Region R, is the region in ay-plane and is inside this circle. 
Now, to find the points of intersection of two curves, let us solve the equations (1) and 
(2) simultaneously. 


yebe 
= bx? + 5(5x) = 36 
= Sr? + 25x -96 = 0 
a 25 + 625+ 720 
10 
+: Fora quadratic equation : 
= = 2252 VIS ax? +br+0=0. 
se orb VO? dae 
~ 2a 
= 
= 
= x=-616, x= 116 
For x=-6.16; y?=5(-6.16) 


=> y?=-30.18 => y has imaginary values. 
Forx= 1.16; y?=5(1.16)=5.8 = y=224 
<The points of intersection of two curves are 
(1.16, 2.4) and (1.16, ~ 2.4). 
The rough sketch of these curves is as shown in 
the figure : 
Required area = Area of the shaded region 
= Area OABC 
= 2(Area OBC) 
= 2{Area OCD + Area DCB} 
116 S58 
=2 Yountete dx +24 8 Yana 
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12 


= 2y8| = +2) 


+ 
2 


= AB - -o1+ (efe-4J- tau $48} 
-{a2 PS aa? +38 ieee 


-Bas{{ss 1616 , 16. ao} {ia /E- ain 2) 


3 V3 3°3 
6 Bes sin 398 
=s02+0+ F(5)- |-2.36+ 35 


-[ose 8 8x 16 ete oe 


EXERCISE FOR PRACTICE 


Find the area bounded by the curve y = x, x-axis and the ordinates x = 2, x= 4. 

‘Using integration, find the area of the region bounded by the curves y= 1+|x+1),x=~8,2=3, 
y=0. 

Draw a rough sketch of the curvey = x?—9 and find the area bounded by the curve, the lifes x = 0, 
x= 2and the x-axis. 

‘Sketch the region bounded by y = 2x ~x? and x-axis, and find its area using integration. 

Find the area under the curve y = (x? + 2? + 2x, between the ordinates x = 0, x « 2 and the x-axis, 
Using integration, find the area of the region bounded by the line Sy « 2x + 4, x-axis and the lines 
xe landx=3. 

7. Find the area lying above the x-axis and under the parabola y = 4x — x2, 


8 Draw a rough sketch ofthe graph ofthe eure 2 4 2 = 1 and evaluate the area of the region 
under the curve and above the x-axis. 
9. Find the area bounded by the curve y = cos x, x-axis and the ordinates 


eee 2 


=Oand x = 2x, 
10, Sketch the graph of y = |x—5 |. Evaluate [ffi=-s1de, what does this value of the integral 
represent on the graph. 
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nL 
12. 


13. 
4. 
15. 


16. 
a7. 
18. 


19. 


Draw the rough sketch of y* + 1 = x, x <2. Find the area enclosed by the curve and the line x = 2. 
Using integration, find the area of the region bounded between the line x = 2 and the parabola 


ye Br, 
Find the area of the region common to the parabolas 4y? = 9x and 3x? = 16y, 
Find the area of the region enclosed between the circles 2? + y? = 1, (x- 1) +)? = 1 


Using integration, find the area of the region bounded by the triangle whose vertices are (2, 1), 


(3, 4) and (6, 2). 
Find the area enclosed between two curves y? = Sx and 2? = 9y, 

Find the area common to the circle x? + y? = 16a* and the parabola y# = 6ax. 
Find the area bounded by the lines 

x+2ye2,y-re Land 2e+ye7. 

‘Compare the areas under the curves 

y= con? x and y = sin®x between x= O and x= x. 

Find the area of the region : 

(cx piste gts i sxey). 

Find the area of the region enclosed by the parabola x? = y and the line y = x + 2. 
Find the area bounded by the curve y? = 4a%(x — 1) and the line x = 1 and y = 4a. 
Find the area enclosed by the parabolas 


y = 5x? and y = 2s? + 9. 
Find the area of the region ((x, y) : y*S 5x, Sx? + 5y? $36}. 
Answers 

60 sq. units: ‘2. 16 sq. units 3.3 og. units 
4 496 unt 16) 
4 oa. units 5. $9 og units 6 oq units 
3 3q. units 8. 3x 59, units 9.4 sq, units 
9 4 32 
3 Ma units 11, 5 84, units 12. J 99. units 
4.49. units 14. £ oq units 15.4 59, units 

4a? Ps 7 
27 aq, units 11. 4 (an J) 0g. unite 18, 6 sq. units 
3a units {Bach} 
16a 


units 


3 


where z = 1.16. 
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eB, retry 7% 
xmtey, x 


ay 
In our present course, we shall be considering only ordinary differential equations. 


10.3 ORDER AND DEGREE OF DIFFERENTIAL EQUATIONS 


10.8.1 Order. The order of a differential equation is the order of the highest order 
derivative occuring in the equation, 

The order of a differential equation is a positive integer. 

10.3.2 Degree. The degree of a differential equation is the degree of the highest order 
differential co-efficient appearing in it, provided the differential co-efficients are mado free 
from radicals and fractions. 


pz ete. 


ty 
eg, @ Fy +9 says 0. Its order is 2 and degree is 1. 
; dy") _o{d?y 
i) [(2)]-2 z= ts sei ie 2 sca degree ts 2 
(iii) a. sin x + cos x. Its order is 1 and degree is 1. 


: 
: dy) |? _(d?y 
w [Sho 
‘The order of highest order differential co-efficient is 2. So, its order is 2. 


‘Now, to find its degree, first we have to express it as a polynomial in derivatives. 
.e., on squaring both sides, we have 


27" zy)? 
dy d 
[+(g)] -»(&) =0 
Here, the power of the highest order differential co-efficient is 2. 


‘Therefore, its degree is 2. 
10.4 LINEAR AND NON-LINEAR DIFFERENTIAL EQUATION: 


A differential equation is said to be linear, if the dependent variabl 
occur only in the first degree and are not multiplied together. 
ie., if it is expressible in the form 


where Ay, Ayy Ap --s Ay_yyA, and B are either constants or functions of independent variable x. 
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In particular, a linear differential equation of order one is of the form 


yy 
: Ao et Ay=B 
Note, The degree of a linear differential equation is always one. But, the converse is not true. 
ahi gence 
ay , by 
and Gott = 24 sin x are linear differential equations. 


‘The differential equation y 2 ~p =x is not a linear differential equation, because the depend- 


ent variable y and its derivative © are multiplied together. 

A differential equation which is not linear is called a Non-linear Differential Equation. 
i.e, A differential equation will be non-linear differential equation if : 

(i) its degree is more than one. 

(ii) any of the differential co-efficient has exponent more than one. 

(ii) exponent of the dependent variable is more than one. 

(iv) products containing dependent variable and its differential co-efficients are present. 


ea, 


2 
Oder ot hight oer derivative te, of] is2 Deere of) is2, 


++ Order of the equation is 2 and degree of the equation is 2. 


2, 
‘This is an example of a non-linear differential equation, because (&) is multiplied by itself, 


10.5 FORMATION OF A DIFFERENTIAL EQUATION 


Let there be an equation involving independent variable y, the dependent variable x 
and ‘n’ arbitrary constants, to form the differential equation of such family of curves we are to 
eliminate the ‘n’ arbitrary constants from the given equation. 

‘This can be achieved by differentiating given equation n times and, we get a differential 
equation of n‘* order corresponding to the given equation. 

Ifn be an arbitrary constant and 

yensin Gr AL) 

be an equation. 

For different values of n, we get different equations. 

If we eliminate the constant n by differentiating the equation (1), then the equation, 
which we get is called the differential equation of the given equation. 
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Differentiating (2) w.r.t. x, we get 


2 
a =-Acosx-Bsinx 
=~(Acosx+Bsinx)=-y [Using ()} 
d’y 

2 Ty rye0 (3) 

This shows that y = A cos x + B sin x satisfies the given differential equation and hence 
is a solution of given equation. 

10.6.1 Types of Solutions. There are three types of solutions : 

(a) General Solution. A solution of a differential equation is called the general solu- 
tion (or complete solution), if t contains as many arbitrary constants as the order of differen- 
tial equation. 
eg, 
equation 


= Acos x +B sin x, is a general solution of the differential 


a 
on +y=0. 
because the numebr of arbitrary constants A and B ie., 2is same as the order of differential 
equation. 
(b) Particular Solution. A solution obtained by giving particular values to arbitrary 
constants in the general solution of a differential equation is called a particular solution of the 
differential equation, under consideration. 


Cry y= 2cos x +3 sin x is a particular solution of the given differential 
equation 
@ 
#2 sye0 
7 ‘ ‘ son 2 2 
CBs y = 7x* is a particular solution of the differential equation & dye 
0. 


(c) Singular Solution. The solution containing no arbitrary constant and which cannot 
be obtained by giving particular values to arbitrary constants in the general solution is called 
a singular solution. 
eat, (Oy? = Jax isthe singular solution of the differential equation y = x 4.4 

dx 

10.6.2 Note. 1. The finding of a solution of a given differential equation is generally 
referred to as solving the differential equation or integrating the differential equation. The 
process involves two steps : 

(a) First to find the solution of the given differential equation i.c., To find a relation, 
connecting the independent variable (say) x, and the dependent variable (say) y such 
that the relation (called the solution or primitive) does not contain any derivative, 

(6) Second, to derive from the solution, if possible, y in terms of x or x in terms of y. 
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2. Suppose a solution of a differential equation contains n-arbitrary constants. To elimi- 
nate n arbitrary constants, we need (n + 1) equations. The given relation along with n 
more relations obtained by successively differentiating it n-times provide us with (n + 1) 
equations. The differential equation thus obtained is clearly of the n'* order. 

Hence, a solution of n** order differential equation contain n arbitrary constants. 


10.7 INITIAL VALUE PROBLEM 


We have seen that a first order differential equation represents a one-parameter family 
of curves, a second-order differential equation represents a two-parameters family of curves, 
‘and so on. In order to specify a particular member of such a family, we need to assign particu- 
lar value (s) to the parameter (s) involved. 

So we require, besides the differential equation, some other conditions (known as sub- 
sidiary conditions) for the specification of the parameter. Usually, these subsidiary conditions 
are prescribed by assigning values to the unknown function and the requisite number (de- 
pending on the number of parameters to be determined) of the derivatives of the unknown 
function at some point of the domain of its definition. e.g., 

(i) Let the function fix) = 3x + 2. Satisfies (x)= 3 and fil) =5. 

Here, the function fix) = ax + A is the solution of the differential equation 
fx) =3 
where A is a parameter. 
Gi) Let the function fix) = 3x* + 3 satisfies f(x) = 6x and fil) = 6. 
Here, the function fx) = &x + B is the solution of the differential equation 
f') = 6 
where B is the parameter. 

These subsidiary conditions are generally prescribed of only one point of the domain of 
definition of the unknown function, these conditions are referred to as the initial conditions. 

‘The differential equation with these initial values or initial conditions is generally known 
as an initial value problem. 


10.8 DIFFERTIAL EQUATIONS OF THE FIRST ORDER AND FIRST DEGREE 


10.8.1 Definition. A differential equation of first order and first degree is an equation 
of the form 


rr 
4 =flx,y) or Mdx +Ndy=0 
where M, N are functions of x and y. 


10.9 METHODS OF SOLVING A FIRST ORDER AND FIRST DEGREE DIFFEREN- 
TIAL EQUATION 


Differential equations with variable separable : 
10.9.1 Definition. If in a differential equation, it is possible to get all the functions of x 
and dx to one side, and all the functions of y and dy to the other, the variables are said to be 
separable. 
10.9.2 Solution of a Differential Equation by the Method of Variables Separable. 
Let us consider the differential equation : 
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4. Remember : 

@ log x + logy = log xy (i) log slog y = log 5 

(iii) n log x = log * (iv) tan! x + tan y = tan — 

tg tan-ty = tan? 22 

(0) tant x—tan-ty = tan”? 

10.10 EQUATIONS REDUCIBLE TO THE FORM IN WHICH VARIABLES CAN BE 
SEPARATED 

Equations of the form & = flax + by + c) can be reduced to the form in which the 
variables are separable. 

Put art+bytcez 

pW it % 
= ae de as ak 
‘The given equation becomes 
Aa & 
3( a) =f) = ae me. 
ee S Was 0fe) = Sa asbfe) 
dz 
> a+0f@ adx [Variables are separated) 
On integrating both sides, we have 
1 
dx = 
Savio ** = fervo > Jame? 
where C is an arbitrary constant, and z = ax + by +C 
which is the required solution. 
SOME SOLVED EXAMPLES 


Example 1. Determine the order and degree of the following differential equations. State 
also, if these are linear or non-linear. 


a py dy _U+y*)U+ x4") 
MIE Stee 


dy 


£ 
dx dy 
de 


+8=0 (oy 
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a 
a 
win y= B+ 14( (ity =x B+ a*( +b? 


i d®y 
oat (e) Gy? + aide + (y- xy dy = 0. 
Solution. (i) The given differential equation is 


ay. a+ 


Sg Wath bec os es 

2) 

ay -(+ 2) 

dx* dr 

a 
In this equation, the order of highest order derivative, ie, of © is 2, 
Degree of highest order derivative is 2. 
. Order and degree of the given differential equation are 2 each. 
2 

The given diferental equation is Non-linear, because “Z is multiplied by itself. 
(ii) The given differential equation is 


dy _(+y?)Q4+x+2*) 
ae a+=) 


‘The order of highest order derivative, ie., «ok is 1. 
Degree of highest order derivative is 1. 

Order and degree of the given differential equation are 1 each. : 
‘The given differential equation is non-linear, because y and 2 are multiplied together. 
(iii) The given differential equation is ‘ 


(ay +3(5 


a 
‘The order of highest order derivative ie., of ($3) is2. 


Degree of highest order derivative is 2. 
Order and degree of given differential equation are 2 each. 


3 
) +8=0 


‘The given differential equation is Non-linear, because s is multiplied by itself. 
it 
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Degree of highest order derivative is 2. 
The order of given differential equation is 1 and degree is 2. 


The given differential equation is Non-linear, because (2) is multiplied by itself, 
. Ps . . ‘ 1d*y 
(ix) The given differential equation is 2 4% =e 
xde 


Order of highest order derivative ie., of ay is 2. Degree of highest order derivative 
is 1. 
Order of given equation is 2 and degree is 1. 
The given differential equation is Linear, because dependent variable and its derivative 
occur only in the first degree and are not multiplied together. 


(x) The given differential equation is 
(ay? + ddr + (y-22y dy = 0 


= ft+0+9-2) 2-0 


Order of highest order derivative ie., of 2 is 1. Degree of highest order derivative is 1. 


Order of given differential equation is 1 and degree is 1. 


The given differential equation is Non-linear, because y and 2 are multiplied together. 


Example 2. Find the order and degree of the following differential equations. State also, 
if they are linear or non-linear. 


2, 
W J1-¥? det y I-# dy =0 (Gi) LF co8 + sin 9s 


(iti) y= ard (iv) 
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Linear. 


Solution. (i) The given differential equation is 
{i-¥ det+yji-x* dy =0 
as We¥ +yfi-F 2 20 


Order of the highest order derivative or & is. 
Degree of highest order derivative is 1. 


Order and degree of the given differential equation are 1 each. 


‘The given differential equation is Non-linear, because y and 2 are multiplied together. 
(ii) The given differential equation is 
2, 
2°Y «cos 3x + sin Sx 
a 
2. 
‘The order of highest order derivative ie, of £2 is 2 


Degree of highest order derivative is 1. 
The order of given equation is 2 and degree is 1. The given differential equation is 


(iii) The given differential equation is 


= 


Order of highest order derivative ie., of & is 1. 


a 
Degree of highest order derivative is 2. 
:. Order of the given differential equation is 1 and degree is 2. 
It is a Non-linear equation, because y and & are multiplied together. 
(iv) The given differential equation is 
oy 
[»(2) T > 
dy 
a? 
ap? ae 
> “(2)| a 
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2. 

Order of highest order derivative ie, of st is QDegrevothighest order derivative is 2 
Order and degree of the given differential equation are 2 each. 

Y ong PY 


Itis a Non-linear differential equation, because $Y and ¢- 


are multiplied by itself, 
(v) The given differential equation is 


Cubing both sides, we get 


Onder of highest order derivative ie., # is 2. Degree of highest order derivative is 3. 
Order of the given differential equation is 2 and degree is 3. 

It is a Non-linear differential equation as a is multiplied by itself. 

(vi) The given differential equation is 


2, 
Order of highest order derivative ie., of s is 2. Degree of highest order derivative 
is 1. 
s, Order of the given differential equation is 2 and degree is 1. 
‘The given differential equation is Non-linear, because s and % are multiplied together. 
(vii) The given differential equation is 
d*, ds 
as ye x20 
2 
Order ofthe highest order derivative i, of €Y in 2. Degree of higher order derivative 
is 1, 
‘The order of the given differential equation is 2 and degree is 1. 
Itin a Non-linear differential equation, because y and {are multiplied together. 
(ciii) The given differential equation is 
ds)* 4,d°s 
(F ) “ur? 


a 


Order of the highest order derivative ie., of —— is 2. Degree of highest order derivative 


is 1. 
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. Order of the given differential equation is 2 and degree is 1. 


It is a Non-linear differential equation, because ( #) is multiplied by itself. 


(ix) The given differential equation is 


dy_1 
y+ Bad fyde 
Differentiating both sides w.r.t. x, we get 
dy dy 
de" ae 
= ote 6% —y00 


In this equation, order of highest order derivative ie, of is 2 
Degree of highest order derivative is 1. 
Order of the given differential equation is 2 and degree is 1. 

It is a Linear differential equation as the dependent variable and its derivative occur 
only in first degree. 

(x) The given differential equation is 

222 beet + yin ze fT # 

Order of tho highest order derivative ie, of 42 is 8. Degree of the highest order de- 
Tivative is 1. 

:. The order of the given differential equation is 3 and degree is 1. 

It is a Linear differential equation, because the dependent variable and its derivative 
cccur only in first degree. 


10.11 SOME IMPORTANT RESULTS OF CO-ORDINATE GEOMETRY 


(i) Equation of any straight line is y = mx + C, where m and C are arbitrary constants. 
(i) Equation of any straight line passing through the origin is y = mx where m and C are 
arbitrary constants. 
(iii) Equation of the circle having centre (h, k) and radius r is 
Gh + -hP =r? 
(iv) Equation of the circle in general form is 
st +y2 + Qgx + 2 +020 
where Centre =(~g,-f) and Radius = Jig? +f?-C 
(v) Equation of the cirele passing through the origin is 
sity? + Der t By a0 
where f and g are arbitrary constants. 
(vi) Equation of circle passing through the origin and having centre on the x-axis is 
(a? +y =a? 
where a is an arbitrary constant. 
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which is the required differential equation. 
(ii) The given equation is 
y= Acos mx +B sin mx wf) 
Since the given equation has two arbitrary constants, we shall differentiate it twice and 
wo shall get a differential equation of second order. 
Differentiating equation (1) w.r.t. x, we get 
dy 


~ mA sin mx + mB cos mx 


de 
Differentiating again war.t. x, we get 


2 
EY =m? cos mem? B sin me 


=—m®[A cos mz +B sin mz] (Using (1)) 
a 
= rs 
A 
= oY. my=0 


which is the required differential equation. 
(iii) The given equation is 
Cy + CF =23 AD) 
Since only one parameter is there, so we shall get a differential equation of first order. 
Differentiating equation (1) w.r.t. x, we get 


20y +o =3? AQ) 
Dividing (1) by (2), we get 
a LGtOF st = WO: 
dy “3x7 iy 3 
2wCy+O7- Qe 
= 
= wwf) 
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Example 4. Find the differential equations of the following families of curves : 
@y = Cl - 0); where C is an arbitrary constant. 
(ii) y = Ae™ + Be™ ; where m, n are fixed and A, B are arbitrary constants. 
¥ = m(a? - x*) ; where m and a are arbitrary constants. 
(iv) 92 ~ 2ay + 22 = a? ; where a is an arbitrary constant. 
(v)e* + Ce? = 1; where C is an arbitrary constant. 
(vi) y = e*(A cos x + B sin x) ; A and B are arbitrary constants. 
Solution. (i) The given equation is 

y= C—O ol) 
wre is one arbitrary constant in the given equation, so we differentiate it once 
and we aba got a differential eqeation af irt order 

Differentiating equation (1) w.r.t. x, we get 


& -20%-0) (2) 
Dividing (1) by (2), we get 


3) 


A 
“. (2) =ty(« x : 2y) [Cancelling y throughout] 
which is the required differential equation. 
(ii) The given equation is 
y= Ae™ + Bex ea) 


Since the given equation contains two arbitrary constants A and B ; we shall differenti- 
ate it twice and we shall get a differential equation of second order. 
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dy 


- yB aa me mc) 
Differentiating again w.r.t. x, we have 
2 2 
7-(2) =-m (8) 
Substituting this value of (~m) in equation (2), we have 
of, 224() Len oy (“yf 
%E [>£4-(£ pe at ** las, 
dy, {avy _ dy 
ee: 
which is the required differential equation. 
(iv) The given equation is 
9-Day +22 = 0? ) 


Since the given equation has only one arbitrary constant, so we shall get a differential 
equation of first order. 
Differentiating equation (1), w.r-t. x, we get 


ay 20% 20 00 
YD iee i 
= yGn-agtes0 {Cancelling 2 throughout] 
D yp yD 
> ont 
dy 
x+y® 
de 
= a= 
de 
‘Substituting this value of a in equation (1), we have 
dy ay 
sty xty® 
~2y| — de =| 
a |* & 
de de 
- [Writing 4 y,] 
= Ba ayt gt Eten stom 
” 
ps Say 2. xt aitynt + 2ryy1 
a 
-* ata ay x Pasian stan 
= yyy - Be xy) = Bayh sda, 
= SyP-yyP-2oy, = + yy? +20, 
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Example 5. Find the differential equation of the family of all straight lines passing 
through the origin. 

Solution. The general equation of the family of all straight lines passing through the 
origin is given by 

yems 

Please try yourself 

[Hint : See Example 3. Part (iv)) 

Example 6. Find the differential equation of the following families of curves : 

(i) y = Ae™ ; where A and B are arbitrary constants. 

(ii) y = A cos (x + B) ; where A and B are arbitrary constants. 


(iii) y = Ax 2 swhere A and B are arbitrary constants. 
(iv) y = Ae™ + Be® ; where A and B are arbitrary constants. 

(v) y = aet + be® + ce™ ; where a, b and c are arbitrary constants. 

(vi) y = a sin (bx + ©) ; where b is fixed, and a, ¢ are arbitrary constants. 

Solution. (i) The given equation is 

y= Ael (yy 
Since the given equation contains two arbitrary constants A and B, so we shall differen- 
tinte it twice and we shall get a differential equation of second order. 
Differentiating equation (1) w.r.t. x, we have 


Ca é 
dz 7 ABe™ = BiAc™) 


~(2) [Using equation (1)] 


v, 
= & a By 


Differentiating again w.r-t. x, we have 
(3) 


Substituting this value of B in equation (3), we get 
dty (1 @. " 
Sas - -S4 
which is the required differential equation. 
(ii) The given equation is 
y= Acos (x +B) (ld 
Since the given equation has two arbitrary constants A and B, so we shall differentiate 
it twice and we shall get a differential equation of order two. 
Differentiating equation (1) w.r.t. x, we have 


-Asin (x +B) 


en(2) 


Differentiating again w.r.t. x, we have 
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= 14-5) 
-b)= a) 
= v-) F ) 
a 
Substituting this value of (y ~ 6) in equation (2), we have 
= (A) 


Now, substituting the values of (y —_b) and (x —a) from equations (3) and (4) in equation 
(QD), we have 


bef est]- 


= 

= (+91) 9? faye eae 
ye 

> sagt =ry? 

= (+92? = ry,7 


= [+-(2) ]--[S T 
which is the required differential equation. 

Example 8. Find the differential equation of all circles passing through origin and 
‘having their centres on the axis of x. 

Or 
Find the differential equation of the system of circles touching the y-axis at the origin. 
Solution. The general equation of the circle is 
x+y? + ext ytc=0 oD) 
‘Since, the circle passes through the origin, i.e., (0, 0) 
“ (0? + (0)? + 2g(0) + 2f0) += 0 


= c=0 
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Equation of circle reduces to 
sty? 42ers fy =0 (2) 
If the centre (- g, ~ f) lies on x-axis. 
‘ f=0 
Equation (2) becomes 
sty Qgr a0 (8) 


Differentiating equation (3), w.r.t. x, we have 
Qe +2y & +220 
= xey & +g=0 {Cancelling 2 throughout] 


az) 

= 2 ul 
= ri (r+9% (4) 
Substituting this value of g in equation (3), we have 


srt a[-(coyZ)le <0 


= st+yt ae ty 20 
a : ost-ty® 20 


which is the required differential equation. 

Example 9. Find the differential equation of lines in xy-plane. 

Solution. The general equation of a straight line in 2y-plane is given by 

yemrec (1) 

where m and c are arbitrary constants. 

Since the equation (1) has two arbitrary constants, so, we shall differentiate it two times 
and we shall get a differential equation of second order. 

Differentiating equation (1) w-r.t. x, we have 


x =m a) 
Differentiating again w.r.t. x, we have 

dy 

fy 20 (8) 

dz 


which is the required differential equation. 

Example 10. Find the differential equation corresponding toy? = a(b ~ x)(b + x) by 
eliminating parameters a and b. 

Solution. Please try yourself. 


(Hint : ys alb-2Xb +2) 


= yt =a(b?-24) 
See Example 4 Part (iii).) 
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Differentiating equation (3), w.r-t. x, we have 


which is the required differential equation. 
Example 12. Formulate the differential equations of the family of curves : 
(i) Ax? + By? = 1; where A and B are arbitrary constants. 
(ii) G? ~ y*) = cle? + y*? ; where C is an arbitrary constant. 


“at = 1; where a and b are arbitrary constants. 


a 
(iv) y = Ae + Be ; where A and B are arbitrary constants, 
Solution, (i) The given equation is 
Ast + By? = 1 a) 
Since equation (1) contains two arbitrary constants A and B, so we shall differentiate it 
twice and we shall get a differential equation of order two. 
Differentiating equation (1), w.r.t. x, we have 


we 
2x + BByD =0 


(iii) 


ye ‘ 
= Ars By? =0 (2) 
Differentiating again w.r.t. x, we have 
dy yd dy 
A+ ByS21B2 2-0 


d’y a (dy? 
= A+by 23+0(2) =0 (8) 
0 dy 
From equation (2), Ave -By Se 
y dy 
= A=-BIe. (A) 


‘Substituting this value of A in equation (3), we have 


= (Cancelling B throughout} 
2 
which is the required differential equation. 
(ié) The given equation is 
tay act sy? of) 


Differentiating equation (1) w.r.t. x, we have 
2x =2; ae = Beat +9229 
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= (= - y%)- e(x?+ v(x 2) .A2) {Cancelling 2 throughout] 
From equation (1), we have 


en(B) 


are 
Substituting this value of c in equation (2), we have 
~y 4) 2202" - 7") 

(: de)” G+! 


=> +98) (2-y 2) =2604- yh (x+y) 


ta? + y(x+y 


de, 


= 


which is the required differential equation. 
(iii) The given equation is 
242 


Sree AD) 
Differentiating equation (1) w.r-t. x, we have 


> a 


2) 


aio 


Differentiating equation (2), w.r.t. x, we have 
ay 9 
a 
which is the required differential equation. 
(iv) The given equation is 
y= Ae™ + Bete ef) 
Differentiating equation (1) w.r.t. x, we have 


2 = 2st — SBet mo) 
Differentiating equation (2), w.r-t. x again, we have 
2 
LY 2 hem + 9Be® @ 
de 
Adding equations (2) and (3), we have 
dy | dy 
Sa +B = net + 6Bes 
ay 


Go +E = Olde + Bet) 


7m 


(Using equation (1)) 


which is the required differential equation. 

Example 13. Obtain a differential equation that should be satisfied by the family of 
concentric circles x? + y? = a, 

Solution. The given equation is 

e+yea? eof) 

where a is an arbitrary constant. 

Since the given equation (1) has only one arbitrary constant, so we shall differentiate it 
once, and we shall get a differential equation of first order. 

Differentiating equation (1) w.r-t. x, we have 


which is the required differential equation. 

Example 14. Find the differential equation of all conics whose axes coincides with the 
axes of co-ordinates. 

Solution. The equation of any conic whose axes coincide with the axes of co-ordinate is 
given by 

Ax? + By?=1 AL) 

where A and B are arbitrary constants, [For solution See Example 12 Part (i)] 

Example 15. Find the differential equation of all the circles in the first quadrant which 
touch the co-ordinate axes. 

Solution. The equation of all the circles in the first quadrant which touch the co-ordi- 
nate axes is given by 


(x-aP +(y-aP =a? AL) 
= x? +a? —2ax + y? +0? —2ay =a* 
= x? +y?—2ax -2ay +a? =0 (2) 


Differentiating equation (2), w.r.t. x, we have 


{Cancelling 2 throughout] 


AB) 
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Example 20. Assume that a spherical rain drop evaporates at a rate proportional to its 
surface area. Form a differential equation involving the rate of change of the radius of the rain 
drop. 
Solution. Let r be the radius of the rain drop at any time t. 
Let V be the volume of the rain drop and S be the surface area of the rain drop, 
low, according to the given condition 


dv 
ans 

= e =-kS of) 
where k is the constant of proportionality (-ve) sign shows that volume is decreasing due to 
evaporation. 

Volume of sphere = 4 nr® 
= 3 
‘Surface area of sphere = 4c? 
= 


a 
which is the required differential equation. 

Example 21. Find the differential equation of the family of curves xy = Ae* + Be~* + 3°. 

Solution. The given equation is 

wy = Aci+ Bet 4x2 1) 

where A and B are arbitrary constants. 

Since the given equation contains two arbitrary constants, so we shall differentiate it 
two times and we shall get a differential equation of second order. 

Differentiating equation (1) w.r.t. x, we have 


yee whet Ber 4 2e wf) 
Differentiating again w.r.t. x, we have 


& Bre Ey ners Bete2 


dy ‘ ‘ 
= ater nat? [Using equation (1)} 
2. 
= 285428 yet 220 


Which is the required differential equation. 
Example 22. Find the differential equation of all circles in the xy-plane. 
Solution. The general equation of any circle in the xy-plane is given by 
tay? 42ers Byse=0 wD) 
where g, f and c are arbitrary constants. 
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Example 2. Show that y = 4 sin 3x is a solution of the differential equation 


2 
& +9y=0. 
Solution. The given equation is 
y= 4sin 3x wA1) 
‘The given differential equation is 
2, 
od +9y=0 (2) 
Differentiating equation (1) wrt. x, we have 
x, 
& = 120083 (3) 


Differentiating again w.r.t. x, we have 


a4) 


‘Now, substituting the values of y ond & } in the L.HLS. of equation (2), we have 


2 
# + 9y =~ 36 sin 3r + 9 (4 sin 3x) = — 36 sin 3x + 36 sin 3x =0 
y = 4 in 3x is a solution of the given differential equation. 
Example 3. Show thatthe equation y= Acoe 2 ~B sin 2x is a solution of the differential 
2 
equation £3 + 4y =0. 


Solution. The given function is 


y = Acos 2x -B sin 2x AD) 
‘The given differential equation is 
2 
4 +4y=0 (2) 


Differentiating equation (1) w-r.t. x, we have 

2 ~ 28 sin 2-28 cos 2 (8) 
Differentiating again w-r.t. x, we have 

oy =~ 4A cos 2x + 4B sin 2x = ~ 4[A cos 2x ~ B sin 2x] 


Ay {Using equation (1)] 
= Fy eay=0 


which is same asthe given differential equation. 
y = A.cos 2x ~ B sin 2x is a solution of the given differential equation. 
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Differentiating equation (1) w.r-t. x, we have 


DY one — 
a ‘2ae* — be* wf) 
Differentiating again w.r.t. x, we have 
2, 
PY 5 sac + bet ofA) 
a 


2, 
Now, substituting the values of y, 2 and s in the LHS. of equation (2), we have 


‘ 
oy OY — ay = hac + be) ~ Bae ~ be) 2ae™ + be) 


det 
= dae™ + be* ~ 2ae* + be — 2ae* ~ 2be* = 0 which is true. 
y= ae + be~* is a solution of the given differential equation. 


Example 7. Show that y = 5 +d is a solution of the differential equation 


Solution. The given function is 
c 
ofad A) 
933% ay 
‘The given differential equation is 


nf) 


(3) 


old) 


Now, substituting the values of & and 8 in the L.H.S, of equation (2), we have 


d®y ,2(dy) _ 2 2(-4) 
eid) Pore 
ed 
222 29 
YY 
which is true. 
y= £ +d is a solution of the given differential equation. 
Example 8. Verify that y + x + 1 = 0 is a solution of the differential equation 
(y —xidy - 9? - Pde = 0. 
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Example 10. Show that y = Ce* is a solution of the differential equation & +y=0. 


Solution. The given function is 
y=Ce* oA) 
‘The given differential equation is 
* +yn0 wl) 
Differentiating equation (1) w.r.t. x, we have 
oy cet 
> de Ce 
Py g =-y [Using equation (1)) 
> ® syn0 


which is same as the given differential equation 
y= Ce is a solution ofthe differential equation ¢” ® ye0. 


Example 11. Show that y = a cos (log x) + sin (og x) isa solution of the differential 
equation 
ety 
ae a 
Solution. The given function is 
y =a cos (log x) +b sin (log x) (D) 
The given differential equation is 
2. 
eee 
Differentiating equation (1) w.r.t. x, we have 
sin (log x) , 600s (log x) 
x x 


+y=0. 


+y=0 AQ) 


> 2 77a sin (log 2) + 8 cos (log 2) (8) 


Differentiating again w.r.t. x, we have 
d®y |, dy__acos(log x) _bsin (log x) 
1 ee eee 


2+ : z 
« 2 EE eH a tacos logs) +b sing 0) 

% # fy 42¥ =-y {Using equation (1)} 
= x #428 +y¥=0 


which is same as equation (2). 
“ y= cos (log x) + b sin (log x) is a solution of the given differential equation. 
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Solution. The given equation is 
Axt+ By = 1 
oul) 


‘The given differential equation is 
dy (#y ny. 
pees 
Differentiating equation (1) w.r.t. x, we have 
wy, 
2Ax + By S = 0 
= Ace By dy =0 
Differentiating again w.r.t. x, we have 
2 gt 
d 
aonl() +7f3]-0 


wld) 


(5) 


= 
‘Equating equations (4) and (5), we have 


183) 3 


- shel 
#y44() -1 8-0 


= 
which is same as given equation (2) 
Ax? + By? = 1 is the solution of the given differential equation. 
Example 15. Show that y = bet + Ce* is a solution of the differential equation 
Yg~ By, + 2¥ = 0. 
oD) 


Solution. The given function is 
ys bet + Co 
(2) 


‘The given differential equation is 
dy gdy be 
Gr 8g t ey =0 
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Solution. The given equation is 
yexteatebr+C 
The given differential equation is 


Differentiating equation (1) w.rt. x, we have 
Bact tax +b 
Differentiating again w.r:t. x, we have 
2 
Ty = 60420 
Differentiating again w.r.t. x, we have 
dy 
a® 
which is same as the given equation (2). 
2 
y=23 + as4 + br + Cis, solution ofthe given differential equation 22 = 6, 
Example 19. Solve the following differential equations : 


i 
08-3 & 


Fal ge Pitd 
(iii) G2 + Ddy = de (iv) & y 2x =e 


(4 DY as ete-9 (vi) > -xsin*x = 
Solution. (i) The given equation is 


Separating the variables 
x 

nares! 
Integrating both sides, we get 


en) 


enl2) 


eal) 


eal) 


AD) 


(Multiply and divided by 2) 


= y= Flogiat +1146 [: JE2 acai eon} 


f(x) 
which is the required solution. 
(ii) the given equation is 


(1) 
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= log |log = 1+ 


= y= log | log x| + 
which is the required solution. 
Example 20. Solve the following differential equations : 


WS aersee w % wert + eloex-y 
ti y-xB-a{y? +B) (io) & & tant x 
() & 2x + sin 3e (ci) Bw sin® x coe? x + x0 


Solution. (i) The given equation is 
Beeretesee see 

= * = erler +x?) 
Separating the variables, 

Ady =e 42x 

r: 
Integrating both sides, we get 

Jer ay=fet esd 


= 
a 
= ere a +C=0 
which is the required solution. 
(i) The given equation is 
Beersamrs A) 
ds 2 
fd ea sete? + bese? 
= # acer este? fs eh) = fx) 


= Be +2) 
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Integrating both sides, we get 


Jays Jean? s.ds (sec? A-tan? A= 1) 
= ye fioee?.x-ndx 
- yetanz-x+C 
Which ia the required solution. 
(0) The given equation is 
® ast + sine fl) 
Separating the variables 
dy = (x2 + sin Sede 


Integrating both sides, we get 
far=foe +sin Sx)dx 


(vi) The given equation is 
2 = sin’ x cos? x + xe" AX) 
Separating the variables 
dy =(sin® x cos? x + xe")dz 
Integrating both sides, we get 
Joye Jsin? x cos? x + 20" )dx 


= y= Jsin’ xcos?xdz + [reds 
= ye Jsin® xsin x cos*xdx+ fret de 
= y= [(~cos? x) cos? x.sin xdx+x.fetde- feds 


sin? A + cos? A= 1) 


Put cosx=2 = -sinxdredz = sinxdx=-dz 
ya ~Ja-2*)z4de+xe*-0" +C 


2")dz+xe" -e" +C 


so 
= ZZ +r +C 

5 
= costa — 5 cnet rt eter C z= 008 x] 


which is the required solution. 
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Example 21. Solve the following differential equations 
WC + ody = (e—e)de (ii) 1 + cos x\dy = (1 -cos xidz 
(sin x + cos x)dy + (cos x~sin x)dx = 0 
ci) 
de 
(v) G? ~ yx? dy + (9? + xy")dx = 0 
Solution. (i) The given equation is 
(e+ e*Mdy = (e* - ede oD) 
Separating the variables 


vy) 2 Y tantz 
x 


(vi) Ge -y*x)dx ~ (y -x*y dy = 0, 


ete 
Integrating both sides, we get 


= 


yaloglet +e*|+C [r JOS ac=togi or) 
which is the required solution. 
(Gi) The given equation is 

(1.4 008 z)dy = (1-008 2d Al) 
Separating the variables, 


+s 100s 2A =2sin?A 


= 1-cos A=2sin? 
1-cosx 


+= Tyeos 


14008 2A =2cos” A 


= Leos A=2eos? 


2sin® = 

iad = 
yz 

2coa? 5 

= dy = tan? ds 


Integrating both sides, we get 
Joys Juan? Z ae 


T 


= ys f{ecet Z-1) ax Le sec? A= tan? A= 1) 
x 
tan = 
= ya—2-r+0 


| 
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> ye 2tan 5-24 
which is the required solution. 
(iii) The given equation is 
(ain x + 008 x)dy + (cos x ~ sin xidx = 0 oD) 
= (cos x ~ sin xkdx 
Separating the variables, 
Integrating both sides, we get 
~(c08 x sin x) a [LO gee 
fo- Fee [: fa weirs 
bes y= —log | sin x + cosx|+C 
=> y+log|sin x +cosx]+C,=0 where: C,=-C 
which is the required solution. 
(iv) The given equation is 
3 tant 
ratte fl) 
Separating the variables 
dy =xtan'z.dr 
Integrating both sides, we get 
Jav=fxtan teas [Integrating by parts) 
a 
tant ~ {4 ant 
= ystants.[xde f(a ».feds}as 


yedattants-teodtants +c [> fotpare dows] 


2 
which is the required solution. 
(v) The given equation is 
(2 — yx? dy + (9? + xy?)de = 0 Bae) 


xa a 
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7 1 
. We have 9 Se 


"a wre 
Faire s-} 
i tol [# +c 
- Zum (Se2)<c 
- yn Fpiom(SET oc 
which is the required solution. 
(ii) The given equation is 


2514.62 2 44 
a are ae = 2 five dae 
eal e+ 

“ e 


= Be (lt e*).e 
(+e*) 
= dy = 3e* dx 
Integrating both sides, we get 


fov=3fe* ae 
» v-3(S} 0 


= yaets 
which is the required solution. 
(iii) The given equation is 
dy 


sint x = coax 


Separating the variables, 


dx 


2=tanx) 


e() 
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Integrating both sides, we get 
Jar--[re-35} 
= ve Messecel gigs 
3° 7308 
an ae ~+00ts +c 
pet -qtl 
aa v2 
4 ya (at) sai io 
= y=-Zta+2 +20 Jarx +C 
which is the required solution. 
(vi) The given equation is 
cos x % + c08 2x = os Se A) 
= cos x % = cos &x—con 2x 
dy _ cos 3x— cos 2x 
= de cos 
dy _4c0s*x-3cosx 2cos*x-1 
PS dy _ Acosx-Scosx _ 2eos?z-1 
dz osx 08 x 
[cs 3A = 4 008° A~ 3 .cas A, cos 2A = 2 cos? A~ 1] 
dy 2 7 
= D = bcos? e-3- Reon + = 
ey (te28) 
= =z 4 2 —3-2cosx+secx 
=  « (ecos te -1-2e08x + see) 
Separating the variables, 
dy = (2 cos 2x~ 1-2 cos x + see xix 
Integrating both sides, we get 


Jar Ji2c0s 2-1-2008 x+ see x) dx 
y= sin 2e—x—2sin x + log] sec x +tanx|+C 


which isthe required solution. 
Example 23. Solve the following differential equations : 
(i) ayy + Dedy = (2? + Dede i) GP - yx? dy + 9? + xy? dx = 0 
Wii) # = tant (2) (iv) a dy= 


(0) Y wcoe seints x xxi (wiy % B wtogs 
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Solution. (i) The given equation is 
ayy + Ddy = (2? + Did of) 
Separating the variables, 


xt+1 
nro diy (BS? 


Integrating both sides, we get 


Jorn (e3) 


= levee) 
= x, we © slog ix1+C 
which i the required solution, 
(ii) The given equation is 
G2 —yAidy + 7 + x4y7de = 0 ef) 
=> #40 — yidy = — y+ ide 
Separating the variables, 
l-y +x? 
—= & 
Foe 


Integrating both sides, we get 


= 
= aay” esl! 
= ~A-tagiyi=-(-2+2]+¢ 
y x 
1 1 
= ~yelyiny x4 
* 1a) ogiyi-z+C=0 


x*y 
which is the required solution. 
(iii) The given equation is 
$e sunt «) () 
Separating the variables 
dy =x tan (de 
Integrating both sides, we get 
far- fe tan“\x*) de 
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= (1 Fy = ayy - Dede 
Separating the variables, 
1 gy= 
y-d 1a 
Integrating both sides, we get 


j 1 
yy-D 
1 
2 IFrjjen 
=> logly-11-loglyl= Flog | 1-271 + log C 
= tog| = $4] = je tog C- tog 1- -2) 
= 
oe 
af (a) 
G-v?_ Gy 
= ys i 
= Cy?=G-1F}1-2] 
which is the required solution. 
(iii) The given equation is 
Y Lee 
a” 
> Pace 
Separating the variables 
4 
—dy =e dx 
e 1 


Integrating both sides, we get 
Jer dy=fet dx 
= eres 
> ek eer+ Cn 
which is the required solution. 
(iv) The given equation is 
(1+ tidy = (14 ytd 
Separating the variables, 


[By partial fractions) 


[: fa) 


ii LE dc gif 


log m-logn=tog 7] 
” 
Ly 2log C = log C*] 


le eq) 


Bae) 


ea) 
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Integrating both sides, we get 
1 
-foye 
re hae ee 
ee eeers fas 
~» tanty = tan" x + tan’ “le 
= tanty-tantz=tentC 
> [ tan = tant = tan 
= 
Q-2)=C+ay) 
whichis the required solution, 
(0) The given equation is 
Beyer of) 
= Bary 
yeas 
l-y 
Integrating both sides, we get 
1 
Jro-fe 
wlogii-y|=x+C 9 => x+logi1-y|+C 
which is the required solution. 
(vi) The given equation is 
a-yx Bsa rxy <0 wl) 
= -ye B= +2y 
Separating the variables, 
Oa dyn Ot a 
Integrating both sides, we get 
[Maye ft a 
< (Rjef( +1)ae 
bed log ly |-y =—[log |x| +x]+C 
= logy |-y = log =1-24C 
= log |=1+ log ly |+2~y =C Le log m + log n = log mn} 
= log Lxy |+x-y =C 


which is the required solution. 
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Separating the variables, 
1 x 
—; dy=—— ea 
Free dase 
Integrating both sides, we get 


— 1. 
1t+y® 


1 
> Sngeralie 


Ps tant y= 3 tog 1 +2414 


which is the required solution. 
(v) The given equation is 


a 
Se =sinty 
Separating the variables, 
1 
my” =dz 
Integrating both sides, we get 
1 
acre be 


= Jeosee® y dy = fax 

> —coty=x+C 

=> x+coty+C=0 
which is the required solution. 

(vi) The given equation is 


arn 2 225 
Separating the variables, 


(Multiply and divide the R.H.S. by 2) 


red 


£'@) a 
Fog elf) 


AD) 


ea) 
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814 
~ i on2 _ std ge 
oa and subtract 1 to the numerator in R.H.S.) 
= togiy t= 2f(1- 4, Jas 
log ly |= 2[x—log |x +11]+C 
which isthe required solution. 


(vii) The given equation is 
dy 
de titEtyty wD) 


Please try yourself. 


(Hint : See part (iii) of the same example.} 


Example 26. Solve the following differential equations 
(i) sec? x tany dx + sec? y tan x dy = 0 

(i) 1+ 2 + Pde + (+ Xd + 2?idy = 0 

(iii) (y + ay de +(e - xy? dy = 0 

(iv) (7 + DE + xe"Mde — xe'y*dy = 0 

(v) cos x (1 + cos y)dx~ sin y (1 + sin x\dy = 


2 
[ane legis ylexe Zc] 


wn & =¥ tanax in 2 =(1+x)1+y) 


(ili) x {14 9? dey f+ 2 dy =0. 


Solution. (i) The given equation is 
sec?x tan y dx + sec*y tan x dy = 0 AD) 
Separating the variables, 
sec? x tan y dx = — sec? y tan x dy 
sectx , __secty 
>. tanz "tony 
Integrating both sides, we get 


[ Fiz) vista 


= log | tan x|=—log| tan y| +logC 
=~ log | tan x | + log | tan y | = log C [slog m + log n = log mn} 
= Jog | tan x tan y | = log C 
[tan x tan y|=C 
wrhich inthe required solution, 
Gi) The given equation is 
(142) +yide + (1+ 1 +22 dy = 0 (WD) 


> (L+2)1+y%de=-(1+ 91+ dy 
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(v) The given equation is 
dy _ x(2logx+D 
Fg iny+yosy wD) 
Separating the variables, 
(in y + y cos y)dy = 2(2 log x + dx 
Integrating both sides, we get 


Jecin y+ ye0s y)dy= [(2x log x+ 2) dx 


u 


Join y dy Jy eos ydy=2 f plog xdr+ fz de Untegrating by parts] 


= -cosy+ysiny- fu. sin =a, 5 -fitad-Z ec 


> ~cony+ysing Cem y)=stlogs frde+® +c 
oe 
> ~eosytysiny +eony=s*logx~ +240 
= ysiny =2"logx+C 
which is the required solution. 
(vi) The given equation is 
x(1 +P dx + (1 + x*idy = 0 
Separating the variables, 
2 dye 
1+x? rrr ad ° 


Integrating both sides, we get 


la* Mer eid 


1 2y _ 
= iered a ar+of Tare ac (Multiply and divided by 2} 
1 1 a {LQ ae 
= gle iesti+ 5 logit+yl=c [: Ce acpi 
- Jog | 1 +x? | + log | 1+ ?| = 2C 
= log 11 +221 +9) =20 Ls log m + log n = log mn} 
= Jog | (1 + x°X1 +») = log C, (where log C, = 2C] 


14240 +y)1=C, 
which is the required solution. 
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Example 28, Solve the following differential equations : 
WO+ Deosxde+e’sinzdy=0 (ii) xcos?y dx =y cos? x dy 


(iti) + dy = ay de (iv) 2 =* 


w+ JE5 a) (vi) x log x dy - ydx = 0 


(oii) tag % wax + by. 
Solution. (i) The given equation is 
(© + 1) cos xde +e" sin xdy =0 of) 
(@ +1) coax dx =—e'sin x dy 
Separating the variables, 


= Jog | sin x|=—log |e? + 1 + log C [: [iBa- ris 
= dog ler+ 11 +og | sinx | = log C 
= Jog |e" + 1) sin x | = log C Jog m + log n = log mn) 
= K+ Dsinz|=C 
which is the required solution. 
(Gi) The given equation is 
x oosty de = y cos? x dy nd) 
Separating the variables, 
ey 
was? 
xaec? xde = y sec? y dy 
Integrating bah sda, wo wet 
2 ; 
Jzsec? deaf yoee ydy [Integrating by parts) 
= x tan x— [J.tanz.de=y.tan y-f1. tan ydy+C 
= xtanx—(-log | cos. x)= y tan y ~ (log | cos y ) + C 


x tan x + log | cos. x|=y tan y + log|cos y|+C 
which sth required sotion 
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(iii) The given equation is 
(1 +22 Xdy = ay de wf) 
‘Separating the variables, 


Integrating both sides, we get 


1 x 
pe-laee 
pa : 
~ logiyi= 3) oar [Multiply and divide the R.H.S. by 2] 
= logy = 3 logit +221+0 [: £2 de tog 
= Blog | y | = log 1 1422 1 +20 
= logy?—log (1 +22) =2C 
x 
= ket 
2 
aan 
= pee 
= ret Le C= 2) 
= yeC(l+22) 
which is the required solution. 
(iv) The given equation is 
dy | 
%. 1 
Separating the variables, 
on y dy = SSIES D gy 
Integrating both sides, we get 
Jove yay = fet (logs 2) de 
z 
= siny =etlogz+C be J eters Pelde = erfo) 


which is the required solution. 


About the Book 
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